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1. Introduction

We consider point singularities of very weak solutions of the 3D stationary Navier—Stokes equations in a
finite region € in R3. The Navier-Stokes equations for the velocity u :  — R? and pressure p : 2 — R
with external force f : Q — R? are

—Au+(u-Vu+Vp=f, divu=0, (zeQ). (1.1)

A wery weak solution is a vector function u in L7 (€) which satisfies (1.1) in distribution sense:

/—U A +ujuidip; = (f,0), V€ O (Q), (1.2)
and [u-Vh =0 for any h € C°(Q2). Here the force f is allowed to be a distribution and
Co% () = {p € C(Q,R?) : divp = 0}. (1.3)

In this definition the pressure is not needed. Denote Br = {z € R? : |z| < R} and B% = R®\ By for
R>0.

We are concerned with the behavior of very weak solutions which solve (1.1) in the punctured ball
By\{0} with zero force, i.e., f = 0. There are a lot of studies on this problem [4,5,8,15,16]. A typical
result is to show that, under some conditions, the solution is a very weak solution across the origin with-
out singular forcing supported at the origin (removable singularity), and is regular, i.e., locally bounded,
under possibly more assumptions (regularity). Dyer-Edmunds [5] proved removable singularity and reg-
ularity assuming both u,p € L37¢(Bs) for some ¢ > 0. Shapiro [15,16] proved removable singularity and
regularity assuming u € L37¢(Bgy) for some & > 0 and u(x) = o(|z|~!) as  — 0, without assumption on
p. Choe and Kim [4] proved removable singularity assuming v € L3(Bz) or u(z) = o(|x|™1) as 2 — 0,
and regularity assuming v € L3+¢(By) for some ¢ > 0. Kim and Kozono [8] recently proved removable
singularity under the same assumptions as [4], and regularity assuming u € L3(By) or u is small in weak
L3. As mentioned in [8], their result is optimal in the sense that if their assumption is replaced by

Ju(@)] < Cila] ™! (1.4)
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for 0 < |z| < 2, then the singularity is not removable in general, due to the existence of Landau solutions,
which is the family of explicit singular solutions calculated by Landau [11], and can be found in standard
textbooks, see e.g., [12, p. 82] or [1, p. 206].

The purpose of this article is to characterize the singularity and to identify the leading order behavior
of very weak solutions satisfying the threshold assumption (1.4) when the constant C, is sufficiently
small. We show that it is given by Landau solutions.

We now recall Landau solutions in order to state our main theorems. Landau solutions can be param-
etrized by vectors b € R? in the following way: For each b € R? there exists a unique (—1)-homogeneous
solution U® of (1.1) together with an associated pressure P’ which is (—2)-homogeneous, such that U, P
are smooth in R3\{0} and they solve

—Au+ (u-V)u+Vp=0>bj, divu =0,

— —

(1.5
in R? in the sense of distributions, where § denotes the Dirac § function. When b = (0,0,
with 8 > 0, they have the following explicit formulas in spherical coordinates 7,60,¢ with x =

(rsinfcos ¢, rsinfsing, rcosh):
2 A? -1 2sin 6 —4(Acosf —1)
i e, - Y po T ) 1.
v r <(A—cos€)2 >6 r(A—cosG)69 r2(A — cosh)? (16)

where e, = ¥ and ey = (cos 0 cos ¢, cosfsin @, —sin@). The parameters 3 > 0 and A € (1, 00] are related
by the formula

(1.7)

ﬂ_lﬁﬂ(/H—;AQlogAl 4 )

A+1 32 0)

The formulas for general b can be obtained from rotation. One checks directly that HTU b H Lo
in |b| and HrUbHLoo — 0 (or c0) as |b] — 0 (or co). Recently Sverak [17] proved that Landau solutions
are the only solutions of (1.1) in R3\{0} which are smooth and (—1)-homogeneous in R*\{0}, without
assuming axisymmetry. See also [2,9,19] for related results.

If u, p is a solution of (1.1), we will denote by

is monotone

T3j(u, p) = pdij + wiuj — diu; — Oju; (1.8)

the momentum flux density tensor in the fluid, which plays an important role to determine the equation
for (u,p) at 0. Our main result is the following.

Theorem 1.1. For any q € (1,3), there is a small C,, = Ci(q) > 0 such that, if u is a very weak solution
of (1.1) with zero force in Ba\{0} satisfying (1.4) in Bo\{0}, then there is a scalar function p satisfying
Ip(x)| < C|z|~2, unique up to a constant, so that (u,p) satisfies (1.5) in By with b; = f\wlzl T (u, p)n;(z),
and

4= U¥llraq,y + sup 247" (u = UN)@)] < CC, (1.9)

where the constant C' is independent of ¢ and wu.

The exponent ¢ can be regarded as the degree of the approximation of u by U?. The closer ¢ gets to
3, the less singular v — U? is. But in our theorem, C,(q) shrinks to zero as ¢ — 3_. Ideally, one would
like to prove that u — U € L. However, it seems quite subtle in view of the following model equation
for a scalar function,

—Av+cv=0, c=Av/v. (1.10)

If we choose v = log |z|, then ¢(z) € L*? and lim|,_ |z[*|c(z)| = 0, but v & L. In Eq. (3.2) for the
difference w = u — U®, there is a term (w - V)U® which has similar behavior as cv above.

In fact, we have the following stronger result. Denote by L., the weak L" spaces. We claim the same
conclusion as in Theorem 1.1 assuming only a small Li)k bound of u but not the pointwise bound (1.4).
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Theorem 1.2. There is a small e, > 0 such that, if u is a very weak solution of (1.1) with zero force in
Q = By.1\{0} satisfying ”“”L?’k(ﬂ) =:¢ < &,, then u satisfies |u(x)| < Cie|z|~! in Ba\{0} for some C.
Thus the conclusion of Theorem 1.1 holds if Cie < Ci(q).

Our results are closely related to the reqularity problem of very weak solutions, which could be con-
sidered when u is only assumed to be in L? . In fact, the problem with the assumption u being large in
L3, already exhibits a great difficulty. Recall the scaling property of (1.1): If (u,p) is a solution of (1.1),
then so is

(ux, pA) () = Au(Az), N’p(Az)), (A > 0). (L.11)

The known methods are primarily perturbation arguments. Since L3, -quasi-norm is invariant under the
above scaling and does not become smaller when restricted to smaller regions, one would need to exploit
the structure of the Navier—-Stokes equations in order to get a positive answer. Compare the recent result
[3] on axisymmetric solutions of nonstationary Navier—Stokes equations, which also considers a borderline
case under the natural scaling.

This work is inspired by Korolev—Sverak [9] in which they study the asymptotic as |z|] — oo of solu-
tions of (1.1) satisfying (1.4) in R3\ By, extending [13]. They show that the leading behavior is also given
by Landau solutions if C, is sufficiently small. Our theorem can be considered as a dual version of their
result. However, their proof is based on the uniqueness of solutions of the equation on R® satisfied by
v = p(u—U")+ ¢ where ¢ is a cut-off function supported near infinity and ¢ is a suitable function chosen
to make divv = 0. If one tries the same approach for our problem, since one needs to remove the origin
as well as the region |z| > 2 while extending u — U?, one needs to choose a sequence ¢, with the supports
of 1 — ¢y, shrinking to the origin, which produce very singular force terms near the origin.

Specifically, let p(z) be a smooth function which is 0 for |z| < 1.8 and 1 for |z| > 1.9, and let
or(z) = p(28z). Let vy = (p — ¢r)(u — U®) + (i where (}, is chosen to make div v, = 0, and is supported
in By = {z:1.7 < |z| <2o0r 1.7-27% < |z| < 2'7F}. The vector field v}, satisfies an equation in R3
with a force fj, which is supported in Ej with zero average, and whose height is of order 23*. One tries
to construct a solution v of this equation in the class

o(2)| < COL(Jaf’ +1al) ™, (112)
with uniform in k& constants 6 € (0,1) and C' > 0, and prove that it is equal to vg. This seems possible
but delicate.

Instead, we first define the equation for (u,p) at the origin (Lemma 2.3). Since the equation for u is
same as U’ near the origin for b = b(u), the §-functions at the origin cancel in the equation for their dif-
ference. We then apply the approach of Kim—Kozono [8] to the difference equation, and prove its unique
existence in W' (By) for 3/2 < r < 3 and uniqueness in W, "N L3, (B,) for 1 < r < 3/2, which improves
the regularity of the original difference. Above W,""(Ba) is the closure of C2°(By) in the W (By)-norm.

As an application, we give the following corollary. Recall uy for A > 0 is defined in (1.11). A solution
u on By\{0} is called discretely self-similar if there is a A; € (0,1) so that uy, = u. Such a solution
is completely determined by its values in the annulus B;\ By, since u(A\z) = A\ *u(zx). They contain
minus-one homogeneous solutions as a special subclass.

Corollary 1.3. If u satisfies the assumptions of Theorem 1.1 and furthermore w is discretely self-similar
in Bo\{0}, then u = U".

This corollary also follows from [9] (with domain R3\ By and A; > 1). In the case of small C,, this
corollary extends the result of Sverak [17] on minus-one homogeneous solutions. The classification of
discretely self-similar solutions with large C is unknown.

As another application, we consider a conjecture by Sverak [17, Sect. 5]:

Conjecture 1.4. If u is a solution of the stationary Navier—Stokes equations (1.1) with zero force in R3\{0}
satisfying (1.4) with some Cy > 0. Then u is a Landau solution.

We give a partial answer for this problem.
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Corollary 1.5. Conjecture 1.4 is true, provided the constant C, is sufficiently small.

The above corollary can be also shown to be true by either our main theorem or the result of Korolev-
Sverak [9], see Sect. 3.4. The corresponding conjecture for large C. is related to the regularity problem
of evolutionary Navier—Stokes equations via the usual blow-up procedures.

2. Preliminaries

In this section we collect some lemmas for the proof of Theorem 1.1. The first lemma recalls Holder
and Sobolev type inequalities in Lorentz spaces. We denote the Lorentz spaces by L9 (1 < p < oo,
1 < g < o0). Note Li}k =[5>,

Lemma 2.1. Let B= By CR", n > 2.

(i) Let1 < pi,pa < oo with 1/p := 1/p1+ 1/pa < 1 and let 1 < 71,7y < c0. For f € LP*™ and
g € LP>"2  we have

||fg||Lw(B) < Clfllprrm (B)||9||Lpz«r2(3) for v := min{ry,ra}, (2.1)

where C' = C(p1,71,p2,72)-
(ii) Letl<r<n. For f e W""(B), we have

AN s e gy < Cllflwrr sy, (2.2)

where C' = C(n,r).

Part (i) of Lemma 2.1 was proved in [14]. Part (ii) was proved in [14] for R™ and in [10,8] for bounded
domains.

By this lemma, when n =3 and 1 < r < 3, we have

1follrim) < C AN, ol e < CollFll s, ) lollwn s - (2.3)

—r

This estimate first appeared in [8] and plays an important role for our application.
The next lemma is on interior estimates for Stokes system with no assumption on the pressure.

Lemma 2.2. Assume v € L' is a distribution solution of the Stokes system
—Av; +0ip= 8jfij, divv =0 in Bag (24)

and f € L™ for some r € (1,00). Then v € whr and, for some constant C,. independent of v and R,

loc

||VU||LT(BR) <G ||f||LT(BQR) +C RO ||UHL1(BQR) : (2.5)

This lemma is [18], Theorem 2.2. Although the statement in [18] assumes v € Wlt,’g, its proof only
requires v € L'. This lemma can be also considered as [3, Lemma A.2] restricted to time-independent
functions.

The following lemma shows the first part of Theorem 1.1, except (1.9). In particular, it shows that
(u, p) solves (1.5).

Lemma 2.3. If u is a very weak solution of (1.1) with zero force in Ba\{0} satisfying (1.4) in B2\{0}
(with C, allowed to be large), there is a scalar function p satisfying |p(z)| < CC|x|72, unique up to
a constant, such that (u,p) satisfies (1.5) in By with b; = flrlzl Tij(u,p)n;(x). Moreover, T;; satisfies
|T;;(x)| < C'Cilz|~% and u,p are smooth in Bo\{0}. Here the positive constants C and C' depend on C.,
but not on (u,p). Their dependence on C, can be dropped if Ci € (0,1).
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Proof. For each R € (0,1/2], u is a very weak solution in By — Bg in L™. Lemma 2.2 shows u is a weak

solution in Wllof The usual theory shows that w is smooth and there is a scalar function pg, unique up

to a constant, so that (u, pg) solves (1.1) in By — B, see e.g. [7]. By the scaling argument in Sverak-Tsai
[18] using Lemma 2.2, we have for © € B3r — Bag,

V() < SO

,W fork:172,..., (2.6)

where C, = Cx(C.) are independent of R € (0,1/2] and its dependence on C, can be dropped if
C. € (0,1). Varying R, (2.6) is valid for x € Bs;5\{0}. For 0 < R < R’, by uniqueness of p’p, the differ-
ence PR|32—BR, — pr is a constant. Thus we can fix the constant by requiring pr = p;/2 in BQ\Bl/Q,
and define p(z) = pgr(x) for any x € B2\{0} with R = |z|/2. By the equation, |Vp(z)| < CC,|z|73.
Integrating from |z| = 1 we get |p(x)| < CC.|z|~2. In particular
Ty, p)(@)] < CCLla| 2 for o € Byy\{0}. (2.7)
Denote NS(u) = —Au + (u - V)u + Vp. We have NS(u); = 9;T;;(u) in the sense of distributions.
Thus, by divergence theorem and N.S(u) = 0 in B2\{0},

b= [ Do = [ Ty (2.8)
|z|=1 |z|=R

for any R € (0,2). Let ¢ be any test function in C$°(By). For small € > 0,
(VS()iid) = - [ Tiy(wdso
- [ o [Tiwo0

By \B. B.
- / 0T (w) + / T, (w)gm, — / T (w)gm; — / T, ().
B\ B. OB, B, B.

In the last line, the first integral is zero since N.S(u) = 0 and the third integral is zero since ¢ = 0. By
the pointwise estimate (2.7), the last integral is bounded by Ce3~2. On the other hand, by (2.8),

[ Towin; —b60) as o 29)
oB.
Thus (u,p) solves (1.5) and we have proved the lemma. O

It follows from the proof that |b| < CC, for C, < 1. With this lemma, we have completely proved
Theorem 1.1 in the case ¢ < 3/2. In the case 3/2 < ¢ < 3, it remains to prove (1.9).

3. Proof of Main Theorem

In this section, we present the proof of Theorem 1.1. We first prove that solutions belong to W19, We
next apply this result to obtain the pointwise estimate. For what follows, denote

w=u—-U, U=U"’ (3.1)
where U? is the Landau solution with b given by (2.8).
By Lemma 2.3, there is a function p such that (w,p) satisfies in By that
—Aw+4+U -Vw+w -VU+w)+Vp=0, divw=0,
CC. CC,
w(z)| <

1P < —5.
|| ]2
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Note that the d-functions at the origin cancel. In order to check the estimate w, we use (1.7) to ex-
pand A = A(B) in (1.6) as A(B) = CB~1 4+ O(1) for small B > 0. By (1.6) and Lemma 2.3, we have
|Ub(z)| < |b]|z| =t S Oklz| =t for small |b] > 0.

3.1. W14 Regularity

In this subsection we will show w € W14(By). Fix a cut off function ¢ with ¢ =1 in By and ¢ =0 in
B{, /8 We localize w by introducing

v=pw+( (3.3)

where ( is a solution of the problem div({ = —V¢ - w. By Galdi [6, Ch. 3] Theorem 3.1, there exists such
a ( satisfying

supp ¢ C Bsjo\B1, [|[V(||lpw0 < C|[Vp - w0 < CC,. (3.4)
The vector v is supported in Bs o, satisfies v € W' N L3, for r < 3/2 by (1.4), (2.6) and (3.4), and
—Av+U-Vot+v-VU+v)+Vr=f, divy=0, (3.5)

where ™ = ¢p, and

f==2(Ve-Vw— (Ap)w + (U - Vo)w + (¢* = p)w - Vw + (w - Vo)uw

+pVe—AC+ (U -V)(+ - V(U +ow+C) +pw- V¢ (3.6)
is supported in the annulus Bs 2\ B1. One verifies directly that, for some C1,
sup ||f||w0*1"‘(32) < 0. (3.7)
1<r<100

Our proof is based on the following lemmas.

Lemma 3.1 (Unique existence). For any 3/2 < r < 3, for sufficiently small C, = Ci(r) > 0, there is a
unique solution v of (3.5) and (3.7) in the set

V={oeWy"(Bs), [lvlly = llollyrrg, < CaCi} (3-8)
for some Cy > 0 independent of C and r € [3/2,3).

Lemma 3.2 (Uniqueness). Let 1 < r < 3/2. If both vy and vy are solutions of (3.5) and (3.7) in Wy "NL3
and Cy + ||v1]| s Tt va||L3k is sufficiently small, then vi = va.

Assuming the above lemmas, we get W14 regularity as follows. First we have a solution @ of (3.5)
in Wy9(B,) by Lemma 3.1. On the other hand, both v = pw + ¢ and @ are small solutions of (3.5) in
Wy N L3, (By) for r = 5/4, and thus v = ¢ by Lemma 3.2. Thus v € W;"*(By) and w € Wh4(By).

Proof of Lemma 3.1. Consider the following mapping ®: For each v € V| let v = ®v be the unique
solution in W, " (By) of the Stokes system
—Av+Vr=f-V - Uv+v® U +wv)), divu=0. (3.9)

By estimates for the Stokes system, see Galdi [6, Ch.4] Theorem 6.1, in particular (6.9), for 1 < r < oo,
we have

ollsr(ay < Nell g ror + NIV - (U@ 0 40 @ (U 4 )y (3.10)

for some constant N,. > 0 which is uniformly bounded for r in any compact regions of (1,00). By (3.7)
and Lemma 2.1, in particular (2.3), for 1 < r < 3,

1ol (a) < NeCrCa+ NlU @04+ 0.9 (U + )1
< N.GiCo + NeCo(IUlIzg,, + 0l oy (3.11)
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We now choose Cy = 2(C1 + 1) supz o<,.<3 Ny Since V' C L3, if r > 3/2, we get v = dv € V if C, is
sufficiently small.
We next consider the difference estimate. Let vy, v9 € V, 17 = ®vq, and U5 = $vy. Then

o1 — ol < COHIU Ny, + oz, + oallzg, o = vallwer (3.12)

wk

Taking C. sufficiently small for 3/2 < r < 3, we get |[®vy — Pva|ly, < 3 [lvr — v2|y,, which shows that ®
is a contraction mapping in V' and thus has a unique fixed point. We have proved the unique existence
of the solution for (3.5)—(3.7) in V. O

Remark. Since the constant C, from Lemma 2.1 (i) blows up as r — 3_, our C, shrinks to zero as
r—3_.

Proof of Lemma 3.2. By the difference estimate (3.12), we have
[or = vallwrr < C(IUlzs, + llvrllzs, + llv2llzs,)llvr — vallwrr (3.13)

Thus, if C(”U”Li}k + ||’Ul‘

3, +llvallps ) <1, we conclude v = vs. O

3.2. Pointwise Bound

In this subsection, we will prove pointwise bound of w using [|w||y1.4 S Ch.
For any fixed xg € By/2\{0}, let R = |zo|/4 and Ey = B(zo,kR), k= 1,2.
Note ¢* € (3,00). Let s be the dual exponent of ¢*, 1/s 4+ 1/¢* = 1. We have

ol g gy S Ml par () 1Ll e () S CeRY (3.14)
By the interior estimate Lemma 2.2,
vaHLq*(El) S ||f||Lq*(E2) + RO ||wHL1(E2) (3.15)
where f =U @ w +w ® (U + w). Since |U| + |w| <Cylz| P SC.R™! in Es,
1l () S CeB™H Wl por () SCIRT (3.16)

We also have R—4+3/4"

W 11 (g, SR43/TC R34 = C,R™. Thus
||Vw||LQ*(E1) SC.R™ (3.17)
By Gagliardo-Nirenberg inequality in Fj,
1-6 0 _
[wll oo () S N0l () V0 2ar () + R 10l L1y » (3.18)

where 1/00 = (1 —0)/¢" +60(1/q. —1/3) and thus 6 = 3/q — 1. We conclude [|w|| w5,y < C.R~?. Since
xg is arbitrary, we have proved the pointwise bound, and completed the proof of Theorem 1.1.

Remark. Equivalently, one can define v(x) = u(zg + Rz), find the equation of v, estimate v in L*°(By),
and then derive the bound for w(z).

3.3. Proof of Theorem 1.2

In this subsection we prove Theorem 1.2. For any zo € B\{0}, let v(z) = Au(Az + xo) with A =
min(0.1, |xo])/2. By our choice of A, v is a very weak solution in By and ||v[| ;s (p,) <& =lullps (5, \(op-

By [8], we have [|v]| .« p,) < Cae for some constant Cs if € is sufficiently small. Thus [u(zo)| < Coed™1 <
4002€|$0|_1.
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3.4. Proof of Corollary 1.5

In this subsection we prove Corollary 1.5. Suppose u satisfies (1.4) with C. = C,(q), ¢ = 2, given in
Theorem 1.1. Let b be given by (2.8), U = U® and w = u — U. Let uy = Au(\z) be the rescaled solution
and wy (z) = Aw(Az). Note U is scaling-invariant. Then uy = U + wy also satisfies (1.4) with same C..
By Theorem 1.1 with ¢ = 2, we have the bound

lwa(z)| < CCLlz|~Y2, 2] < 1, (3.19)
which is uniform in A. In terms of w and y = Az, we get
w(y)] < COATHATYY[TH2, Jy < A (3.20)

Now fix y and let A — 0o. We conclude w = 0.

Remark. Note Corollary 1.5 assumes (1.4) in entire space, not just By, and thus does not imply u = U°?
in Theorem 1.1.
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