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1. Introduction

In this paper we address the regularity of an asymptotically smooth system arising in non-Newtonian
fluid mechanics, which is not smoothing in finite time, but admits a compact global attractor (in the
two-dimensional case). More precisely, we consider the system of visco-elastic second-grade fluids

0y (u — o®Au) — vAu + curl(u — o®Au) x u + Vp = 0, (1.1)
divu = 0, (1.2)
u(0,2) = up(x), (1.3)

where o > 0 is a material parameter, v > 0 is the kinematic viscosity, the vector field w represents
the velocity of the fluid, and the scalar field p represents the pressure. Here (z,t) € T? x [0, 00), where
T4 = [0,27]¢ is the d-dimensional torus, and d € {2,3}. Without loss of generality we consider velocities
that have zero-mean on T¢.

Fluids of second-grade are a particular class of non-Newtonian Rivlin-Ericksen fluids (cf. [48]) of
differential type, and the above precise form has been justified by Dunn and Fosdick [18]. The local exis-
tence in time, and the uniqueness of strong solutions of the Eqgs. (1.1)—(1.3) in a two or three-dimensional
bounded domain with no slip boundary conditions has been addressed by Cioranescu and Ouazar [14].
Moreover, in the two-dimensional case, they obtained the global in time existence of solutions (see also
[13,24,25,29]). Moise et al. [40] have shown later that in two dimensions these equations admit a compact
global attractor A, (see also [2,15,22,26,27,30,39,45,47]). The question of regularity and finite-dimen-
sional behavior of A, was studied by Paicu et al. in [45], where it was shown that the compact global
attractor in H3(T?) is contained in any Sobolev space H™(T?) provided that the material coefficient « is
small enough, and the forcing term is regular. Moreover, on the global attractor, the second-grade fluid
system can be reduced to a finite-dimensional system of ordinary differential equations with an infinite
delay. As a consequence, the existence of a finite number of determining modes for the equation of fluids
of grade two was established in [45].

Note that the Egs. (1.1)—(1.3) essentially differ from the a-Navier—Stokes system (cf. Foias et al.
[20,21], and references therein). Indeed, the equations governing the second-grade fluids do not con-
tain the regularizing term —vA(u — a?Au) (cf. [21]), but instead —vAwu, and thus the problem is not
semi-linear. Moreover, the dissipative term —vA is very weak—it behaves like a damping term—and
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the system is not smoothing in finite time, that is, for generic initial data in H?> the solution does not
become analytic in finite time (as opposed to parabolic equations [19,23,44]). The a-models are used, in
particular, as an alternative to the usual Navier—-Stokes equations for numerical modeling of turbulence
phenomena in pipes and channels. Note that the physics underlying the second-grade fluid equations
and the a-models are quite different. There are numerous papers devoted to the asymptotic behavior
of the a-models, including Camassa—Holm equations, a-Navier—Stokes equations, a-Bardina equations
(cf. [9,20,21,34,37]).

In this paper we characterize the domain of analyticity and Gevrey-class regularity of solutions to the
second-grade fluids equation, and of the Euler equation with a damping term. We prove that if the initial
data ug is of Gevrey-class s, with s > 1, then the unique smooth solution u(t) remains of Gevrey-class s
for all ¢ < T, where T, € (0, 00] is the maximal time of existence in the Sobolev norm of the solution.

The main novelty of our result is that if v > 0, and d = 2, or if d = 3 and wug is small in a certain
norm (these are the cases when T, = o), then the lower bound on the radius of analyticity does not
vanish as ¢t — oco. Instead, it is bounded from below for all time by a constant that depends solely on v, «,
the analytic norm, and the radius of analyticity of the initial data. In contrast, we note that the shear
flow example of DiPerna and Majda [17] (see also [5]) may be used to construct explicit solutions to the
incompressible two and three-dimensional Euler equations (in the absence of damping) whose radius of
analyticity is decaying for all time, and hence vanishes as ¢t — co. We emphasize that when 0 < a < 1 our
lower bound on the radius of analyticity is independent of «, which gives the framework in which we prove
the convergence of analytic solutions to the second-grade fluid equations to those of the corresponding
Navier—Stokes equations, in the limit « — 0, when d = 2.

When d = 3 and the initial data is not small, the solution might a-priori blow up in finite time. Here we
obtain an explicit lower bound for the real-analyticity radius of the solution which for all v, « > 0 decays
algebraically in exp( fot IVu(s)||pds). A similar lower bound on the analyticity radius for solutions to
the incompressible Euler equations was obtained by Kukavica and Vicol [32,33], but with an additional
algebraic decay in time (see also [1,3,4,6,36]).

The main results of our paper are given bellow (for the definitions see the following sections).

Theorem 1.1 (The two-dimensional case). Fiz v > 0, 0 < a < 1, and assume that ug is of Gevrey-class
s for some s > 1, with radius 79 > 0. Then there exists a unique global in time Gevrey-class s solution
u(t) to (1.1)—(1.3), such that for all t > 0 the radius of Gevrey-class regularity is bounded from below by

T0
t) > ———
R o

where Cy > 0 is a constant depending on v and the initial data via (3.24) below.

Note that in this case we obtain the global in time control of the radius of analyticity, which is more-
over uniform in «. This allows us to prove the convergence as o — 0 of the solutions of the second-grade
fluid to solutions of the corresponding Navier—Stokes equations in analytic norms (cf. Sect. 3.3). The con-
vergence of solutions to the Euler-a equations to the corresponding Euler equations, in the limit o — 0,
has been addressed in [37]. The corresponding theorem for the damped Euler equations is given in Sect. 5.

Theorem 1.2 (The three-dimensional case). Fiz v,a > 0, and assume that wy is of Gevrey-class s, for
some s > 1. Then the unique solution w(t) € C([0,T*); L*(T?)) to (2.6)—~(2.8) is of Gevrey-class s for all
t < T*, where T* € (0,00] is the mazimal time of existence of the Sobolev solution. Moreover, the radius
T(t) of Gevrey-class s regularity of the solution is bounded from below as

T(t) > J0 —C 5 IVu)lizeocds.
0

where C > 0 is a dimensional constant, and Cy > 0 has additional explicit dependence on the initial data,
a, and v via (4.24) below.

The proofs of the above theorems are based on the Fourier-based method introduced by Foias and
Temam [23] to study the analyticity of the Navier—Stokes equations, and which was further refined
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by Levermore and Oliver [36] for the Euler equations (see also [11,19,32,34,35,42-44]). We emphasize
that the technique of analytic estimates may be used to obtain the existence of global solutions for the
Navier-Stokes equation with some type of large initial data [12,46].

2. Preliminaries

In this section we introduce the notations that are used throughout the paper. We denote the usual
Lebesgue spaces by LP(T?) = LP, for 1 < p < co. The L?-inner product is denoted by (-, -). The Sobolev
spaces H"(T9) = H" of mean-free functions are classically characterized in terms of the Fourier series

H'(T) = v(w) = Y pe™™ : 5 =0y, 0o =0,

[oll7r- = (2m)% > k[ [Bk]* < o0
keza

We let A1 > 0 be the first positive eigenvalue of the Stokes operator, which in the periodic setting coincides
with —A [16,49]. For simplicity we consider T¢ = [0,2x]¢, and hence A\; = 1. The Poincaré inequality
then reads ||v|p2 < ||[Vv|z2 for all v € H'. Throughout the paper we shall denote by A the operator
(—=A)Y/2 i.e., the Fourier multiplier operator with symbol |k|. We will denote by C' a generic sufficiently
large positive dimensional constant, which does not depend on «, v. Moreover, the curl of a vector field
v will be denoted by curlv =V x v.

2.1. Dyadic Decompositions and Para-Differential Calculus

Fix a smooth nonnegative radial function y with support in the ball {|§ | < %} , which is identically 1 in
{l¢| < 2}, and such that the map 7 — x(|r|) is non-increasing over Ry. Let ¢(£) = x(£/2) — x(£). We
classically have

D> (279 =1 forall &eRN\{0}. (2.1)
qE€Z
We define the spectral localization operators A, and S, (¢ € Z) by
Agui= @@ Dyu= 3" k)27 k|)
kezd
and
Squ:=x(279D)u = Z a(k)e™ x (27 k|).
kezd
We have the following quasi-orthogonality property:
ApAgu=0 if [k —¢|>2; and Ak(Sq—1uldw) =0 if |k—q|>5. (2.2)
We recall the very useful Bernstein inequality.

Lemma 2.1. Letn €N, ¢ € Z, 1 < p; < py < 00, and ¢ € OF(R?). There exists a constant C depending
only on n,d and sup such that

D" (27 D)ul|Lre < C2%||9(279D)ul| Lrs
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and

C712%|p(279D)u| o < sup [|0%p(27ID)u| prs < C2%||p(279D)u| o1 -

|a]=n
where s =n+d(1/py — 1/p2).
In order to obtain optimal bounds on the nonlinear terms in a system, we use the paradifferential

calculus, a tool which was introduced by Bony in [7]. More precisely, the product of two functions f and
g may be decomposed according to

f9=Trg+Tof + R(f,9) (2.3)
where the paraproduct operator T is defined by the formula
ng = Zstrlquga
q
and the remainder operator, R, by

R(f,g) = ZAquqg with Aq =D + Ay + Ay

q

2.2. Analytic and Gevrey-Class Norms

Classically, a C°°(T9) function v is in the Gevrey-class s, for some s > 0 if there exist M, 7 > 0 such that

pr
10°v(z)| < MW’

-
for all z € T4, and all multi-indices 8 € N§. We will refer to 7 as the radius of Gevrey-class regularity of
the function v. When s = 1 we recover the class of real-analytic functions, and the radius of analyticity T
is (up to a dimensional constant) the radius of convergence of the Taylor series at each point. When s > 1
the Gevrey-classes consist of C* functions which are not analytic. It is however more convenient in PDEs
to use an equivalent characterization, introduced by Foias and Temam [23] to address the analyticity of
solutions of the Navier—Stokes equations. Namely, for all s > 1 the Gevrey-class s is given by

| pare™”)
7>0
for any r > 0, where
||AT€TA1/S’U||2L2 _ (271_)3 Z |k|2r€2fr\k‘1/s|i}\k|2' (24)
keZa

See [16,19,23,31-33,36,44,49] and references therein for more details on Gevrey-classes. We emphasize
that the radius of analyticity gives an estimate on the minimal scale in the flow [28,31], and it also gives
the explicit rate of exponential decay of its Fourier coefficients [23].

2.3. Vorticity Formulation

It is convenient to consider the evolution of the vorticity w, which is defined as

w = curl(u — a?Au) = (I — o®A) curl u. (2.5)

It follows from (1.1)—(1.2), that w satisfies the initial value problem
Ow — vA(I — ?A) w4+ (u- Vw = (w- V)u, (2.6)
divw =0, (2.7)

w(0,2) = wo(x) = curl(ug — a*Aug) (2.8)
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on T x (0,00). Additionally, if d = 2, w is a scalar, and the right side of (2.6) is zero. Denote by R, the
operator

Ra = (AT —a?A)7L. (2.9)
It follows from Plancherel’s theorem, that for all v € L? we have
1
ol < [Ravlze < S lolze, (2.10)
The velocity is obtained from the vorticity by solving the elliptic problem
divu =0, curlu = (I —a?A)"'w, /u =0, (2.11)
T3

which in turn classically gives that
u=Kx* (I —-a*A) 'w=Kw, (2.12)
where K is the periodic Biot—Savart kernel. Combined with (2.10), the above implies that

C
lull e < —llwllze, (2.13)

for some universal constant C' > 0. Note that when o — 0 the above estimate becomes obsolete.

3. The Two-Dimensional Case
3.1. The Case o Large

In the two-dimensional case, the evolution equation (2.6) for w does not include the term w - Vu, which
makes the problem tangible, in analogy to the two-dimensional Euler equations. The main result below
gives the global well-posedness of solutions evolving from Gevrey-class data, whose radius 7(¢) does not
vanish as ¢t — oo.

Theorem 3.1. Fix v, > 0, and assume that wg € D(eT‘JAl/s), for some s > 1, and 9 > 0. Then there
exists a unique global in time Gevrey-class s solution w(t) to (2.6)—(2.8), such that for all t > 0 we have

w(t) € D(eT(t)Al/S), and moreover we have the lower bound
H(t) 2 roe- Mo s O340 M ) (31)

ToAL

/s . .
where My = ||e woll2, and C is a universal constant.

Proof of Theorem 3.1. We take the L2-inner product of djw + vRow + (u - V)w = 0 with 2™ and
obtain
1d

5 lem™ Wl = HAYE A ) 4 (N R, e )

= —<eTA1/S(u -Vw), eTAl/sw>. (3.2)

Note that the Fourier multiplier symbol of the operator R, is an increasing function of |k| > 1, and
therefore by Plancherel’s theorem and Parseval’s identity we have

s s k|? N s
<67—A1/ Raw7AeTA1/ w) = (27)2 Z 1|7|2k2|wk|2€27|k|1/
k€z2\{0} +a?lk|
(277)2 e Tl 1 FAL/s
z 1+ a2 Z @[ ?e? B = m“e A w|[7a.

kez2\{0}
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We therefore have the a priori estimate

1 d s s 14 s
sl wllie — AN Wl + e s
< [{u- Vw,e2™"w)). (3.3)

The following lemma gives a bound on the convection term on the right of (3.3) above.
Lemma 3.2. Forw € D(Al/QseTAl/s), and divergence free u = Kow, we have

(u- Ve, ™ )| < AM25emA 12, (3.4)

CT Al/s
— e w2

for some dimensional constant C' > 0.

The proof of bound (3.4) is the same as the proof of estimate (4.4) below, which is in turn given in
the Appendix. Therefore, by (3.3) and (3.4), if we chose 7 that satisfies

Cr ||6TA1/5

then we have
1d

1%
5@”‘“”%@,7 + ﬁllwllﬁw <0,

1+
and hence

- 1/s YVE B
™2 w(t)llze < e wollp2e (3.6)
where we have denoted v = v/(2 + 2a?). The above estimate and condition (3.5) show that

L oAl/s e oAl/s
7(t) > oe~ @It T wollpz fg T ds 5 g o= O 420 |eT0M w2/ (va) (3.7

which concludes the proof of the theorem. The above a priori estimates are made rigorous using a classical
Fourier—-Galerkin approximating sequence. We omit further details. (I

3.2. The Case @ Small

The lower bound (3.1) on the radius of Gevrey-class regularity converges to 0 as « — 0. In this section
we give a new estimate on 7(t), in the case when « is small.

Theorem 3.3. Fizv >0, 0 < a <1, and assume that curl ug € D(AeT"Al/s), for some s > 1, and 19 > 0.

Then there exists a unique global in time Gevrey-class s solution u(t) to (1.1)—(1.3), such that for all
t >0 we have u(t) € D(eT(t)Al/s), and moreover we have the lower bound
70

t)> —— 3.8
0> 2, (3.5

TAY®

where Cy = Co (v, ||uol| g3, HAeToAl/S curlug||zz, ||e curl Augl|pz) is given explicitly in (3.24).

Proof of Theorem 3.3. For simplicity of the presentation, we give the proof in the case s = 1. Taking the
L?-inner product of (1.1) with —e?™ curl Au, we obtain

1d
2t (
-7 (HAS/Q@TA curlul2, + 2| AY2e™ curl AuH%2> < T+ Ty, (3.9

[Ae™ curlul|F2 + o®[le™ curl Aul|7.) + v|e™ curl Aul|7

where

T, = o? |(eTA ((u-V)Acurlu),e™ A curl u)

; (3.10)
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and
Ty = ’(AeTA (- V) curlu), Ae™ curl u)| . (3.11)
The upper bounds for 77 and 75 are given in the following lemma.

Lemma 3.4. Let v,7 >0, 0 < a < 1, and u be such that curlu € D(A®/?e™). Then

T <K TA 1A 2 CLW A1/2 TA 1A 2 TA 1A 2 12
1 < 4||e curl Aul|72 + > I e™ curl Aul|72]le™ curl Aul|72, (3.12)
and
T < KHeTAAcurluw —|—£||cu1r1u|\4 [Ae™ curl u)|?
2 > 4 L2 V3 L2 L2
077—2 3/2 ,TA 2 TA 2
+ |A/2e™ curlu| 2 || Ae™ curl ||}z, (3.13)
v

where C > 0 is a universal constant.

We give the proof of the above lemma in the Appendix (cf. Sect. 6.1). Assuming that estimates (3.12)
and (3.13) are proven, we obtain from (3.9) that

1d

37 (JAe™ curlul|?. + o?|[e™ curl Au7.) + gHe”\ curl Aul|2,

C
< ﬁchrluH‘}ﬁHAem curl ul|2,
C 2
+ <+ + = A cur1u|%2> |A%2em curl w7
v

+a? (r' + oﬂCTTQ e curl Au||§2> [AY2e™ curl Aul|?,. (3.14)
Define
Z(t) = ||[Ae™ curlul|2,
and
W(t) = |le™ curl Au|)2..
We let 7 be decreasing fast enough so that

W (t) =0, (3.15)

which by the Poincaré inequality implies
or?
74 —— || Ae™ curlu?. <0,
v

and also
C 2
Fra?l e curl Au||2. <0,
v

since by assumption a < 1. It follows from (3.14) that for all 0 < o < 1 we have

1d C
552+ o™ W) + gw < llcurlul{.2 (3.16)

c
< Sllewlul7:(Z + a*W). (3.17)

We recall that w = curl(I — o?A)u solves the equation

w4+ VRow+ (u-V)w =0 (3.18)
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which by the classical energy estimates implies

1d 9 v 9
5@”“@)”9 + WHW(UHB <0 (3.19)
and therefore
lo@Z2 < lwollFze™ (3:20)
where v = v/(2 + 2a?). Using that 0 < a < 1 and
w2 = || curlul|2s + 22| Aul|32 + | curl Aul|?, (3.21)
we obtain the exponential decay rate
| curlu(t)|| 2 < C|lug| gze™ " (3.22)

Combining (3.17) and (3.22), and using a < 1, we get
Z(t) < (Z(O) + OZ2W(0))6V%jOt II curlu(s)HiQ ds

< (2(0) + a2W (0))exw *olis < (Z(0) + W (0))ers Mo, (3.23)
where we have denoted My = ||ug||zs. Plugging the above bound in (3.16) and integrating in time, we

obtain

Z@+&W@+%/W@@
0

t
ﬂmWHWM1+%£W“/mew%@
0

]- CM4 4 l/4
< (Z2(0) + W(0)) (y? + T%CMO/ ) v? = Cor?, (3.24)
where Cy = Co (v, ||uo||g3, Z(0), W(0)) > 01is a constant depending on the data. Thus, by the construction
of 7 in (3.15) and the above estimate, by possibly enlarging Cy, we have the lower bound

70

> 2
- 1—|—7'()C'07 (3 5)

' —1
1 C
ty=—+— [ W(s)d
0= =+ 5 [ Wi
0
thereby proving (3.8). We note that this lower bound is independent of ¢ > 0, and 0 < o < 1. This con-
cludes the a priori estimates needed to prove Theorem 3.3. The formal construction of the real-analytic

solution is standard and we omit details. The proof of the theorem in the case s > 1 follows mutatis
mutandis. (Il

3.3. Convergence to the Navier—Stokes Equations as a« — 0

In this section we compare in an analytic norm the solutions of the second-grade fluids equations with
those of the corresponding Navier—Stokes equations, in the limit as « goes to zero. The fact that the ana-
lyticity radius for the solutions of the second-grade fluids is bounded from bellow by a positive constant,
for all positive time, will play a fundamental role. We consider a > 0 and ug such that e*uy € H3(T?).
We recall that the Navier—Stokes equations

Owu —vAu+curlu x u+ Vp=0
divu=0 (3.26)

u|t:0 = Uop,
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have a unique global regular solution when uy € L?(T?). Moreover, this solution is analytic for every
t > 0, and if e’ ug € H? one can prove that e®*u(t) € H> for all t > 0 (for example, one can use the
same proof as in the one in Sect. 5). Let u, denote the solution of the second-grade fluids equations.
Then z = u, — u is divergence free, satisfies

0y(z — a?Az) — vAz + curl 2 X ug + curlu x z + V(po — p)

= a9, Au + o curl Aug X ug,

and the initial condition is z(-,0) = 0. The following product Sobolev estimate (see [11]) will prove to be
very useful

HEJA(Gb) HHSIJ“"Z*l(TQ) S ||€6Aa||Hsl (T2) ||66AbHHs2 (T2)5 (327)
where s1+s2 > 0, 51 < 1, 55 < 1. Applying e’® with 0 < § < a fixed but small enough (given for example

by (3.25)) to the equation, denoting by z°(t) = e’*z(t), and considering the L?(T?) energy estimates,
using (3.27), the Young inequality, and the classical Sobolev inequalities, we obtain the following estimate

1d
§£(H2‘5H%z +a?(|V2°||72) + VI V2|7
Ca’ 5112 C. 52 5112 v 5112
< - 2 - 1 1 — 2
< TVl + b2 4 12002,y + 2o IV

+ o2 curl Aul || 2 |Ju

Ca* C v
< TH@VU‘SH%Q + ;Huillml\VUiHLz||25||L2||V2‘5HL2 + %HVZ‘SH%Q

s 5
3120y + lleurla|[a]|2°)

) )
A E

5 st sut 1 snk 1
+a?| ewrl Aug |22 [[ug || 22 [ Vug 1 22 12°11 22 1V 2° [ 22
+ a1 1222 V20| 2
Ca* v C
< ——l0Vul e + IV 1L + Sllugl i IV liza 1217
Ca* v C
+ S curl Aud 3 ud e 1V 1 + 212203 + Sl 20 s
From the above estimate and the Poincaré inequality, we deduce that
d
a(llzélliz +a?|[V20)22) + 7 (12°]1F2 + a?| V2| 122)
C C
< (S + SNV ) 113
Cat
+7

(10:Vu’ |72 + || curl Aug, |72 lug | 22 Vg | 2)

holds for ¢ > 0, where we let v = /(2 + 2a?) > 0. Integrating this inequality from 0 to ¢ and using the
Gronwall inequality, we obtain

122(8)[|22 + 2| V22 (1)]22
t
C C
< [ (St + SIadzavai:) 12212 ds
0

Cat )
+—— [ 7Y (||8tVu5(s)||2L2 + || curl AUiHQLZ||UiHL2||VUi||L2) ds.
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Using one more time the Gronwall lemma, we deduce from the above estimate that, for ¢ > 0
12°@)172 + ?[V2° (B)]172

t
¢ ) ¢ ) 0
<o | [ (S1h + S Ivals: ) ds
0

t
Ca*
Xj/@”“_” (10:Vu’ (5)172 + || curl Aul, 172 |ud | 22 [ Vul ]| 22) ds. (3.28)

0
We recall the estimate (3.24) on ul, which gives
¢
| Al |22 + | curl Aul||2, + V/ [| curl Aul |22 < M. (3.29)
0

The equation on u, gives that
Ot = (I — ?A) HvAuy — Plcurl(ug — a®Aug) X ug)].

Using estimates (3.27), (3.29), and the fact that the operator aV (I — a?A)~! is uniformly bounded on
L?(T?), we obtain that «||0;Vul |2 < CMy. When a < 1, inequality (3.28) together with the above

uniform bounds and the corresponding property for the Navier—Stokes equation, namely fot [|® H%{l <M,
implies that

12° ()12 + V2 ()72 < o Koef, (3.30)
where Ky and K are positive constants depending only on ||e* ug| 5. Thus, we obtain the convergence

in the analytic norm as o — 0 of the solution of the second-grade fluid to the solutions of Navier—Stokes
equations, with same analytic initial data ug, such that e ug € H3.

4. The Three-Dimensional Case
4.1. Global in Time Results for Small Initial Data

In this section we state our main result in the case v > 0, with small initial data: There exists a global
in time solution whose Gevrey-class radius is bounded from below by a positive constant for all time. A
similar result for small data is obtained in [41].

Theorem 4.1. Fix v,a > 0, and assume that wy € D(Al/QSeT‘JAl/S), for some s > 1, and 19 > 0. There
exists a positive sufficiently large dimensional constant k, such that if

KW
0l|L2 > 2(1 2)’

then there exists a unique global in time Gevrey-class s solution w(t) to (2.6)—~(2.8), such that for allt > 0

(4.1)

we have w(t) € D(eT(t)Al/s), and moreover we have the lower bound
7(t) > Tger(4t4a?) Mo/ (ve) (4.2)
for all t > 0, where My = ||eT°A1/SwO||L2.

The smallness condition (4.1) ensures that |w(t)|/ 2 decays exponentially in time, and hence by the
Sobolev and Poincaré inequalities the same decay holds for ||Vu(t)|| L. Therefore, as opposed to the
case of large initial data treated in Sect. 4.2, in this case there is no loss in expressing the radius of
Gevrey-class regularity in terms of the vorticity w(t). It is thus more transparent to prove Theorem 4.1
by just using the operator A (cf. [36]), instead of using the operators A, (cf. [32]) which are used to
prove Theorem 4.3 below.
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Proof of Theorem 4.1. Similarly to (3.3), we have the a priori estimate

1d 1/s 1/s
§$||€TA w7z + T+ a2 le™ " wll7
< 7"||A1/2‘geTA1/Sw||%z + [(u - Vw, eQTAl/Sw)| + |(w - Vu, eQTAl/Sw)L (4.3)

The convection term and the vorticity stretching term are estimated in the following lemma.

Lemma 4.2. There exists a positive dimensional constant C' such that for w € Y, ., and u = K, 1is
divergence-free, we have

OT ||6TA1/S

l(u- Ve, 2™ w)| < w| L2 ||AY 25 )2, (4.4)

o
and
s C s
(@ Vu, 2™ )] < Z ol ga e w) s

F e A2 | (4.5)

The proof of the above lemma is similar to [36, Lemma 8|, but for the sake of completeness a sketch
is given in the Appendix (cf. Sect. 6.2).

The smallness condition (4.1) implies via the Sobolev and Poincaré inequalities that ||[Vug||pe <
v/(2+2a?), if k is chosen sufficiently large. Let v = v//(2+2a?). It follows from standard energy inequal-
ities that ||w(t)||p2 < ||wollz2e”7%/? < |Jwol/z2. Combining this estimate with (4.3), (4.4), and (4.5), we
obtain

1d /s /s .
5l wllie +Alle vl < (”

CT 1/s 1/s

Cohern s ) A2 (46)
where we have used that x was chosen sufficiently large, i.e., K > C. The above a-priori estimate gives
the global in time Gevrey-class s solution w(t) € D(eT(t)Al/s)

is chosen such that

, if the radius of Gevrey-class regularity 7(t)

C s
F =™ wllps <. (4.7)
Since under this condition we have
lem @A Wt Lo < [l woll 2™/

for all t > 0, it is sufficient to let 7(t) be such that 7 + CMye */?7/a = 0, where we let My =

ToAl/SwOHLz. We obtain

le
T(t) = roeCMo Jo T Pds /e (4.8)

and in particular the radius of analyticity does not vanish as ¢ — oo, since it is bounded as
7(t) > e~ 2CMo/(e) — rpe~CMo(d+4a®)/(va) (4.9)

for all ¢ > 0, thereby concluding the proof of Theorem 4.1. O

4.2. Large Initial Data

The main theorem of this section deals with the case of large initial data, where only the local in time
existence of solutions is known (cf. [13,14]). We prove the persistence of Gevrey-class regularity: as long
as the solution exists and does not blow-up in the Sobolev norm, it does not blow-up in the Gevrey-class
norm. Similarly to the Euler equations, the finite time blow-up remains an open problem.
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Theorem 4.3. Fiz v,a > 0, and assume that wy is of Gevrey-class s, for some s > 1. Then the unique
solution w(t) € C([0,T%); L?(T?)) to (2.6)—(2.8) is of Gevrey-class s for all t < T*, where T* € (0, 0]
is the mazimal time of existence of the Sobolev solution. Moreover, the radius 7(t) of Gevrey-class s
reqularity of the solution is bounded from below as
T(t) > To -cfy IVu(s)lizeeds, (4.10)
Co

where C' > 0 is a dimensional constant, and Cy > 0 has additional explicit dependence on the initial data,
a, and v via (4.24) below.

We note that the radius of Gevrey-class regularity is expressed in terms of ||Vu| -, as opposed to
an exponential in terms of higher Sobolev norms of the velocity. Hence Theorem 4.3 may be viewed as a
blow-up criterion: if the initial data is of Gevrey-class s (its Fourier coefficients decay at the exponential
rate e’T"lkll/S), and at time T the Fourier coefficients of the solution u(7%) do not decay sufficiently fast,
then the Sobolev norm of the solution must blow up at 7.

To prove Theorem 4.3, let us first introduce the functional setting. For fixed s > 1, 7 > 0, and

m € {1,2,3}, we define via the Fourier transform the space
D(AmeTAg'{s) ={weC®(T : divw = O,/w =0,
Td

s 2 s
HAmeTA}Y{ wHL’z = (27T)d Z |km|2627|k"”|1/
kezd

@k|2 <00 g,

where @y, is the k" Fourier coefficient of w, and A,, is the Fourier-multiplier operator with symbol |k,,|.
For s, T as before, also define the normed spaces Y » C X, - by

3
XKoo= ) DAwe™0), el = 3 e (4.11)
m=1 o7 m=1 L2
and
3 3 2
Yor = [ DAL2e™0), Jully, | = 3 |Janr/2e | (4.12)
m=1 m=1

It follows from the triangle inequality that if w € X, ; then w is a function of Gevrey-class s, with radius

proportional to 7 (up to a dimensional constant). If instead of the X, » norm we use ||AeTA1/Sw||Lz (cf.
[16,36]), then the lower bound for the radius of Gevrey-class regularity will decay exponentially in ||w]| g
(i.e., a higher Sobolev norm of the velocity). It was shown in [32] that using the spaces X ; it is possible
give lower bounds on 7 that depend algebraically on the higher Sobolev norms of u, and exponentially
on ||Vu(t)| L=, which in turn gives a better estimate on the analyticity radius.

Proof of Theorem 4.3. Assume that the initial datum wg is of Gevrey-class s, for some s > 1, with
wo € Yy, for some 79 = 7(0) > 0. We take the L2-inner product of (2.6) with AfneQT(t)Alr{Sw(t) and
obtain
(Opw, AfneQTAMsw) + v(Raw, AfneQTA}"/rsw)
/s /s
=—(u- Vw,A?neQTA?ln w) + (w- Vu, AfneQTAiﬂ w).
For simplicity, we omit the t-dependence of 7 and w. The above implies
(@Amem%sw, Ame”\:'{sw)
. /s /s /s /s
—T(A},j's/zeTA:n w,A,ln'*'S/QeTA:"' w) —l—l/(RaAmeTA:n w, Ae™n w)

=—(u-Vuw, A?nezTA:*{sw) + (w- Vu, AfneQTAiﬂ/Sw). (4.13)
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Note that the Fourier multiplier symbol of the operator R, is an increasing function of |k| > 1, and
therefore by Plancherel’s theorem and Parseval’s identity we have

s s kz N .
(Rahme™ w0, A0y = 2n) S B i e
1+ o?|k|
keZ#\ {0}
(2m)° 215, 12027 KI° FAL/S o
>0 O knPBPe = g A
keZ\{0}

The above estimate combined with (4.13) gives for all m € {1,2,3}, the a-priori estimate

1d . s
5 ||AmeTAnL WHLZ + — T1a? ||Ame W w”? N 7_||A71n+5/267—/\}y{ w”%2
<Ti+1Ts, (4.14)
where we have denoted
T, = |(u- Vw, AfneQTAi'{Sw) and Tp = |(w- Vu, AfneQTAi'{Sw) (4.15)

The convection term 77, and the vorticity stretching term 75 are estimated using the fact that divu = 0,
and that v = C,w.

Lemma 4.4. For allm € {1,2,3} and w € Y, -, we have

2 C 2
T+ T < ClVullpe llwllx, . + -0+ 7) |l lollx,

cr* 2 Cr? 2
(O 19l + ol + S5 ol )

where C > 0 is a dimensional constant.

(4.16)

This lemma in the context of the Euler equations was proven by Kukavica and Vicol [32, Lemma 2.5],
but for the sake of completeness we sketch the proof in the Appendix (cf. Sect. 6.3). The novelty of this
lemma is that the term ||[Vu|/z~ is paired with 7, while the term [|w||z: is paired with 72. This gives
the exponential dependence on the gradient norm and the algebraic dependence of the Sobolev norm. By
summing over m = 1,2,3 in (4.14), and using (4.16), we have proven the a-priori estimate

th” ||X57— + 1 + 2||w||XS.,-

C 2
<O Vullp=|wlk,, + =0 +7) [l wlx. .

Cr? Cr?
+ (74 01Vl + el + el ) (417)
Therefore, if the radius of Gevrey-class regularity is chosen to decay fast enough so that
. cr* 2 Cr?
T+ O [Vl o + ==l + —— wllx, , <0, (4.18)
then for all v > 0 we have
d C 2
g llx., + 2w, < ClIVul=llwlix. . + — 1 +70) [lollp (4.19)

where as before v = v/(2 + 2a?). Hence by Grénwall’s inequality
lw(®llx...y < M()e™™"

sor(t) —

C , -
< (ool + 00 [ o) e b (o) s
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where for the sake of compactness we have denoted
M(t) = € o IVu()lizoeds
Thus it is sufficient to consider the Gevrey-class radius 7(¢) that solves

Cr2(t)

«

0 =7(t) + C7(t) | Vu(t)] p + W e

CT(t)

_|_

t
c
M(t)e™" | Jlwollx. ., + - +To)/I\W(S)IlipemM(S)*ldS (4.20)
0

The explicit dependence of 7 is hence algebraically on ||w| g1 and exponentially on ||Vu|| g~ via

t s
1 1 /
)= (0" [ 2+ SR [ [ ) asas
0 0

70

—1

t
C - - S
+ E/||w(s)||H1M(s) Ly em 278wy Xor d8 . (4.21)
0

A more compact lower bound for 7(¢) is obtained by noting that if v > 0 we have
lw®)Fn < M(H)e> lwollFn (4.22)

for all ¢ > 0. Assuming (4.22) holds, if ¥ > 0 (and hence v > 0), then
—1

1 w + ||w 1 2
s -t (L g ol el |0 mllly
To ary 422
> 10 pr(e)! (4.23)
Co
where the constant Cy = Cy(v, o, 79, wp) is given explicitly by
14+ a? 1+ a?)?
Co =1+ Cm(llolln + leollx, o) o + Oroft 4 70) e L (4.24)

The proof of the theorem is hence complete, modulo the proof of estimate (4.22), which is given in the
Appendix (cf. Sect. 6.4). O

5. Applications to the Damped Euler Equations

The initial value problem for the damped Euler equations in terms of the vorticity w = curlu is

ow+rw+ (u-Viw=(w-V)u (5.1)
u=Kg*w (5.2)
w(0) = wy = curluy, (5.3)

where K is the T%periodic Biot-Savart kernel, and v > 0 is a fixed positive parameter. Here v and w are
T periodic functions with de u =0, and d = 2,3. When d = 2 the vorticity is a scalar and the term on
the right of (5.1) is absent. It is a classical result that if d = 2, and for any v > 0, the initial value problem
(5.1)=(5.3) has a global in time smooth solution in the Sobolev space H", with r > 2. We refer the reader
to [10,38] for details. Moreover, in the case d = 3, and v > 0, if the initial data satisfies |Vug||p=~ < v/k
for some sufficiently large positive dimensional constant s, it follows from standard energy estimates that
(5.1)—(5.3) has a global in time smooth solution in H", with r > 5/2.

For results concerning the analyticity and Gevrey-class regularity of (5.1)—(5.3), with v = 0, i.e. the
classical incompressible Euler equations, we refer the reader to [1,3,4,6,32,36]. Note that in this case one
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can construct explicit solutions (cf. [5,17]) to (5.1)—(5.3) whose radius of analyticity is decaying for all
time and hence vanishes as t — oo, both for d = 2 and d = 3. In this section we show that if v > 0, and
either d = 2, or if d = 3 and the initial data is small compared to v, then this is not possible: there exists
a positive constant such that the radius of analyticity of the solution never drops below it. The following
is our main result.

Theorem 5.1. Assume that v > 0, and that the divergence-free wg is of Gevrey-class s, for some s > 1.
If additionally, one of the following conditions is satisfied,

1. d=2
2. d=3 and ||Vug||r= < v/k, for some sufficiently large positive constant k,

then there exists a unique global in time Gevrey-class s solution to (5.1)~(5.3), with w(t) € D(ATeT(t)Al/s)
for allt > 0, and moreover we have the lower bound

7(t) > 7(0)e~C o s > £ (0)e 20/, (5.4)
where C > 0 is a constant depending only on wy.

Proof of Theorem 5.1. Let us first treat the case when d = 2, with v > 0 fixed. Since divu = 0, it
classically follows from (5.1) that for all 1 < p < oo we have

lw@®zr < llwollre™", (5.5)
t > 0, and for any r > 0 the Sobolev energy inequality holds
1d
2.dt
where C' is a positive dimensional constant depending on r. Moreover, if » > 1 the classical potential
estimate(cf. [8,38])

lo® Iz + vllw @ < CIVu)llz lw )l (5.6)

w r
IVl < Clllla + Clulu + Clulo1og (1+ 1217 )

combined with (5.5) shows that

e’w(t) || mr
|Vu(t)l|p~ < Ce™ (nwom + flwoll = + [lwol| - log (1 + W))

< CChe™" (2 +1og (1+ e!|w(®) | /Co)) , (5.7)

where Cy = max{||wo||z2, ||wol|z=} > 0. Multiplying (5.6) by e and combining with the above estimate
(5.7), upon letting y(t) = e”||w(t)|| g~ /Co, we obtain

y(t) < Ce ™ y(t) (2 +log(1 + y(1))).

By Gronwall’s inequality, the above implies that there exists a positive constant C; = C(Cy, v, ||wo| )
such that y(t) < C;/Cp for all t > 0, and therefore by the definition of y(¢) we have

lw @)l < Cre™, (5.8)
for all ¢ > 0. Similarly, by (5.7), there exists Cy = C(Cp, C1) > 0 such that for all £ > 0 we have
[Vu(t)||p= < Cre " (5.9)

We now turn to the corresponding Gevrey-class estimates. For » > 5/2, and initial vorticity satisfying

||A’“+1/28670A1/8w0HL2 < 00, the following estimate can be deduced from [36]

1 d s s
sV el +vlaTe g,
< Cllelfyr + (7 + CTlIATe™ wllga ) [ATH1/20emA |2, (5.10)
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Therefore, if 7(t) decays fast enough so that 7(¢) + CT(t)||ATeT(t)A1/Sw(t)HL2 <0 for all t > 0, then using
(5.8) we have
1d

5 IV ON Wl + AT O ()| < COFe, (5.11)
and hence there exists a positive constant C5 = C(Cy, v, ||A"eTDA1/Sw0||Lz) such that for all t > 0
AT DA (1) || < CaeH2, (5.12)
Then it is sufficient to impose
#(t) + CCs7(t)e 2 =0, (5.13)
and hence we obtain the lower bound for the radius of Gevrey-class regularity
7(t) > moe~CCs Joe "/ 7ds, (5.14)

In particular it follows that for all ¢ > 0,
7(t) > Toe 20/, (5.15)

which proves the first part of the theorem. The case d = 3 is treated similarly: the estimate (5.10) holds
also if d = 3, so the missing ingredient is the exponential decay of the Sobolev norms. But as noted
earlier, the smallness condition on ||Vul|/L~, not only gives the global in time existence of H" solutions,
but also their exponential decay. We omit further details. (]

6. Appendix
6.1. Proof of Lemma 3.4

Proof of (3.12). Recall that we need to bound the quantity
T = o? ’(eTA (u-V)Acurlu),e™A curlu)|
=a? |(eTA ((u-V)Acurlu) (u-V)e™ A curlu, e™ A curl u)
since divu = 0. By Plancherel’s theorem we have
T <Ca® Y (eﬂll - eﬂkl) 1@ - 311621 x alll[2)0 x et (6.2)
Jt+k=l; j,k,l#0
Since |eTll — eIkl < O |j|emaxtIFLIY  we obtain
Ty <Co’r > [Pl ]k x e 1R x e
J+k=l; j,k,1#0
< Ca’r > 191272 ;e k|2 x dg e F1 P2 | x Gylem !
J+k=l; 5.k, 105 1 > k|
< Ca?7||AY2e™ curl Aul|pa[le™ curl Aul|zz Y [j]¥/2 (e
370
< Ca®7||AY2e™ curl Aul| g2 |le™ curl Au2,. (6.3)

, (6.1)

In the above we have used the triangle inequality |j|'/? < |k|*/2 + |I|'/2, the Cauchy-Schwartz inequality,
and the fact that in the two-dimensional case we have Zjezz\{o} |7]72 < co. By estimating the right side
of (6.3) as
C 4.2

ZH@TA curl Aul|2, + # [AY2em™ curl Au||2.]le™ curl Aul|2.,
the proof of (3.12) is concluded. O
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Proof of (3.13). Recall that we need to bound the quantity T5, which can be written as
T, = |<AeTA ((u-V)curlu), Ae™ curlu) — ((u - V)Ae™ curlu, Ae™ cur1u>| ,

using the fact that divu = 0. By Plancherel’s theorem we have

n<c Y (ma”l - \k|eT‘k|> 1@ - 31k x ) |1]]1 x @le™.
J+k=l; j,k,1#0

By the mean value theorem
171 = fe7¥1] < 1511+ 7 masc{ ] [k }yer me<tHED,
and therefore by the triangle inequality we obtain

T,<C > [aglliPem Mk x ale™ || x @yl
J+k=l; j,k,l#0
+Cr > aylldPem NG + [EDIE x axlem M x @yle.
J+k=l; j,k,l#£0

By symmetry, and using e* < 1+ ze” for all x > 0, we get

T,<C > @ 1517V k x @ |12)1 x ayle™
J+k=Ll; j,k,17#0; || <|1]

+C7 > 111 2T K12 k< g lem M P> ale

J+k=l; 5.k, 1705 5] <| k], ]1]
and by the Cauchy—Schwartz inequality, it follows that
Ty < C|| curlul| g2 [|e™ curl Awl[ g2 [a;]]j]e™]
J#0
+CT|| A3 2™ curl u| g2 ||e™ curl Aul| 2 Z [a;]15]2em!.
J#0
Note that in the two-dimensional case, by the Cauchy—Schwartz inequality we have
S fasllsle™ = 37 (Il /2612 ) (12 2en 2 ) 1|2
70 70
< C||Ae™ cur1u||1L/22||eTA curl Au||1L/22
Similarly,
Z |j|1/2|ﬂj|eﬂj| < Z |j|2|ﬂj|eﬂj|\j\_3/2 < C||Ae™ curlul| 12,
J#0 J#0
and therefore
Ty < C| curlul| || Ae™ curlquL/fHeTA curl AuHi/f

+ C7||A3/2e™ curlul| 2 || Ae™ curlu| .2 || €™ curl Au| 2.

The above estimate and Young’s inequality concludes the proof of (3.13).
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(6.10)
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6.2. Proof of Lemma 4.2

For convenience of notation we let ¢ = 1/s, so that ¢ € (0,1]. Since divu = 0, cf. [32,36] we have
(w- Ve w, eTACw) = 0, and therefore

T, = |(u-Vw, ezTA(w)‘ = ‘(u . Vw,ezTA(w) — (u- VeTACw, eTACw)‘ .
As in [23,32,36], using Plancherel’s theorem we write the above term as
Ty =|(2n)% Y (@ k) (@ By)erlie (eﬂzﬁ _ eﬂw) 7 (6.11)
k=l

where the sum is taken over all j, k,I € Z3\{0}. Using the inequality e* — 1 < ze® for x > 0, the
mean-value theorem, and the triangle inequality |k + j|¢ < [k|S + |4|°, we estimate

¢ ¢ ¢ gl 171 ¢ ¢
oIS _ okl ’ < 7| — [R|¢] em e R < CTWeTm erI

for all ¢ € (0,1], where C > 0 is a dimensional constant. By (6.11), the triangle inequality, and the
Cauchy—Schwartz inequality we obtain

i~ HISPN k|S |~ 11¢ ‘k|
Ty < O Y jlfaglem |@glem™ [@le TR[I=C 4 (i<
Jtk=l
i~ ]S~ [SPTIT .
<m0 jlfaglen ! (@ilem M @len 1 KI</2 (17172 4 11/2)
GHk=l
< O7)|em™ wl| 2 |A2e™ w2 3 152 eI
j#0
+OT[ A2 w12, 3 IjlfaylenI*
370
< CTHeTAcw”Lz||A</267—A<w||L2||A3+</26TAC’U,||L2
+OT|| A2 w12, | A3 | 2 (6.12)

In the above we used the fact that >, ;czs l7]7* < co. We recall that by (2.12) we have u = K,w, and
therefore for oo > 0 we have

C
1A%ullze < —lwl|ze,
«
and similarly
3 TAS C rac 3+¢/2 ,TAS c ¢/2,TAS
[[AZe™ w2 < EH@ wlrz, and |A e |z < EHA e wl|pe. (6.13)
By combining (6.12) and (6.13) above, we obtain for all 7 > 0, and ¢ € (0, 1] that
O\ 7ac ¢/2,TAS 112
7 < T jeru o A2 )2, (6.14)

for some sufficiently large dimensional constant C, thereby proving (4.4), since ( = 1/s.
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The estimate for the vorticity stretching term is similar. By the triangle inequality and the the estimate
e’ <1+ zxze® for all x > 0, we have

T, = ’(w-u,e“cw)‘ = @)% Y (@ k)@, - o)

J+k=l
<C Y (@yleI ke @y len
J+k=l
<O Y (@l ] @l
Jtk=l
+OT Y 1@l R e e
j+k=l
C Cr
< flwllzslle™ wlFe + e wl L [AY2e™ w7 (6.15)

In the last inequality above we also used ||[A%u||z> < C|w||z2/a. This proves (4.5) and hence concludes
the proof of the lemma.

6.3. Proof of Lemma 4.4
For ease of notation we let ¢ = 1/s, so that ¢ € (0, 1]. Following notations in Sect. 4, for any m € {1, 2, 3},
we need to estimate

T, = (u-Vuw, A,zne2TA5"w), (6.16)
and

Ty = (w - Vu, A?nezTAg"w). (6.17)
First we bound the term T7. Note that since divu = 0, we have

(u- VAmeTAfﬂw, AmeTAfnw) =0,
and therefore by Plancherel’s theorem (see also [32]) we obtain
T = (u-Vw, Afnez”\fnw) — (u- VAmeTAfnw, AmeTAfnw)

=i@m)* 3 (ke = Finle™ 1) (@ - 1)@ - B e (6.18)
j+k=l

where the summation is taken over all j,k,1 € Z3\{0}. We split the Fourier symbol arising from the
commutator, namely |1, |e"|° — |k, |71 in four parts (cf. [32]) by letting
T = i2m)* Y~ (ol = [kl €71 (@ - ) @ - 1)l e,
k=l
Tio = i(27)3 Z |lm|eﬂkm\< (eT(IlmI‘*IkaC) — 1= 7(|lm] - |km‘4))
k=l
~ ~ = T <
X (U - k) (Ok - 01|l e ltml®
Tis = i(27r)3 Z 7_|km|1*C/2e-r\kml< (‘lm|< _ |k‘m|C)
k=l

~ ~ = <
x (U - k) (@ ~w1)|lm|1+</267|lm| ,



552 M. Paicu and V. Vicol JMFM

) T 'm.C - —
Tia = i(2m)* 7 7l = Dl ([l =% = Jhn'¢/2)
j+k=l

X (1 - k) (@ - Br) |l |1 +¢/2e7m %,

To isolate the term ||Vu| e arising from T7; and Ty3, we need to use the inverse Fourier transform and
hence may not directly bound these two terms in absolute value. The key idea is to use the one-dimensional
identity (cf. [32])

|jm + km' - |km| = jm Sgn(km) + 2(]m + km) Sgn(jm)X{sgn(km+jm) sgn(ky,)=—1}> (619)

an notice that on the region {sgn(ky, + jm)sen(kn,) = —1}, we have 0 < |ky,| < |jm|- Define the opera-
tor H,, as the fourier multiplier with symbol sgn(k,), which is hence bounded on L?. From (6.18), the
definition of T3y, and (6.19), it follows that

T = (Omu - VHmeTAﬁﬂw, AmeTAfnw)

+i(2m)® > 2(jm + kom) 581 ) ™1
J+k=l{sgn(km~+jm) sgn(km)=—1}
(@ k)@ - D) el (6:20)

The first term in the above equality is bounded by the Hélder inequality from above by [|Vul| g~ [|w|%, -

The second term is bounded in absolute value, by making use of eTlhml¢ < ¢ 4 T2|km|2<eT|km|<, and of
|km| < |7ml, by the quantity

Cllwllzlwlix,.. | D limllas] | + Cr 1wy, | D liml layl |- (6.21)
J#0 J#0
By the Cauchy—Schwartz inequality, and the fact that 2(¢ — 3) < —3 for all ¢ € (0, 1], we have
D i T S e Vil 211/
J#0 J#0
< CALF AR Cullys < Clwlli o (6.22)

and similarly >, |jm[[t;| < Cllw|| g1 /c. Therefore

C C
| < ClIVull= ok, , + —llwllfnllwllx.,, + =@l lwlf, .- (6.23)

To bound 773 one proceeds exactly the same if s = ¢ = 1. If { € (0,1), (6.19) may not be applied directly
t0 [l;n|¢ — |k |C. In this case, by the mean value theorem, for any |1, |, |kn| > 0, there exists 6,, x; € (0, 1)
such that

|lm|C - ‘km|C = <(|lm| - |km|)|km|g_1
+C(‘lm| - |km|) ((gm’k,l
We apply (6.19) to the first term in the above identity, while the second term is bounded in absolute

value by (1 — O)|jm |2 |km|¢ Y/ min{|k|, |lm|}. The rest of the T3 estimate is the same as the one for
T11 and one similarly obtains

| + (1 = O )|l )71 = K<) (6.24)

Tus| < C|[Vul| g [[w|

C C
%o, T —llwlinllwllx. . + =72llwllm ], - (6.25)
«@ @
The term 732 is estimated in absolute value, by making use of the inequality |e* — 1 — z| < z2el*l and
of [|lm|® = |km || < Climl|/([km|*=¢ + [l ~¢). Tt follows from the Cauchy—Schwartz inequality applied

in the Fourier variables that
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C
Tio| < —72|lwllx, . w3, .- (6.26)
Similarly, by using that e®* — 1 < ze® for all z > 0, it follows that

C C
Tha| < ETIlelipHWHXs,T + ETQHWHH1”W|

¥ .- (6.27)

Combining the estimates (6.23), (6.26), (6.25), and (6.27), and using that 7(¢) < 7(0) < C, we obtain the
desired estimate on T7. To estimate T5, we proceed similarly. Here we do not have a commutator, and all
terms are estimated in absolute value in Fourier space. We omit details and refer the interested reader to
[32, Proof of Lemma 2.5].

6.4. Proof of Estimate (4.22)
If we take the inner product of (2.6) with w, and then with Aw, using the fact that [uVwAw =
— [ Oyu; O;w;j Orw; by integrating by parts, we obtain

d
5wz +

ol Wit < ClIVullz=llwlFn + 10w - Vu), 0w)- (6.28)

|
1+ a?
The proof of (4.22) follows from the above estimate by using Holder’s inequality and Gronwall’s inequality
and assuming that we have

lw - Vu| g < ClVul|pee||w| g1- (6.29)

The latter can be proved by using the Bony’s para-differential calculus [10]. This inequality is equivalent
to proving that

[Ag(w - Vu)l[Lz < C27%ay||Vul| L~ [|w]lm,
for some 0 < aq € £2(N) with Y~ a2 < 1. Let Ay(ab) = AgTab + AyTya + AgR(a,b), where
AgR(a,b) = > Ay(Agaldyb),
q’'>q—3
and

ATob= Y Ay(Sy-1bAga).

la—q'[<4
We have A, (wVu) = AT, Vu+ AJTyw + AyR(Vu,w). Using a Bernstein type inequality we have
1Sy 1wl < €27 Vul| -
and also

Ay Vule < C2727 sup [|Ay9°Vul|: < Ca™ 12729 Ayw| 2.
|a|=2

So, we obtain
18T Vull e < ClIVul L= [|Agwllzz < C27%aq||Vul Lo [|wl| 1
where a, € ¢*(N). Similarly, we have

1A Tvuwl|zz < Cl[Vullp=[|AgwlL2 < C279ay[|Vul| Lo [|wl]| m-
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Concerning the rest term, we have

1A R(w, Vi)llz < Y I1Agw]r= Ay V|12

q’'>q—3
< Y IVull= | Agwl e
q’'>q—3
<0 Y 27 7ay | Vullpellwllar < €279, | Vullz wllm (6.30)
q'>q-3
where Gq =3~ 3 2-(d'=9)q,, € ¢2(N). This completes the proof.
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