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On the Regularity Conditions of Suitable Weak Solutions of
the 3D Navier—Stokes Equations
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Abstract. Let v and w be the velocity and the vorticity of the a suitable weak solution of the 3D
Navier—Stokes equations in a space-time domain containing zo = (zo, to), and let Q. r =Bz, X
(to —r2,t0) be a parabolic cylinder in the domain. We show that if either v x ﬁ € LY7(Qzo.r)

with % + % <1, o0rwx ﬁ S L;:?(on,r) with % + % < 2, where L;’? denotes the Serrin type

of class, then zg is a regular point for v. This refines previous local regularity criteria for the
suitable weak solutions.
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1. Introduction

The Navier—Stokes equations in a domain © € R? are the following.

%+(U-V)v=—Vp+AU, (x,t) € Q x (0,7T)
(NS) divo = 0, (2,1) € Q x (0,T)
v(z,0) = vo(x), ASEY

where v = (v1,v2,v3), v; = vj(z,t), j = 1,2,3, is the velocity of the flow, p =
p(z,t) is the scalar pressure, and vy is the given initial velocity satisfying div
vo = 0. The global in time existence of a smooth solution to the system (NS) is
an outstanding open problem in mathematics, and is chosen as one of the seven
millennium problems by Clay Institute. One traditional approach to the problem is
to prove global in time existence of weak solutions, and then prove their regularity.
A notion of weak solution of (NS) was introduced, and its global in time existence
in R3 was proved by Leray in [18]. Later, Hopf proved existence of weak solution
in a bounded domain in [14]. After that there are numerous conditional regularity
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results on the weak solutions, imposing integrability conditions on the velocity or
the vorticity, which guarantee regularity of the weak solutions (see e.g. [25, 21, 23,
17,10, 26,1, 2, 3, 28,9, 13, 15, 16, 20, 5, 6]). For the local analysis of the regularity
properties of weak solutions Caffarelli-Kohn—Nirenberg introduced the notion of
suitable weak solutions and proved its partial regularity as well as global in time
existence ([4]). A refined definition of suitable weak solutions, using a stronger
condition for pressure, which we adopt here, was introduced by Lin in [19]. Let
Qr =02 x (0,T). For a point z = (z,t) € Qr, we denote below

Ber={yeR®:|ly—x|<r}, Q.,= By, x(t—1r1).
We also define the space-time norm,

||’UHLg:?(QT) = HHU('vt)”L;(Q)HL?(O)T) ) 1< a, 7y < 0.

Definition 1. A pair (v, p) of measurable functions is a suitable weak solution of
(NS) if the following conditions are satisfied:

(i) v € L=(0,T; LA(Q)) N L*(0, T; WH(),  p € L2(Qr).
(ii) The following integral identity holds

/ [—v- 0o+ (v-V)v-p+ Vu: Vy|dedt = / vo - (x,0)dx
Qr Q

for all vector test functions ¢ € [C§°(Q2 x [0,T))]3.
(iii) The pair (v, p) satisfies the local energy inequality,

/Q|v(x,t)|2¢(x,t)da:+2/0t/ﬂ|Vv(x,7')|2¢(x,7')d:cd7'

< /Ot/Q (1ol (@16 + A6) + (o + 2p)0 - V) dadr

for almost all ¢ € (0,T) and for all nonnegative scalar test function ¢ €

Co°(Qr)-

We say that a weak solution v is regular at z, if v is bounded in @, for
some r > 0. Such point z is called a regular point. A point in Q7, which is not
regular, is called a singular point. Caffarelli-Kohn—Nirenberg showed that the one
dimensional Hausdorff measure of the set S of possible interior singular points
of suitable weak solutions is zero ([4]), which refines the previous results due to
Scheffer ([24]).

In this paper our aim is to obtain refined versions of regularity conditions for
velocity and vorticity for suitable weak solutions, incorporating the directions of
each vector field as well as the magnitudes. Our conditions are not directly on
the velocity or vorticity, but on the orthogonal component of velocity to vorticity
direction, or on the orthogonal component of vorticity to velocity direction. The
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associated integral norms are scaling invariant. Below we use extended defini-
tions the direction fields w(z,t)/|w(z, )| and v(z,t)/|v(x,t)|, which are set to zero
whenever w(z,t) = 0 or v(x,t) = 0 respectively.

Theorem 1.1. Let zp = (xq,t9) € Qr with sz C Qr, and let (v, p) be a suitable
weak solution of (NS) in Qr with the vorticity w = curlv, where the derivatives
are in the sense of distribution. Suppose v and w satisfy one of the following
conditions:

(i) There exists an absolute constant ey such that
w

VX —

< €o0- (11)
jwl

LF Q)
(i) There exist v € (3,00] and a € [2,00) with 3/v +2/a <1 such that
vx € LT (Qu). (1.2)
jwl
(i) There exist v € (3/2,00] and a € [1,00) with 3/v+ 2/a < 2 such that
WX = € LY(Quyr)- (1.3)

|v]

Then, zg is a regular point.

Remark 1.1. We say v is a Beltrami flow in @, if v x w =0 in Q,, . In the
study of physics of turbulent flows the Beltrami structure has important roles (see
e.g. [8, 22] and the references therein). The condition that v x o] or w X gy is
controllable in a space-time region implies intuitively that the weak solutions are
not far from the Beltrami flows in that region in an appropriate sense, and the
above theorem says that this implies regularity of the flows in that region.

2. Proof of Theorem 1.1

Before starting our proof we recall previous results concerning the notion of an
epoch of possible irreqularity of the weak solution of the Navier—Stokes equations.
It is known that for weak solutions there exists a set E C I = [0,7] such that F
is closed, of 1/2-dimensional Hausdorff measure zero, and solutions are regular in
I\ E ([18, 12, 11]). Moreover, the set E can be written as I'\U;c 7I;, where set 7 is
at most countable, and I; = («;, 3;) are disjoint open intervals in [0, T]. Following
[12], we call the instant time (3; an epoch of possible irregularity. We recall a fact
proved by Neustupa and Penel in [20] on the epoch of possible irregularity for
suitable weak solutions.

Lemma 2.1. Let zg = (zg,tp) € Qr. Suppose v is a suitable weak solution of
(NS) in Qr and to be an epoch of possible irregularity. Then there exist positive
numbers T, r1, and To with r1 < ro such that the followings are satisfied:
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(a) 7 is sufficiently small so that ty is only one epoch of possible irregularity in
time interval [to — T,1o).

(b) The closure of Byy.ry X (to—T,t0) is contained in Qr, i.e. By, ry X[to — T, to]
C Qr.

(¢) ((Bzo,rs — Bag,a) X [to —T,t0]) NS = ¢, where S is the set of possible
singular points of v.

(d) v, v¢, and p are, together with all their space derivatives, continuous on
(Bzo,Tz - Bzo,ﬁ) X [tO =T, tO]'

Next we recall the following result proved in [4], a corollary of which will be
used in the proof of our main theorem.

Proposition 2.1. There exists an absolute constant €1 > 0 with the following
property. If (v,p) is a suitable weak solution of (NS) near zo and if

1
lim sup —/ |Vo|?dedt < e, (2.1)
Q

p—=0+ P JQ.y .,

then zop is a regular point.

As an immediate corollary we have the following local regularity criterion,
which is a local version of the one obtained in [2].

Corollary 2.1. If (v,p) is a suitable weak solution of (NS) near zo, and if either

IVoll
L

Jo0 S €1,
et (Qzg.r)

where €1 1is the constant in Proposition 2.1, or there exist v € (3/2,00] and o €
[2,00) with 3/v+ 2/a < 2 such that
Vv € sz?(QZO;T)7

then, zg is a reqular point.

Proof. We observe that

1 :
lim sup —/Q \Vo|? dedt < limsup, o p22=5-2) ||VU”L;’3§‘(QZD,p)

p—0+ P 20,p

=0, if y>3/2and3/y+2/a<2,
<eg, ifvy=3/2,a=00

by the Holder inequality. Then the conclusion is immediate by Proposition 2.1.01

Proof of Theorem 1.1. We first assume that ¢g is an epoch of possible irregularity
for v in Q.. Suppose that 0 < 71 < ro <, and r> < 7 are the positive numbers
in Lemma 2.1. Below, we denote By = By, r, and By = By, ,,. Following [20], we
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choose a cut-off function ¢ € C§°(Bz) such that ¢ = 1 on By, and set u = pv -V,
where V' € CZ(Bs\B;) satisfies div V = v - V. In particular, all the spatial
derivatives of V' and %—‘t/ are smooth. Using the well-known form of the Navier—

Stokes equations,

Ov 1,
E—wa——v (p—i— §|v| )—i—AU,
one can check easily that u satisfies the following equations:
0 1
a—?—(pvxw—h—v<¢(p+§|v|2>>—|—Au, div u =0, (2.2)
where we set
oV 1, 5
h = _E_F D+ §|v| Vo —vAp —2(Vep - V)v+ AV.

We observe that h(-,t) is supported on (Bs \ By) for each t € [tg — T,tp), which
is sufficiently smooth in the region. Operating D on (2.2), and taking L?(By, ,)
inner product it by Du, we obtain, after integration by part

1d
S IDull3a+ DRl = —(ov x w0, Du)pa — (DPu, h)

1
<|(pv x w, D*u)p2| + S| D7z + ClIRIZ2,  (23)
where (and below) we used simplified notation for the LP-norm in B,

1fllze = IfllLeB), P € 1,00,

unless other domain is specified. Let us set £ = w/|w|. We estimate the nonlinear
term as follows:

(v x w, D) 2] < / v x €]l w|| D?uldz

B>

< [ lox€llopelDPulis
B>

:/ |v x &||Du — vV + DV||D*u|dx

2

IN

/ v x €| Dul| D?ulda + / v x €lgl| Duldz
B>

B2

= I + I, (2.4)
where we set g = vV — DV. Since g is a smooth function supported on (Bz \
By) x (to — 7, to], we estimate I simply as

1
I < |lgllp<llvllzz [D*ull 2 < CllollZ: + 711 D*ullZe. (2.5)

We first assume the condition (i) of Theorem 1.1 holds true. In this case we
estimate
I < ||lv x €|l zal| Dul| 6| D*ull 12 < Cllv x €]l L[| D*u| 7z (2.6)
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Combining estimates (2.3)—(2.6) together, we have

d
aHDUII%z + | D?ull7: < Cillv x &l| s | D?ulF2 + ClIR]|72 + Cllv]l7-
< Creo||D?ul| 72 + ClAl|7: + Cllv]|72 (2.7)
for t € (to — 73, t0], and for an absolute constant C;. If Cieq < 1, then integrating

(2.7) in time over [tg — 73, o], we can obtain

to
sup [ Du(-, 1|72 < [[Dul-to —r3)|[72 +C [v]|72dt

to—ri<t<to to—r32

to
+O/ |h||32dt < oo.
t

0—T5

Hence, Du € Lifo (Qz0.r5); and therefore Dv € Lifo (Qz,r)- Applying Corollary
2.1, we conclude that zg is a regular point. Next, we assume that the condition
(ii) of Theorem 1.1 holds true, and estimate

I < o x &l lIDull 2 || D?ul| 2
Ly-2
_3 1+3
< Cllv x €|l || Dull' =7 | D?ul| 12"
1-3 2 1+%
< Cllv x gl [ Dul 7 [ D ul|
2y 1
< Cllox €l 57 1 Dullze + 1Dl 7, (2.8)
where we used the interpolation inequality,
1-3 3
1Dull | 2, < Cl[Dull, " [D*ull £
for 3 < v < co. Combining (2.8) and (2.5) with (2.3), we obtain
d 22
1Dulze +ID%ullze < Cllo x €157 | Dullzz + Cllollze + CllAlZe. (29)

By Gronwall’s lemma we have
to

IDuC ) +v [ IDPuC )]s

2
to—r;

to 2y
< ||Du(-,to — 73)||72 exp (C/ v x 5(-,t)||£73dt>
to*’r’g
t() t()
+C |h(-t)||22dt + C lv(-, t)||2 2 dt. (2.10)
t()—’r'g to—’r‘z

Since v x € € L){(Qz,r,) With 3/y+2/a < 1 and vy > 3, we estimate

K 2 s 25(0-2-2)
/t 5 ||1) X 5(5””27 dt S ||’U X SHZZZS(BZX(%—T%,%))’FS v < 0. (211)

0—T3
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From (2.10), (2.11) we find that Due L2 '+ (Qz,r,), and hence Dvel? T (Qzom)-
Similarly to the previous case, we conclude that Zo is a regular point for v.

Now we assume (iii) of the theorem holds true, and set n = v/|v|. We multiply
u|u| on the first equation of (2.2), and integrate over Bs to obtain

1d 4, 2 -
-— d - v d
sii f, e 5 [ 9l

:/ govxw-u|u|dx—|— |u| u-V) [g@ |v| ]dw—i—/ h - ululdz
Bz B2

ST IU+V||w><77IdI+/ [ oo+ 510P)||do+ [ hlluias
Bo B, B,

=J + Jo + Js, (212)

where we used the fact pv = v + V. Using Holder’s, Gagliardo—Nirenberg’s, and
Young’s inequalities we estimate as follows.

J1

IN

[Py e+ Vs allo < nlls

IN

ull? s llullzsry—1llw X nllzs + Cllull? 5 llw x il
LT L1
= J¢ 4+ J, (2.13)
where we estimate J¢ and J?;

3(2v=3)

3,3
Ji < Clluls™ I\Vlu|2llzzllw X1l
< Cllw x nllil Hlullzs + 5 ||V|U|’HL27 (2.14)

and

2(27-3)

3,2
Jp < Cllull o™ I\VIUI2IIZ2IIW X1l

< Cflw x WIIETS lullzs + 5 IIVIUI2 172+ Cllw x 77||2” S (215)

In order to estimate Jo we need a preliminary elliptic estimate as follows. We take
operation of div(-) on the first equation of (2.2) to have

1
A {go(p—i— §|v|2)] = div [pv X w] + div h,

which can be extended to the equation on the whole domain. Hence, by the
gradient estimate for the elliptic operator A, we obtain

HV {so(pﬁL %IUIQ)] .

< Cpllpv x w||pr + CpllhllLr, 1 <p< 0.
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Using this fact, we estimate Jo as follows.

1
Jo < H|u| "Lﬁ V[cp(p+—|v|2)} L,
< C||U||2_v_||SDU Xwl| 2 JrC||U||2_«L I1All, 22
" (2.16)

We estimate J$ and J¢ separately as follows.

I3 < Cllull? ao llu+ VI s llw x nllzo
L1 L1

< Cllull? s flull s flw x nllzs + CCllull?® s [lw x 7]l
LA—1 L~y-1 L~—1
< (following the similar estimate of Jq)
2y
< Cllo xnll 227 uls t 133 ||VIUI2 2+ Clloxnl . (217)
b 1 39
Jy < C||UI|Le IIVIUI2IIL2 < CIIUII + 5lIVIulzz
< Cllullzs + 55 ||VIUI2 172+ C. (2.18)

The estimate of J3 is sunple as the following,
J3 < ||Bl|allullis < Cllull}s + C. (2.19)

Combining (2.12)-(2.19), and absorbing the terms involving ||V|u]? 122 to the left
hand side of (2.12), we obtain

(||u||L3 +1) + [VIul? ][22 < O(llw x nll 2 ns +1) (llullzs +1), (2.20)

from Whlch, after integration over [tg — 73, to], we derive

to
lu(-sto)lIzs < (ul-sto—r3)|[7:+1) exp (C/ [lw x 77||m v dt+ CTz) - (2.21)
t

OTQ

Since w x 1 € L)'{(Qzy,r,) With 3/7 +2/a < 2 by hypothesis, we have

[ el E e < o<l 52 T <o (222)
to—r2 ! L7 (Bax (to—r3.t0))" 2 A
From (2.21)—(2.22) we find that u € Li’)(;o(QzOh), and therefore applying the
regularity criterion due to [9], we conclude that zg is a regular point.

Next, we assume that zg is a singular point for which ¢y is not an epoch of
possible irregularity. Then, there exists a time t* € (to—rz, to) and 0 < 71 < 7o <7
such that v is regular on (Byy, 7, \ Beo,m1 ) X [t*, to]. This is due to that fact that the
one dimensional Hausdorfl measure of the set of all possible singular space-time
points is equal to zero. We claim v is regular on By, 7 X [t*,to]. Suppose not,
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then there exists another time s € [t*, o] such that the weak solution is regular on
By, X [t*,s), and singularity occurs at (y, s) € By,.7, X {s}. We can repeat the
above argument for the parabolic neighborhoods of (y, s) to conclude that (y,s)
is actually a regular point. Hence, there exists no space-time point of singularity
in By, 7 X [t*,to], and we are reduced to the already considered case that ty is an
epoch of possible irregularity. This completes the proof. ([
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