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Abstract. We study pointwise asymptotic stability of steady incompressible viscous fluids. The
region of the motion is bounded. Our results of stability are based on the maximum modulus
theorem that we prove for solutions of the Navier—Stokes equations. The asymptotic stability is
based on a variational formulation. Since the region of the motion is bounded, the time decay is
of exponential type. Of course suitable assumptions are made about the smallness of the size of
the uniform norm of the perturbations at the initial data. With no restrictions, we are able only
to prove an existence theorem of the perturbation local in time.
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1. Introduction

In this paper we study the stability of steady solutions of the Navier—Stokes system.
We consider perturbations to the kinetic field of the unperturbed motion (v, 7).
It is known (cf. [3, 8]) that the perturbation (u,7) satisfies the following initial
boundary value problem:

ut—i-u-Vu—l—v-Vu—l—u-Vv—i—Vw:}%Au,
V-u=0 inQx(0,T), (1.1)
u(z,t) =0 on 9 x (0,T), u(x,0) =wug(x) in Q.

0
The symbol u; denotes —wu and, for any pair of vectors (a, b), by a-Vb we mean the

term (a-V)b. By R we indicate the Reynolds number associated to the unperturbed
motion (v,7) and by ug the initial value of the perturbation. The domain Q C R3
is assumed bounded and C?®-smooth (@ € (0,1)). Usually, the nonlinear stability
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of a steady motion is studied with respect the L?-norm of the perturbations and
the motion is said stable in energy. A very interesting approach to studying the
energy stability is the one based on a variational formulation. It was introduced
by Serrin in [21] and developed by several authors [6, 7, 8, 18, 28]. The advantage
of such a formulation essentially consists in the possibility of determining a critical
Reynolds number R.. If R < R, then the steady motion is unconditionally stable
in L2-norm and asymptotically stable also. The condition R < R. means that
the result of stability is related to a family of motions, that is, any motion with
Reynolds number R (< R..) is stable. However, as stressed in [3], from a physical
view point it is interesting to evaluate the stability of a motion with respect to
the uniform norm also. A coherent way to attack the question is to consider at
the initial instant a continuous distribution of velocity of the perturbation and
to assume that its maximum modulus value is finite.! Then, one establishes the
evolution of the perturbation. A priori no other requirement of regularity is plau-
sible. Of course, the above assumption implies that the perturbation at the initial
instant is in L2(Q), that is, it has finite energy. However the energy stability does
not imply pointwise stability. Actually we have the following implication: the
energy stability implies attractivity of the basic motion (v, 7) with respect to the
uniform norm (cf. [19]). That is there exists an instant Ty = Tp(Juo|2, R, §2) such
that u(z,t) € C(Q) and |u(z,t)| < C(|ugl2, R, w,Q)e™ " for any t > Tp. If we as-
sume that ug(z) € C(Q) N L3(Q), even if we make an assumption of smallness as
max |ug(x)| + |ugla << &, we do not know if the L2-theory ensures that u(z,t) ex-
Q

ists as a classical solution (for definition see Section 2) for ¢ > 0 and, in particular,
if |u(x,t)] < oo for any (z,t) € Q x [0,Tp). If we assume ug(x) € C(Q) N L3(Q),
then we have a quite analogous statement in a neighborhood of t =0 .

The above considerations lead us to the conclusion that the pointwise stability
is still an open problem. In this regard, it is also quite natural to inquire if the
pointwise stability can be formulated by means of a variational formulation. Since
we are going to work with classical solutions of problem (1.1), we are not able to
give a variational formulation on the perturbations (u, ). Actually, we approach
the question giving the variational formulation for the solutions of the adjoint
problem, used to evaluate the solutions of system (1.1) with respect to the uniform
norm. Therefore, we define, in a way quite analogous to that of energy stability,
the variational formulation for the solutions of the adjoint problem. The conse-
quence is the possibility of defining a bound (Z..) for the Reynolds numbers, which
ensures the conditional pointwise asymptotic stability of the solution (v, 7). Since
the domain {2 is bounded, then we can prove that the decay of the perturbation is
of exponential type. Moreover, the initial data is not subject to assumptions of reg-
ularity which, from both the point views, physical and mathematical respectively,

1 Concerning the problem of the minimal requirements on the data for the well posedness
and qualitative properties see the recent paper [5] (and the references therein) also, where, in a
different context from this note, the above questions are studied in connection with fluid steady
motions in a exterior domain.
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appear unessential to the well posedness of the problem. Without restrictions on
the size of the data, we obtain a theorem of existence local in time. Finally, the
bound Z. is just the critical Reynolds number of the energy stability.

In connection with the above considerations about the variational formulation
for the solutions of the adjoint problem, the study of the linearized Navier—Stokes
system obtained in paper [23] is also fundamental for the proof of our results.
Moreover, the starting point for the existence of our classical solution is the paper
[24] on Stokes system. A suitable development and coupling of the above results
lead to establish a maximum modulus theorem (see Remark 2.1) for solutions of
the Stokes and Navier—Stokes system.

The results of this paper were communicated in [15]. When the paper was
completed, Professor V. A. Solonnikov kindly communicated to the author his
paper, [27], concerning the maximum modulus theorem for solutions of the Stokes
and Navier—Stokes system. The results of [27] are stated in the case of €2 bounded
or exterior domain whose boundary 9 is C*“-smooth and connected; the theorem
of existence of the solutions of the Navier—Stokes system is local in time. The
technique of the proofs is quite different.

The paper essentially articulates in three parts, each one supporting the next
one. Actually, in each of them we establish a maximum modulus theorem and
the asymptotic behavior in time of the solutions, respectively, of the Stokes prob-
lem, the linearized Navier—Stokes problem and the nonlinear Navier—Stokes system
(1.1), which represents our main result.

2. Some preliminaries and statement of the main result

Let g(z,t) be a function defined on Q x (0,7) (T < +o0), for any multi-index
h = (hi1,h2,hs) and for any k € N U {0}, we denote by D;Lf the derivatives

|h|+k . .
8,?1,1—2‘7(2;?,6, |h| = hi + he + hz. Sometimes, when there is no danger of
z, " Oxy” 0xy” Ot

confusion, we replace D¢ by D"g. Let m € NU{0}. The symbol C™(Q), m € N,
denotes the Banach space (endowed with the natural norm) of all functions g
which are bounded and uniformly continuous on €2, together with all their partial
derivatives D"g of order |h| < m. The norm in C™ () is denoted by | - |,,. We
denote by C™*(Q), a € (0,1), the vector subspace of C°(Q), consisting of all
functions g such that, for any
h h
|h| =m, [Dhg]a,x = sup |D g(x) -D g(y)| < 0.

- |z —y[®
TFy

Moreover, we denote by C™(a, b; X) the Banach space (endowed with the natural
norm) of all functions bounded and continuous on (a, b) C R with value in a Banach
space X, together with all derivatives D*, k < m. We denote by C™"(a,b; X),
B € (0,1), the vector subspace of C™(a,b; X), consisting of all functions g such
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that ~
Dg(t) — D"g(t
[Dzng]ﬁ,t: sup | t g()_ :t g( )|X < o0,
£,7€(a,b) [t — |7
4%

The norm in C™ () is defined in the following way:
|g|m,o¢,Q = |g|0 + Z [D‘hlg]a,m'
|h|=m

The norm in C™#(a, b; X) is defined in the following way:

191m.8,(a,b) = (Sug lg(t)|x + [D{"glp.¢-

We denote by H*(2 x (0,7T)) the class of all functions g(z,¢) such that g(z,t) is
a-Holder continuous with respect to z and §-Holder continuous with respect to ¢
and

|g|a = Ssup |g($,t)| + [g](l-,i-,t < 0,

Qx(0,T)
with _
T,t) — g(T,t t) — t
(Gloces = sUp l9(@.1) :ggr, I sup lg(,1) :gfx, )y
w4zt T . it -1z

For any o € (0,1), |g|a is a norm in H*(2 x (0,7)). By the symbol %,(£2) we
denote the set {¢(z) € C§°(Q) with V- ¢ = 0}. By the symbol |o(£2) we denote

the completion of () with respect to the norm of C(Q) (the symbol |y means
that any function has null trace on 992). Let us consider

%”To(ﬁ) = {u(x) € C(Q) : V- u(x) =0, in weak form, and u(£)joq = 0}.

Of course, a priori, it is Cf‘o(ﬁ) C CKA‘O (€2); in Section 3 we prove that they coincide
when the domain €2 is C1'* smooth. Finally, we denote by J?(Q2) and J*?(£2) the
completion of €5 () with respect to the norm of LP(§) and W1P(Q), respectively.
The norms in J? and J'? are indicated by ||-||, and ||-||1,,, respectively. By P,- we
denote the projector from LP(€2) onto JP (). If there is no danger of confusion we
denote P, simply by P. We set H*(Q) := C%%(Q) Following [23] (Section 6), we
introduce the H®-subspaces G*(Q2) and J*(Q). The space G*(Q) is the subspace
of vectors from H%({)) having the form u = V¢, where ¢ € C1*(Q). The space
J*(£2) is the subspace of vectors from H%(Q) satisfying the condition u-n =0 on
0 and V-u = 0 in weak form. Since 2 is bounded, then H*(Q)NLP(Q) = H*(Y),
hence H*(Q2) = J*(2) ® G*(Q2). We define P, as the projector from H*(2) onto
J(Q).

Definition 2.1. A pair (u, ) is said to be a classical solution of system (1.1) if, for
some a € (0,@) and for any n € (0,T), u € C(0,T;%o(Q)) NC*= (n, T; C**(Q)),
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up € C%% (n, T; CO(Q)), m € C%2 (n, T;CH*(Q)), (u, ) satisfies system (1.1) in

Q x (0,T) and, for any zg € (2, ( )lin(n O)u(x,t) = up(zo).
x,t)—(xo,

Remark 2.1. By mazimum modulus theorem for solutions of system (1.1), we
mean the result that, under the only assumption of continuous initial data, ensures
the existence of a classical solution, which is defined for any ¢ > 0 and verifies the
following estimate:

~ max J|u(z,t)] < emax|ug(z)],
Qx(0,400) Q

for some ¢ > 1, independent of ug(x).

Definition 2.2. A pair (u,7) is said to be a p-regular solution of system (1.1) if,
for some p € (1, 00) and for any ne (0,T), u(z,t) € C(0,T; JP(Q))NLP (n, T; W2P(Q)
NJLP(Q)), Vr(w,t), u(z,t) € LP(n, T; LP(Q)), (u, ) satisfies system (1.1) a.e. in
Q x (0,T) and tli%1+ lu(t) — ugl, = 0.2

Remark 2.2. In the sequel we also consider the Hopf-Leray weak solutions of
system (1.1). Since the definition is well known, for the sake of brevity, we omit it
and we refer to [10, 20] for details. The above definitions are stated for solutions
of (1.1). Obviously the same can be stated for solutions of the Navier—Stokes
system and for the linearized forms. In Sections 3 and 4 we tacitly assume that
the definitions 2.1 and 2.2 are meant for the Stokes system and the linearized of
(1.1) system as well.

Definition 2.3. A solution (v, 7) of the Navier—Stokes system is said to be stable
with respect to the metric dx (X metric space) if for any € > 0 there exists a § >0
such that if up € X with dx(ug) < J, then u(z,t), suitable solution of (1.1),% is
defined in X for any ¢ > 0, it is unique and dx (u(t)) < € for any ¢ > 0. A solution
(v,7) is said asymptotically stable if it is stable and tEIEOdX(u(t)) = 0. Finally, if
6 = 0o, then both the stability and the asymptotic stability are said unconditional.

In the introduction we have stressed that the results of asymptotic stability are
deduced via a variational formulation of the same kind of the one given for the
asymptotic energy stability. The approach to the energy stability is formally the
following one. Multiplying equation (1.1); by w and integrating by parts on Q2 we

obtain the relation
1d 9 1 9
SOl =~ IVa@I = [u-D-uds, e >0, (21)
Q

2 In the sequel by a regular solution we mean a 2-regular solution.
3 That is, a solution satisfying the conditions stated in the above definitions.
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that can be written as

5 IO = IV (- - Hvl()HQ/u-D-udz),vwo. (2.2

Therefore, if we assume

1 1 1
o Doude = — < — 2.3
uegllaig%(z) ||vu||22/u uaxr R. R ( )
Q

equation (2.2) implies the so called energy inequality

1
@I +2( - 7 ) / [Vu(r)dr < u)]3. ¥ > s and s >0, (24)

Under suitable assumptions on |[u(t)||2, the above relation is sufficient to study
asymptotic energy stability. It is natural to give the following definition.

Definition 2.4. Let v € C1(Q2) and D be the symmetric part of Vuv. For any
¢ € JH2(Q) we define the functional

F(9) = / 6D - pda.

IIV¢||2

We set .
R sup F(9).
c  ¢eJL2(Q)

If R, is finite, then R, is called critical Reynolds number.

Remark 2.3. Definition 2.4 is well posed. Indeed as proved in [18] (see [7] also)
the functional .# attains a maximum in J%2(Q), provided that € is bounded and
v € CH(Q). Of course the assumption on v can be relaxed to a weaker one; however,
this is not a relevant issue in the present analysis.

Now we are in a position to state our main result:

Theorem 2.1. Let us assume v € C»*(Q) in system (1.1). There exist two pos-
itive numbers X and p such that if R < Z. and ug € €o() with |uglo < p~,
then system (1.1) admits a unique classical solution (u, ), defined for any t > 0,
and

lu(t)|o < c(|uolo)e™ 7", > 0. (2.5)

1
3
2 [olo - 7 = %7, where v is the constant of the Poin-
1+ (1 = pluolo)?

where ¢(|uglo) =

caré inequality.
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Remark 2.4. The positive number %, in Theorem 2.1 is just the one given in
Definition 2.4. %, is not determined in the set of classical solutions of prob-
lem (1.1), but in the set of the regular solutions of the adjoint problem of the
linearized system of the perturbation. It is clear (see also the above formal con-
siderations which lead either to the energy inequality or to the definition of the
critical Reynolds number) that the energy stability of the unperturbed motion, via
a variational formulation, is unrelated to the nonlinear or linear character of the
system of the perturbation. This aspect is fundamental for the developing our
construction.

Remark 2.5. In the proof of Theorem 2.1 the existence of a solution is proved by
oo

means of the convergence of the series Y (¢yin)", where c is a suitable constant
h=0

depending on R, Z., v, and Yy, is the smallest real root of the equation ct? —

U+ ety =0 (Mo = |uglo). Therefore the choice of 1 must be compatible with the

convergence of the above series and the existence of the real root Lyy.

Remark 2.6. Theorem 2.1 ensures the pointwise asymptotic stability of the un-
perturbed motion (v,7). Actually it proves a maximum modulus theorem for
solutions of system (1.1). Of course such a theorem holds for the Navier—Stokes
system also. In [22], Serrin conjectures a result of pointwise stability for small
Reynolds number. Theorem 2.1 gives a positive answer to the Serrin’s conjecture.
As a consequence, our result makes satisfied the assumption of the result stated in
[22] about the existence of time-periodic solutions of the Navier—Stokes equations.

Theorem 2.2. Let us assume v € CH*(Q) in system (1.1). Let ug € %o().
Then, system (1.1) admits a unique classical solution (u,m) in  x (0,T), for
some T > 0.

Remark 2.7. We would like to emphasize that, on the one hand, the physical
character of the stability problem, and, on the other hand, the limits of the regu-
larity of steady solutions of the Navier—Stokes system for an arbitrary dimension
n, have led us to consider only the three dimensional problem. However, one can
prove that, by our technique, Theorem 2.1 holds for any n > 2.

Remark 2.8. One can prove the maximum modulus theorem also by another
approach. Indeed, one can prove the existence of a classical solution, satisfying
an estimate of the maximum modulus on some finite interval (0,7"), and of a n-
regular solution for any ¢ > 0. Since the two solutions coincide on (0,7'), one has
proved the existence of a global solution (u,7) of system (1.1), which in particular
satisfies the estimate

[u(®)|o < c|uolo for any ¢t € (0,7),

N (2.6)
|u(t)]o < et 2 |uglo for any t > T,



Vol. 11 (2009) Pointwise Asymptotic Stability of Steady Fluid Motions 355

where the first equation in (2.6) holds thanks to the local estimate on (0,7T) for
u(z,t) as classical solution and the second one in (2.6) holds in virtue of the
semigroup property for u(z,t) as n-regular solution evaluated for ¢t > T'. Actually,
without restriction on |uglo, a priori, there is the undesirable factor that T' depends
on |uglo; as a consequence constant ¢ in (2.6) is not an uniform constant with
respect to |uglo, hence it is not the estimate of the maximum modulus theorem.
Thus we must restrict the size of |uglg in such a way that T is uniform with
respect to ug. Then another restriction is needed on the size of |ugl, just to prove
the global existence. Moreover, as far as we known, making use of an n-regular
solution, the asymptotic stability of the unperturbed motion w is not connected
with a variational formulation ([9]). The latter considerations, in accord with the
aims of the stability theory, lead us to prefer our proof: we give one condition
on the size of ug, that is just |ug|o small with respect some parameters, and we
give the asymptotic stability via a variational formulation, which seems to be
more interesting. Finally, apart from the requirement R < Z., we do not require
smallness of the size of the norms involving v. The connection between the size
of the norms of v and the perturbations is just related with the smallness of the
quantity of |ug|o, which, as assumption, is needed for v = 0 also.

3. The Stokes problem with initial data in %}o(£2)

Let us consider the initial boundary value problem for the Stokes system:

wy(x,t) — Aw(z, t) = =Vp(z,t) + F(x, 1),
V-w(z,t) =01in Q x (0,7), (3.1)
w(z,t) =0 on 92 x (0,7), w(z,0)=wo(x).

The aim of this section is just to prove a maximum modulus theorem for solutions
of system (3.1):

Theorem 3.1. Let wy(z) € €o() and F =0 in system (3.1). Then, there exists
a unique classical solution of problem (3.1) such that

[w(t)|o < clwolo for any t > 0, (3.2)
with ¢ independent of wy.

We start with some auxiliary results.

Lemma 3.1. Let Q be a C*® smooth domain in R™,n > 2. Then, €5(Q) is dense

in %ﬁ\o(ﬁ). Hence ‘KA‘O(Q) = %o(9).
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Proof. Let u(zx) € (570 (Q) and

S u(z), ifzeq,
(x)_{ 0, ifzeR"—Q.

For 6 > 0, we consider Js(u)(z) = [ Js(z—y)u(y)dy. Of course Js(u)(z) € 6o(R™)
Rn
and if § — 0, then Js(u)(z) — u(z) in C(Q). We have [ Js(u)(€) - ndo = 0.
o9

Moreover, by the uniform convergence of J5(U)(x) to u(x) and since u(x) =0 on
09, for any € > 0, there exists 6 > 0 such that for any § € (0,0)

|Js(u)(z)] < & uniformly in z € ON. (3.3)
For any d > 0, let us consider the pair (Us, P5) which is the smooth solution of
AUs —VP; =0,V -Us=0in Q, Us(x)= Js(u)(x) for any z € 9Q.  (3.4)

For any p > 1, Js(u)(x) € Wlf%’p(aQ) NC(0N). Assume p > n. For the existence
of the solution (Us, P5) € W1P(Q) N C¥(Q2) we refer the reader to the well know
paper [1] (see also [4]). Moreover, by virtue of the maximum modulus theorem
proved in [14], there exists a constant M, independent of §, such that

Us()| < M max|Js(u)(z)]. (3.5)

We set us(x) = Js(u)(z) — Us(z). For any § > 0, us belongs to JLP(Q)NC(Q). If
§ — 0, then us — u in C(Q). Indeed, by estimates (3.3)—(3.5) and by the uniform
convergence of Js(u) to u in Q, for a given £ > 0 we deduce the existence of § > 0
such that

lu —us| < |u— Js(u)| + |Us| < e+ MI%%X|J5(U)|
< e(1+ M) for any § > 4 uniformly in = € Q.

The arbitrariness of ¢ proves the convergence. Since for any § > 0,us € J>P(£)
with p > n, there exists a sequence {u}} C 6o(€2) converging to us in J"?(Q) and,

by the Sobolev imbedding, in C'(£2). Therefore for any € > 0 we have
lu(z) —ug ()| < |u(z) —us(2)] + [us(z) — ug (x)] < e(2+ M)

uniformly in x € Q, provided we first choose § sufficiently small and then n suffi-
ciently large. The lemma is proved.

Remark 3.1. In the previous proof it is tacitly assumed that €2 is bounded. How-
ever the proof works in any domain for which the maximum modulus theorem holds
coupled with problem (3.4).

Lemma 3.2. Let Q be a bounded or an exterior C? smooth domain of R™, n > 2.
Suppose q € [r1,00], and r,r1 € (1,00). Let ¢ € L™(2) and PAY € L"(Q).
Then, the following interpolation inequality holds:

1llq < cll PABIRI I, (3.6)
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with ¢ independent of 1, provided that 1 has zero trace on OS2, and the following
dimensional balance is verified:

Proof. See [13] Theorem 2.1.
We prove some further lemmas.

Lemma 3.3. Let wyg € C**N%|o(Q) and F € C*% (0, T;C**(Q)) in system (3.1).
Then there exists a unique classical solution (w,p) such that

| D*wla+|wila+ [Vplat plo < c([Fla+ [wol2,a.0 + sup w(t)]o). (3.7)
0,7

with ¢ independent of T, wy and F', provided that
P, (F(z,0) + Awg(z)) = 0 on 09. (3.8)

Proof. The lemma is a special case of Theorem 9.1 proved in [23].

Lemma 3.4. Let (w,p) be a classical solution of system (3.1) with F = 0 and
wo € €o(). Then, there exists a constant ¢ independent of T and (w,p), such
that

lw(t)|o < clwolo for any t € (0,T). (3.9)

Proof. The result is stated and partially proved by Solonnikov in [24]. The complete
proof is achieved by Solonnikov in the papers [25, 26].

Remark 3.2. The result of the lemma is an estimate of maximum modulus of
a classical solution of the initial boundary value problem of the Stokes system.
However it is not a maximum modulus theorem, since the existence of a classical
solution with a initial data wy € %|o(€2) is not ensured. The proof of the maximum
modulus theorem is just the object of Theorem 3.1. The result of the theorem
cannot be achieved by a simple coupling of Lemma 3.3 and Lemma 3.4. Indeed
we have to modify the estimates of Lemma 3.3 from estimates obtained on the
cylinder © x (0,7T) to pointwise estimates. Recently, in [26] Solonnikov has proved
a maximum modulus theorem. Here, we propose another proof for the sake of
completeness.

For the above purposes, we prove the following.

Lemma 3.5. Let wyg € JP(Q) NL"(Q),p € (1,00), r € {1,p}, and F = 0 in
system (3.1). Then there exists a unique p-regular solution (w,p) of system (3.1).



358 P. Maremonti JMFM

Moreover, for k=0,1,

Dkw t < cllw, Tt_%(%_%)_k7
DS w(e)l, < cluwol (3.10)

n

IVDFw(®lly < clfwoll, ¢~ 2 7a),
with ¢ € [p,00] if r = p and ¢ € (1,00] if r = 1; with § € [p,n] if r = p and
G € (1,n] if r=1. Moreover, if ¢ >n

_l_ﬂ(l

7272 r_%)_k zf te(o 1]
IV DEw(t)llq < elfwol g ’ Y

(3.11)
P if t>1.

The constant c is independent of wg. In particular, if wo € 6o(), then (w,p) is
a classical solution; moreover

|D*w(z,T) — D*w(T,1)| + |w(T,T) — (T, D)| + | Vp(T,?) — Vp(T,1)|
< e(p)H (to) (|7 — T/ + [F = 71%) Jwolg ™ (lwo | +|wol§),  (3.12)

where t, = min{Z, 1}, H(to) is a function depending on to in such a way that
H(to) — 0o forto — 0, ¢(p)™t — 0 for p — o00; c¢(p) and H(ty) are independent
of wy.

Proof. The existence, uniqueness and estimate (3.10); and (3.10)s for k = 0 can
be found in [16]. By the same technique employed in [16], one completes the proof
of (3.10) and proves (3.11) also. Let us prove (3.12). Let £ > ¢ > Z, for some
n > 0. Let us consider a smooth function ((¢) € [0, 1], with {(t) = 0 for ¢ < % and
¢(t) =1 for t >7and |¢'(t)] < ct~!. Multiplying equation (3.1) by ¢(t), a simple
computation gives
W, — AW = —VP — ('w, VW =0inQx(0,T),
W =00n09Qx (0,7), W(z,0)=0,

where (W, P) = ((w, p). The term w¢’ € C%%(0,T;%]o(Q) N C**(Q)). Therefore
by virtue of Lemma 3.3 we deduce the existence of a unique solution (W, P) such
that

|D*Wla + [Wila + [Vpla < e(|wl'[o + [W(#)]o)- (3.13)

Of course, by virtue of Lemmas 3.3-3.4, we have
W (z,t)| + |w(z, t)¢' ()] < c(l + %)|w0|0 for any (z,t) € Q x (0,7). (3.14)
Applying the Sobolev imbedding theorem and the Gagliardo—Nirenberg inequality
(see [17], and also [2]), we estimate the spatial Holder seminorm:
[w'lawe < clC'l[Vwlplwlg™, with a = ap/(p —n),

for some p > n such that 1 — % > a. Moreover, by coupling estimates (3.9) and
(3.11), we find
-—1-3 a —a
[w(Nae < [lwollglwols ™" (3.15)
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Analogously, with respect to time, we have

6@ - @)

|5 3|2

x,3)|

—~

||w(:v,§) —w
— =
= |2

+1¢'(3)

we'ly , < lo(,5)

Wl

——1 o 1—ga [N D1 —
<t fwi(s)lg [w(s)lo * +et T w(3)o

< & TR w18 JwolsF 4+ T2 |wolo. (3.16)

Taking into account the definition of (, for 7> T we obtain

|D?w(®,7) - D*w(T, 1) L@ ) —w (@, Dl L@, D - (@, bl
—t[2)e ([E-THE-12)e (BT H[E-12)°
S |D2W|a + |Wt|a + |vp|oz7

hence the result follows from estimates (3.13)—(3.16). The lemma is completely
proved.

Now we are in a position to prove Theorem 3.1.

Proof of Theorem 3.1. Since wy € %|o(2), by virtue of Lemma 3.1, there exists a
sequence {wy } C 6o(Q) converging to wp in C(Q). By virtue of Lemma 3.5, for any
n € N, we can consider the classical solution (w™,p™) of problem (3.1) assuming
initial data w{. Moreover, any element of the sequence satisfies estimates (3.9)
and (3.12). Taking into account the linearity of the Stokes problem, from estimates

(3.9) and (3.12) we easily obtain the estimates (n > 0)

[w™(t) — w™(t)]o < clwg — wg*|o for any ¢t € (0,7T), (3.17)

[Dzwn—DQMm]a7w7t+[w?_wln]a,z,t‘F[vpn_vpm]a,z,t

< e(p) H (to) wy — wilo™ (llwg — wg' [y +lwg — wg'[§) | (3.18)
provided that @ < 1 — %, to = min{t,t}, for any ¢,z € (n,T). By making use
of the interpolation inequalities, from estimates (3.17)—(3.18) we deduce that w"
is, for any n > 0, a Cauchy sequence in C(0,T;%|o(Q)) N C*2 (n,T; C**()) N
Ch%(n,T;C%*(Q)), and p™ € C%% (n,T;CH*(Q)). It is immediate to prove that
lim;—o |w(t) — wolo = 0. As far as the uniqueness is concerned, we multiply
equation (3.1); by ¢(x,t—7), 7 € (0,t), where (¢(x, s), w(x, s)) is another solution
of problem (3.1) with ¢¢ € %p(2). An integration by parts on € X (n,t) furnishes
the relation

(w(t)7 ¢0) = (w(n)v ¢(t - 77))

Since for the uniqueness we assume wy = 0, in the limit for 7 — 0 we can deduce
w(z,t) = 0. The proof of the theorem is completed.
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We conclude this section with some asymptotic estimates of the solutions of the
Stokes problem. Thanks to the Poincaré inequality, we can prove an asymptotic

behavior of exponential type with respect to the time variable.

Lemma 3.6. Let (w,p) be the solution given in Theorem 3.1, then,
lw(t)]o < e(Q)e " D |w(s)|o, t > 5> 0. (3.19)

Proof. It is known that the energy differential equation,

S (0l3 + IVl =0,

and the Poincaré inequality, [|w(t)]|2 < %||Vw(t)||2, imply

lw(s)ll2 < e fw(r)]l2, s 27 2 0. (3.20)
Since, see [16],

w(®)o = [w(B)loo < e(t = 5)7TJw(s)]l2, (3:21)
estimate (3.20), evaluated for s = ¢ — £ and 7 = 0, and estimate (3.21), evaluated
fort and s =t — %, imply

lw(t)]o < ce” w2 < c(meas(Q))%e_7t|w0|o, t>1. (3.22)

Estimates (3.2) and (3.22) imply (3.19). Theorem 3.1 allows to define the resolving
operator of the Stokes problem on %jy(f2). The semigroup property holds and we
have in particular

lw(t)]o < e(Q)e " D |w(s)|o, t > 5> 0. (3.23)

The lemma is completely proved.

4. The linearized perturbation system with initial data in ﬁo(ﬁ)

In this section we give some results concerning the linearized system of the per-
turbation:

u?—}%AuO:—VpO—E-VuO—uO-A—i—F,
V-u’ =0, inQx(0,T), (4.1)
u®(z,t) =0, on 9N x (0,T), u’(x,0) = uo(x) € € (),

where ¥ stands for v or —v and A for Vo or Vo?, indifferently. These detailed
positions are necessary because we refer to system (4.1) both as the linearized
system of the perturbation and as its adjoint. In what follows we make the fol-
lowing convention: the pair (¢, 7) denotes a solution of the adjoint problem; the
pair (u° p°) a solution of the linearized problem. The study of system (4.1) is



Vol. 11 (2009) Pointwise Asymptotic Stability of Steady Fluid Motions 361

crucial for our aims. Indeed, from a variational approach to the L? stability of
the unperturbed motion (v, p), whose perturbations are governed by the linearized
system (4.1), we can deduce by duality the asymptotic pointwise stability of the
motion (v, p) itself. However the main result of this section is the following

Theorem 4.1. Assume v € C%*(Q), A € C**(Q) and R < Z. in system (4.1).
Let ug € 6)o(Q2). Then, there exists a unique classical solution of system (4.1)
such that

|UO(I,t)| < C|u0|0677t5 fOT any ({E,t) €0 x (OaT)a (42)

with ¢ independent of uyg.

Remark 4.1. It is quite natural to ask why the maximum modulus theorem for
solutions to the Stokes problem is not seen as special case of Theorem 4.1, obtained
by setting v = 0 and A = 0 in system (4.1). As it will be clear from the proof, the
first step is the result of Theorem 3.1, so we have preferred to separate the two
results completely.

The proof of Theorem 4.1 is achieved through several intermediate results. We
start with an existence result for solutions of problem (4.1). By virtue of the
results concerning the linearized Navier—Stokes system obtained by Solonnikov in
[23], we can state

Theorem 4.2. Let us assume v € C%%(Q) and A € C%%(Q) in system (4.1). Let
do € C2*(Q) NEp(Q) and F € C*2(0,T;C**(Q)). Then, there exists a unique
classical solution (¢, ) of system (4.1), such that

D% Gla+|étla+ [Vrla+ 7o < (| Fla+t [ol2,00 + sup [6(t)lo), (4.3)
provided that
P, (F(:v, 0) + }%A%(x) —U-Vo(z) — ¢o(x) -A) =0 on 09.
Proof. See Theorem 9.1 proved in [23].

Theorem 4.3. Let us assume v € 6)o(Q) and A € C°(Q) in system (4.1). Let
¢ € JP(Q) and F € LP(0,T; LP()). Then, there exists a unique regular solution
(¢, ) of system (4.1). Moreover, assuming F = 0 the following estimates hold

gelp,od), p>1, o)l < 2G 3Tl g, ¢ >0,

1

b 4.4)
g€ lp,od), p>1, [Vo(D)lg <t 3 2G5! goll,, ¢ >0,

with constants ¢ and 7, independent of ¢q.
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Proof. See Theorem 4.2 and Theorem 5.1 proved in [23]. Actually, Theorem 4.2 in
[23] is proved assuming the data ¢y more regular. However the linear character of
the system and the estimates given in Theorem 5.1 of [23] allow us to extend the
results to the case of ¢g € JP(2), as stated in our theorem.

In the above estimates (4.4) the constants ¢ and ¥, a priori depend on ¢ and p.
We can solve this question, partially at least, with the following.

Lemma 4.1. Let ¢ > r and r € [1,q). Then estimate (4.4) can be improved to the
following

1€ (ool rzl ol <MDl b0
g€ (rocl, r>1, [[Vo(t)lly <t 3200t gy, t >0, '

where ¢ and oy are independent of r and ¢o.

Proof. Assume that (4.4) holds for some constants ¢ and 7, a priori depending on
q and r. Then we will establish the existence of a constants ¢ and 7 such that
(4.4) holds with €,7, replaced by ¢, o, which are independent of r, provided that
g > r. To this end, consider two solutions of problem (4.1) with /' =0 : (w,p),
with wg € L"(Q), v = v and A = Vv and (h,p), with initial data hy € %p(£2),
o= —vand A = VoT. For a fixed t > 0, we set h(x,7) = h(x,t — 7), for any
7 € [0,¢]. Multiplying (4.1); by h, and integrating by parts gives:

(w(t), ho) = (wo, h(t)). (4.6)
Applying to the right-hand side of the last relation the Holder inequality and the
classical LP convexity inequality, we obtain

|(w(t), ko)l < [lwoll IR (&)l < [lwoll- IR ()13 1RG5

l1q— (4.7)
with ¢’ = L, g=-1"" for any q > 1.
q—1 rqg—1
The right-hand side can be estimated by (4.4) applied to ||h(t)|ly and ||A(t)]]co-
Hence from (4.7) and (4.4) we deduce
1

— o= (A _ _ _p,—3(1_1
|(w(t), ho)| < ePTo (@)t =0Ta(@dN (¢, 00)) (2(q, ¢') ¢ 23 ol hol Lo

for any ho € 6o(Q2),
which implies
()] < eI+ =0T a(g) 00)) (g )"t ol v,
forg>r>1,t>0.
Therefore, setting

¢ = max (¢(¢',00))"(e(q',¢')' ™" and v = max 67,(¢)00) + (1- 0)7o(d: ),
0€[0,1] 0€[0,1]
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c and v are independent of r, which proves the estimate for (4.5);. The semigroup
property
, t€(0,1), ¢ >r, t >0, Ge(r,n],

_1_r

s |2
IVDFw(t)ll < cllw(t/2)]lge @ .
t72@ Nt >1, ¢ 2 n,

and estimate (4.5); imply the latter of (4.5). The lemma is proved.
Remark 4.2. The result of the above lemma was given as a remark (Remark 3.1)

in [13] for solutions of the Stokes problem. The result is fundamental for our aims
just to prove pointwise estimate.

Lemma 4.2. Let (¢, ) be the solution of system (4.1) whose existence is ensured
by Theorem 4.3. Then, there exist a critical Reynolds number Z. and a constant ¢
independent of ¢ such that

Dligollae P GEE) 50, g € [2,00):

[6(B)llq < c1(g,
Vo)l < calnlle TR, 9)
90l < es(@llgole ™ HT2) p 50,
IPAGOe < ex®lldollae™ (B2 45,
where ¥(q,2) = (§ %%)’y, v is the constant of the Poincaré inequality, c3(t) =
et +e(v)t), ealt) = ealt) + 5 (De(w)s (g, t) = es®P D, ea(t) = ealt);
in c3(t), c is just a numerical constant and c(v) = ||v]loo + ¢s||VV||3, where ¢ is
the Sobolev constant. Moreover, the following inequalities hold
6 (®)ll> < es®)*l|bolla and [[Vor(®)]| < es(£)? [ oll2, t > 0. (4.9)

Proof. In order to prove (4.8)1, the first step is just the energy inequality of so-
lutions to problem (4.1), which we deduce employing the variational formulation
given in Definition 2.4. Hence, multiplying (4.1); by ¢ and integrating by parts
furnishes

5 10018 =~ IVl - [¢-D- oo, ¢ >0.
Q

Since Z(¢) < Q} and R < %., we deduce

5510018 + (5 - ) 00l <0, >0 (1.10)

A first implication is the following inequality

1
loeE+2( 7 - %,)/nw )I3dr < lo(s)[3 for any ¢ > s and s > 0. (111)
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Employing the Poincaré inequality, from the differential inequality (4.10) we obtain
the asymptotic behavior

1

p(®)]|2 < e (F=%)E=9)||g(s)|5 for any ¢ > s and s > 0. (4.12)

We prove (4.8)5 in several steps. The first one is very easy. Differentiating equation
(4.1); with respect to t, one obtains, by quite analogous arguments, the following

estimate
1

o (1)]3 < 6_%(%_%)(’5_8)||¢5(s)||§ for any t > s and s > 0. (4.13)

Now, we try an estimate for the right-hand side of (4.13) in terms of ||¢o||2. Mul-
tiplying (4.1); by ¢; and integrating on 2 we obtain

5 S IVOIB + 9011 = (v - V6,00 — (8- Alw), o).

Applying the Holder inequality we can estimate the right-hand side in the following
way:

[(v- V¢, 1) + (¢ Av), de)| < ([[0lloc[VEll2 + [ ll6 ] Vlls)l @ l2;
applying the Sobolev inequality we obtain

|(v- Vo, ) + (¢ A(v), ¢1)| <

Hence, we can write

1
(lolloo+ eslIVolls)*V3 + S ligellz.  (4.14)

N =

d
FIVOIE +116: )15 < (lolloo+ el Vulla)*[V4]l3.

Let o € (0,%). Multiplying by (7 — o) and integrating on (o, ), we have

RO,

< (Jellt cllVoll)? [ = )IVo@lBar+ [IValEar.  (@15)

o

t

+ [ = olorr)3ar

2

2

t

Multiplying (4.13) by (7 — o) and integrating with respect to 7 € (0, %), by a
simple computation we deduce

t

1/t

2 2
3 (5-7) lol <) [P oo (s, ¢ 20

We estimate the right-hand side of the last inequality by (4.15), hence
2 e E-%) 2 5 2 f 2
||¢t(t)||2§8m (Ivlloo+esl[Volls) /(T— U)IIV¢(T)||2dT+/IIV¢(T)||2dT :

g
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Now, applying estimate (4.11), we can deduce

t (1 1

e*’ﬁ(ﬁ*ﬁc)

[@e(@)l2 < e———1—
2

(t—20)
where ¢ is just a numerical constant. The last estimate proves (4.8)3 provided that
o=1% Wesetes(t) =c [t_%(HvHOO + cs||Volls) + t_l}. The differential inequality
(4.10) also implies the following one

1 1

(% 7 ) IF6OIE <60 lalln0le (417)

(0l s [F0lla) + (= 20) #6012, (4.16)

Taking into account (4.8); and (4.8)3, we easily obtain (4.8). Multiplying equa-
tion (4.1); by PAg, integrating on Q and applying the Holder inequality, as made
in estimate (4.14), we arrive at

IPAGB)3 < o3 + (vl + eslIVolls)*[VoE)13-

Hence, by virtue of estimates (4.8)2 and (4.8)3 we obtain (4.8),. Now we complete
the proof of estimate (4.8); for ¢ > 2. To this end we recall the Sobolev inequality
of Lemma 3.2. We apply inequality (3.6) with » = 1 = 2 to the L%-norm of ¢.
Hence the result follows from (4.12) and (4.8)4. Since v is steady, by differentiating
equation (4.1); and by quite analogous arguments to those employed to obtain
(4.16), we can deduce the following estimates:
5 (R . )
(@l <2 [(folloot s [Vulls)+ (1 20)7 3]0 (@)lle.  (418)
(t—20)2

Choosing o = § in (4.18), estimate (4.8)s implies (4.9);. In the same way as we
showed estimate (4.17), we can prove

1 1
(% %.) IO < IO lelloe(0)le
hence, (4.9) 5 easily follows from (4.8).

Remark 4.3. With the exception of constant v, all remaining constants appearing
in estimates (4.8) are independent of the assumption of €2 bounded. Moreover, all
estimates hold because R < Z.. Apart from the assumption on the Reynolds
number, we would like to stress that no requirement of smallness is made for the
norms involving v. If v = 0 estimates (4.8) become those of the solutions of the
Stokes problem. Finally, in estimates (4.8)2.3 4 the coefficients of the exponential
decay are not sharp. However, we are not interested in finding best constants.

Lemma 4.3. In system (4.1), assume v € €o(Q), A € C°(Q) and R < % and let
w0 € J?(Q). Then, there exists a unique reqular solution (p,w) of problem (4.1).
Moreover, o(x,t) satisfies estimates (4.8).
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Proof. Since g can be approximated by a sequence {¢"} C 6,(2), we can es-
tablish the existence of a sequence of solutions (¢™,7™), whose elements satisfy
estimates (4.8). Taking into account the linearity of the problem, one deduces

167(6) = ()™ lly < exa. I65 — dloe P FR)! 150, g€ (2,00
19667 (1) = 6™ O)ll2 < calgf — dfllae™
160(E) — 67 (1) 2 < es(®llén — o lae 2

[PA("(t) — ¢™ (B))ll2 < ca(®)lldg — ¢6”||26_%V(%_éc)t, t>0.

Hence, the sequence is a Cauchy sequence and the limit is a regular solution, which
satisfies estimates (4.1). The uniqueness part is immediate, and hence it will be
omitted.

-
S

2=
NS

7

“c

c)t, t>0;
¢

t>0;

Lemma 4.4. Let (1, 7) be the regular solution of system (4.1) corresponding to
Yo € 6o(N) and whose existence is ensured by Theorem 4.3. Then, there exists a
constant ¢ such that

[0l < cex(2,1/2)en (0 £/2) [Wollpe P (A 50)
V()2 < cer (v, t/2)ea(t)]wole~ GV HY @D (=)

provided that p € [1,2] and q € [2,00]. The constant ¢ is independent of o, p;
12.p) = (= 33)7-

ol

£>0
20 49

Nl

, t>0,

Proof. In system (4.1) we assume ¢ - A(v) = ¢ - Vu. Let (¢, 7) be the solution
corresponding to tg. Likewise, we denote by (¢, 7) the solution of system (4.1)
with ¢ - A(v) = ¢ - Vol and corresponding to ¢g. We multiply equation (4.1);
corresponding to (¢, 7) by ¢(t — 7,x), 7(0,t). Integrating by parts on Q x (0,t)
we obtain, for any ¢ > 0,

[(¥(#), o)l = (o, ()] < [[ollplle(®)llp -
Since p € [1,2], then p’ € [2,00] and, by virtue of (4.8);, we have
(L1
WD) 00)l < ex@ /Dol llgollee " PE 2 4 50

Hence we have the estimate

(Ol < liollpe 7P %) 15 0 (120)
Estimate (4.19)9 is an easy consequence of (4.8)y evaluated on the interval (%, t)
and (4.19); evaluated on the interval (0, %).

Remark 4.4. It is important to emphasize that v(2,p) is a continuous function
on [1,p], its minimum value is % and it is assumed in p = 1; hence the minimum

exponent of (4.19); is 5.
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Lemma 4.5. Let ug € 65(Q2) and F =0 in system (4.1). Assume R < %.. Then,
there exists a unique classical solution (u°,p°) of system (4.1) such that

[0 (t)]o < clugloe T F )t ¢t > 0; (4.21)

with 7y = %”y, where v is the constant of the Poincaré inequality, and c independent
of ug-

Proof. The existence and uniqueness are ensured by Theorem 4.2. For ¢ > 1 esti-
mate (4.21) follows from (4.8); and from the inequality |Juolls < (meas(€2))2 [uglo.
Thus we prove (4.21) for t € (0,1). Let us consider u%(z,t) = U® + U! and
p? = PY + P!, where

1
ud — EAUO =-VP%V-U"=0, in Q,

(4.22)
U%=00n0Qx (0,T), U%x,0) = up(z) in O
and
Utl—%AUl =-VP' -U'" Vuo—v-VU' -U" Vo —v VU,
V-U'=0, inQ, (4.23)

U'=00n0Qx (0,T), U(x,0) =0 in Q.

Since Lemma 3.4 proves that |U%(t)|op < c|uglo, we must prove the estimate just
for U'(x,t). We multiply equation (4.23); by ¢(z,t — 7),7 € (0,t),t € (0,1) and
¢(x, s) solution of system (4.1) with v = —v and ¢ - A = ¢ - Vo Integrating by
parts on € x (0,t), we obtain

(U(t), o) = /[(v V6, U%) + (U° - Vo,v)ldr = Li(t) + L2(t). (4.24)
0

Applying the Holder inequality, estimate (3.2) and estimate (4.5), we deduce

t
I1(6) + B(6)] < cllgluclo [199(t = D)lgdr
0

t

_1_3(1_1
Scmmmmm%m/c_ﬂ 30 Dar,
0

where r € (1,q) and ¢ < % Employing the above estimates for the right-hand

side of (4.24), taking into account that the estimates hold for any ¢, € % (), we
obtain

,
104 @)l < llelly fuolo, where r' = ——.
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By virtue of Lemma 4.1, the last estimate holds for any r € (1,¢) and with a
constant ¢ which can be chosen independent of r. Therefore making the limit for
r’ — oo we deduce

T o = 1T ()llee < cllvlly uolo,

which completes the proof.

Remark 4.5. The above lemma gives an estimate of the maximum modulus of a
classical solution u°(z,t) of the initial boundary value problem of the linearized
system of the perturbation. The estimates of the lemma have the unsatisfactory
feature that the constant ¢ depends on the measure of 2. Hence one cannot
extend the proof to the case of unbounded domains. Therefore, we would like to
emphasize that the estimate of the maximum modulus of a solution u°(x,t) holds
in the case of the initial boundary value problem in an exterior domain also. In
fact, we could show the validity of the estimate, with a constant ¢ independent of
meas(2), but depending on ¢ in an increasing fashion. We do not give the proof of
this property here, because by such an estimate, even with an assumption of small
data, we would not able to prove, in an exterior domain, existence of classical
solutions of system (1.1) defined for any ¢t > 0.

Let us consider the Stokes problem:
Ah—Vg=¢q, V-h=0, in , h =0 on 9.

We recall the following well known results holding in a bounded domain.

Lemma 4.6. Let ¢ € L?(2). Then, there exists a unique reqular solution (h,g) of
the Stokes problem such that

[hll2.2 + [[Vgll2 < cllgll2, (4.25)

with ¢ independent of q.

Lemma 4.7. Let ug € 6o(Q2) and let F =0 in system (4.1). Then, there exists a
unique classical solution (u°,p®) of system (4.1) such that,

[u®(x,t)| < cluolo for any t > 0,

~—~
N
)

26)

with a constant c independent of ug. Moreover, let n > 0. Then, for any fj €
(n,T), T, T € Q, the following inequality holds

| D*u(®, 7) = D*u’ (@, B)| + |ug (&, F) —u) (T, 7)| + V0" (@, ) — V" (7, 1)
<e(p)H (to) (IT=T[+[E=72)" [uolg™” (luolly + luolg),  (4.27)

where 3 € (0,1), to = min{Z, 2}, ¢(p)~* — 0 as p — oo, and H(t,) — oo as to — 0.
Finally, ¢(p) and H(ty) are independent of uyg.



Vol. 11 (2009) Pointwise Asymptotic Stability of Steady Fluid Motions 369

Proof. The existence and uniqueness of (u”, p°) are given in Theorem 4.2. Estimate
(4.26) is a trivial consequence of Lemma 4.5. To prove (4.27), first of all we prove
the following Hélder estimates for the solution u®:

WOz, t) — u’ (T, t)| < c|Z — T2 ||uo|2t ", (4.28)
[0 (z, %) — u®(z,7)| < | — 7|7 ||uol]E ™, (4.29)

where ¢ is independent of ug and 73,74 are suitable positive exponents and we
have assumed ¢ >t > 7 > 0. This assumption is considered in the sequel also;

the case < T is quite analogous. Since ug € %0(Q2), by assuming p = 2, we have
that (u”, p®) is also a regular solution. From the estimates of Lemma 4.2 and of
Lemma 4.7 we have in particular

[u®(®)llz.2 < elllwf @)l|2 + Jv - Ve @)]]2 + [[u”(t) - Voll2),
[uf (|22 < e(lluge(Dlz + v Vug (t)l|2 + [[up (2) - Vol|2).
Employing the Holder inequality and the Sobolev embedding theorem we deduce

[ (®)llz2 < ellud (D2 + e(llvlloe + esl|Volls) VL ©)]]2

[uf (B)ll2.2 < ellugy (B)ll2 + c(l[v]loo + eal Vo lla)][Very (£) |2-
Estimates (4.8) and the Sobolev embedding theorem allow us to deduce estimates
(4.28)—(4.29). In order to obtain estimate (4.27) we argue as in the proof of

Lemma 3.5 to prove estimate (3.12). Hence, we multiply equation (4.1); by {(¢),
and, by a simple computation, we have

U — AU® = —VP° —v - VU — A(v) - U° + ' (t)u®,
V-U"=0, in Qx (0,7), (4.30)
u’ =0 on 9N x (0,T), U°(x,0) = 0.
Theorem 4.2 ensures the validity of following estimate

|D?U° |0+ UL a+ VP ot [P°lo < e(ICu’ |0+ (Sup) [U°(#)]o)- (4.31)
0,7

Taking into account estimate (4.26) and estimates (4.28)—(4.29), the right-hand
side of (4.31) can be just evaluated by the same arguments employed for solutions
of the Stokes problem, and (4.27) follows.

Proof of Theorem 4.1. The proof is quite analogous to the one given for Theo-
rem 3.1 concerning the solutions of the Stokes problem. We just recall the main
steps. Since ug(z) € €o(), there exists a sequence {uf} C €o(f2) converging
to up in C(Q). By virtue of the linearity of system (4.1) and Lemma 4.5 and
Lemma 4.7 we can show the following estimates

O (2, ) — U0 (2, £)] < cfu — U0 |ge
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for any n > 0 and 7,7 € (1, )T%EQ
| D*u’(Z,1)— D*u"" (T H

§c(p)H(to)(‘f—f‘+’t—t 2) ‘uo —ug ‘ |u0 —ug ||B+’u0 — ug ‘ )

(7,1 )|+ | (@, 1) - W™ (T, ?)‘

for some 8 and t, = min{¢,t}. The above estimates ensure existence. As far as
uniqueness is concerned, assume that, in system (4.1), ug(xz) = 0 and multiply
system (4.1) by ¢(z,t —7), with (¢(z, s), 7(x, s)) solution of the adjoint system to
(4.1). Integrating by parts on (¢, ) x , we obtain the relation

(W°(t), o) = (u(®), o(t 1))
By the arbitrariness of ¢ > 0 and by the continuity of functions u(z,t) and ¢(z, s),
letting £ — 0, we arrive at (u°(t),¢g) = 0. Assuming ¢g = u°(t) we deduce the
uniqueness. Finally estimate (4.2) is a consequence of the uniform convergence
and of estimate (4.21).

5. Problem (1.1) with initial data in %jo(£2)

Proof of Theorem 2.1. To prove Theorem 2.1 we follow an idea given in [12] for
the nonlinear stationary Navier—Stokes system. At first, we establish the existence
of a weak solution u (weak in the sense of Leray—Hopf) to problem (1.1) such
that u € C(0,T;%)0(R2)). For the latter task it is required that the size of the
uniform norm of the data wug is sufficiently small. Subsequently, we prove that
such weak solution is a classical solution. The result of existence is obtained by
applying the method of successive approximations. We set U° = u°, P? = p°
where (u®,p°) is the solution to system (4.1) with F = 0. For n € N, we set
u® = U° 4+ U™, 7" = PY + P", where the pair (U", P") is the solution of the
problem
U —=AU" = —=VP" —v-VU" —U"- Vo —u""" - Vu" 1,
V-U"=0, in Qx(0,T); (5.1)
U"=0o0n0Qx (0,T), U"(x,0) =0,

In system (5.1) the coefficients v and Vv are the same as in system (1.1). It then
follows that the pair (u™,7™) is a solution to the following problem

1
ul +u" Vet 4 (v VUt 4 (u - Vo + Vit = }—%Au",
Vou' =0, inQx(0,T) (5:2)
u"(x,t) =0, on 90 x (0,T), u™(x,0) = up(x) in Q.
The existence of the approzimates u™(x,t)

The pair (U°, P%) exists by virtue of Theorem 4.8 and it is a classical solution.
Moreover, assuming that v"~* € C(0,T;%]o(2)) N L*(0,T; J**(Q)), then u"~* -
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Vun~t € L2(0,T; L?(2)). Hence the pair (U™, P") exists by virtue of Theorem 4.3
and it is a regular solution of (5.1). This last property implies that u™(z,t) is a
regular solution of system (5.2). However, assuming that, for any n > 0, u"~! €
C%3 (n,T;CH*(Q)), we can prove that (U" P") is a classical solution on (n,T)4
Let 7 > 0. Since (U™, P™) is a regular solution, the Sobolev embedding theorem
implies that, for any n; € (0,7), U™ € LP(m,T; J?(2)), for p < 4. Of course, by
the arbitrariness of 7 > 0 in our assumption, u"~!-Vu"~! € LP(n;, T; LP(2)), for
any p < 4 also. Let us consider a smooth function h1(t), defined for ¢ > 7, with
hi(m) = 0 and hy(t) > 0, for t > ny. The pair (U™, P") = hy(t)(U™(z,t), P"(x,1))
is a regular solution to the following initial boundary value problem:

U'—AU"+VP"= —v-VU"—= U"- Vo — hy ()u™ - Vu" " 4+ b, (U™,
V-U"=0, in Qx (p,T), (5.3)
U" =0on Q% (n,T), U(z,m) = 0.

For p = 4, by virtue of Theorem 4.3, system (5.3) admits a unique p-regular
solution. By uniqueness, ([7 " ]5") is a p-regular solution also. Taking into account
that U™ = 0 for t € (0,71), by imbedding we deduce that U™ € H*(Q x (0,T))
for any a € (0,3]. Let 2 € (n1,7). Let us consider a smooth function ha(t),
defined for t > 1y, with hy(1) = 0 and hy(t) > 0, for ¢ > 1. The pair (U™, P") =
ho(t)(U™(x,t), P™(x,t)) is a regular solution to the following initial boundary value
problem:

U'—AU"+VP"= —v-VU" = U" Vo — ho(t)u™ - Vu" " +hh()U",
V-U"=0, in Qx (g, T), (5.4)

~ ~

U™ =0 on 0F) x (1727T)7 U"(x,nz) =0.

Taking into account that ha(n2) = 0 and that U™ (x,t) € C(0,T; %o (2)) N H* (2 x
(0,T)), the data of the IBVP of system (5.4), that is F = hou™~1-Vu"~t + hLU™
and 17"(:1:, 72) = 0, satisfy the compatibility condition required in Theorem 4.2.
Hence there exists a unique classical solution of system (5.4) and, by uniqueness, it
coincides with the pair ([7”, ﬁ”) This proves that the pair (U™, P™) is a classical
solution in (77, T) x Q. As a consequence we can state that (u”,7") is a classical
solution in (77, T) x Q. The arbitrariness of 7 completes the proof of the result.

The sequence {u™(xz,t)} C C(0,T;%0(9))

Since U? is a classical solution, then U® € C(0,T’;%]o(Q2)). Now let us prove that
u"! € C(0,T;6)o()) implies that u™ € C(0,T;%]o()). Since u" = U° 4+ U™,
we just have to prove that U"(z,t) is uniformly continuous on [0,7T) x Q. Let

4 Here and in the sequel, proving the proprieties of the classical solutions for regular solutions
actually we employ the technique of the structure theorem applied by Leray for a weak solution
[11].
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ta,t1 € (0,T) and assume to > t1. Since U™(z,7) € C(0,T;J?()), by a simple
computation one obtains the following relations:

(U™(t2),d0) = — [ (W Hta —7) - Vo(1),u" " (t2 — 7)) dr,

o\.?

(Um™(t / Yty —71) - Vo(r),u" 1t — 7))dr,
0

where ¢(x,7) is the regular solution of the problem (4.1) corresponding to ¢g €
%0(Q2). Therefore

(U™ (t2) = U"(t1), ¢o)|

< / (WY (ta— 7) - Vo(r),umL(ts — 7) — u Lt — 7))|dr
0
+ / ("Mt —7) —u"H(t1 — 7)) - Vo(r),u" (tr — 7)) |dT
0

+ / |(u" Yty — 7) - Vo(r),u" Hty — 7))|dr = I, + I, + Is. (5.5)

ty

We estimate I;, for ¢ = 1,2, 3. Employing estimate (4.5)2 and estimate (4.19)y for
I, and I, respectively, we obtain

I+, < max |[u" Yz ty —7) —u" Yz, ty —7)| _max |[u" 'z, s)|-
Qx[0,7] 0x[0,7)

/1|V¢(T)Ipd7+/T|V¢(T)I2dT
1

< max |[u" Yz, ty —7) —u" Yz, ty — 7)|_max |[u" " (z,s)|-

Qx[0,7] Qx[0,T)
1 T
ARl | [ Rar 4 [ BGR 16 Dar
0 1

in the above estimate we have assumed p < % and r € (1,p). As far as I3 is
concerned, by means of (4.5)2 again, we have

I3 < max |u" !z ,s)|2c(Q)/|V¢(T)|pdT

Qx[0,T]
ty
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1-8(1-1)  1-3(i-1)
< max |u”71($,3)|20(Q,R,v)e'V“T|¢0|T(t22 R S ),
Qx[0,T]

where we have employed the assumptions p < % and r € (1,p) again. We estimate
the right-hand side of (5.5) by the estimates obtained for I;, i = 1,2,3. The
arbitrariness of ¢y implies that

10" (t2) = U™ (t1)l

<c(, R,v) max |[u" " H(x,ty —7) —u" " (x,t1 — 7)| _max |[u"(z,s)]
ax[0,T] Qx[0,7]

1-3(1-1)  1-3(i-1)
+ max |u""(z,s)c(9, R,U)e"YOT(t22 R A )
Qx[0,T]
By virtue of Lemma 4.1, the right-hand side of this latter inequality is independent
of r, and, therefore, in the limit v’ — oo we deduce that
U™ (t2) = U"(t1)lo

<c(Q,R,v) max |u" " Na,ty —7) —u" " Na, ty — 7)| - _max |u"
Qx[0,7] ax[0,7]

+ _max |u"_1(x,s)|20(Q,R,U)eWOT(tQ%_%(%_%)—t%_%(%_%)),
Qx[0,T]

which proves that U™(z, t) is uniformly continuous in (z,t). As a consequence, we
have that the limit as ¢ — 0 exists in the uniform norm. Since in the L? norm
the limit of U™ (x,t) is zero, we have lim(, ;) (5,,0)U" (2,t)=0. The above results
for U™ allow us to state that (u™,n™) is a classical solution of problem (5.2) in
Q x (0,T) and, for any T > 0, u,, € C(0,T; %ﬁo(ﬁ)) The proof then follows from
the fact that n € N is arbitrary.

Estimates for the convergence of the sequence {u™}

Here, unless the contrary is explicitly stated, we denote by ¢ a generic constant

whose value is independent of the initial data ug(x) and it is uniform with respect to

nand (z,t). We set U= |ug|o and, for any n € Ng, U™ (T) = r[g%)]( |u"(t)|067(%*%c)t.
Let us prove the following estimates:

a) If 4"~ 1(T) < +oo, then, there exists ¢ > 1 such that U"(T) < cily +
c(Un=HT))?, for any n € N;

b) U™(T) < Umin, for any n € N and for any T > 0, provided that Ly < (2¢)~2,
where i, is the least root of the quadratic equation cU? — 4 4 c8ly = 0.

c)

t
1 1
@1 +(5 -, ) 19w lBar

< lu™(s)]13 + c(8hmin)?*, for any ¢t > s, s > 0 and n. (5.6)
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Estimate a) for n = 0 is true, thanks to estimate (4.2): U°(T) < ctly. Now, let
n > 1. We multiply equation (5.1); by ¢(x, s), solution on Q x (0,¢) of the adjoint

of system (4.1) of the solution u°(x,t). By an integration by parts we get, for all
t> 1,

/ 7)-Vo(t—T7),u" 1(7'))d7'
0

1

(u" (1) -Vo(t—T),u" dT+/ 7)-Vo(t—7),u _1(T))d7'
0 to1
=0(t) + L(?). (5.7)

Employing estimate (4.19)s, taking into account Remark 4.4, we easily obtain

t—1

B0 < @ ORI [ Dot - nlae T H)7ar

(U (1)2102 |¢0|r677(%*%c)t/eiﬁ(%féc)Tm(T’, (t—7)/2)ca(t—T)dr,
0

which, for a suitable constant ¢, implies
T (E= %)L (8)] < (W (£))2] ol for any r € (1,2].

Let us consider I5(t). For some g € (r,3) and for any r € (1,q), by the Holder
inequality and by estimate (4.5)2, we deduce

)] < @ @29 [ Vo - nlye 2 )ar

(s ()00 Honle TR E) [ )33 Dar

(4" (1)1 ¥ ol e T (F )",

In the above estimate, we have chosen ¢ in such a way that sup [% +3(L- %)} =
re(l,q)
%. In the case of ¢ € (0,1) it is sufficient to argue as in the case of the estimate of

the term I;(t). Hence by means of a suitable constant ¢ we obtain

[I2(t)] < ("~ Y(#)?|¢olre™ 7(%7@%, uniformly in ¢ > 1;
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‘/(“"‘1(r)-%(t—ﬂ,u"—l(r))dr < W) polre T ETE) (5.8)
’ uniformly in ¢ € (0, 1).

Applying the estimates obtained for I3 (t) and (5.8) to the right-hand side of (5.7),
we deduce, uniformly in ¢ > 0,

TE %) U™ (1), < e(Um1)2, for any 7€ (1, g). (5.9)

As already remarked, since from (4.2) U%(z, t) satisfies the estimate U°(T") < cilo,
taking into account that u™ = U°® + U™, by a simple computation we achieve
estimate a).

Estimate b) is a consequence of a) and Lemma 10.2 of [23].

Finally we prove ¢). We multiply equation (5.7); by u™. By integrating by
parts on § x (s,t), s > 0, we find

t
1 n 1 n
Sl @I + 5 [ 196" mlBar
t

— 5l ~ [ ) -Tou @i+ [ o) Fu (o). (6.10)

S S

Applying the variational formulation to the first integral term on the right-hand
side of (5.10) we obtain the differential inequality

lw@+2( - 5,) [ 19" Oldr < ©)F+2 [ eum (7). (r))dr.

Taking into account estimate b) and applying the Holder inequality, we have

t
@i +2 (5 - 5.) [ 19 @l
t

< I (6) B + clthn)? [ €247 V() i

Applying the Cauchy inequality and taking into account the uniform continuity of
u"™(z, s), we deduce, in the limit of s — 0, the energy relation

¢
||u"(t)||§+(% — % )/ [Vu"(7)[j3dT < [[u”™(0)||5+¢(Hhmin)* uniformly in ¢ and n,
0

which proves relation c).
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The convergence of {u™}

By ¢ we denote a constant, whose value is independent of the initial data wug(z)
and is uniform with respect to n and (z,t). Let us prove that {u"(z,t)} converges
in C(0,T3%)0(Q)) N L*(0,T5J"%(£2)). To this end we set

= (e, t) —u @ )] () = Y wh (e, t) +ul(x,t). (5.11)
h=1 e

h

Of course, for any h, function w"” is a solution of the following problem

1
wf—kv-th—l—wh-Vv—l—Vﬂ'”—EAwh

_ _whfl.vuhfl _ uh*Q.vwhflj

V-wh =0 in Qx(0,7), w(z,t)=0 ondQx (0,T), w"(z,0)=0in .

(5.12)
We set w® = u°. Let us prove that
lw =1 (t )|Oe'y( %)t < (@Whpin)" implies
|w" (t)|0€7(% )t < (E in)" T for any h € N.
We multiply equation (5.12); by ¢(z,t—7). By an integration by parts on 2x (0, )
we get
t—1
(W (£), o) = / (W @uh Y (r) + uh 2@ L (r), Vot — 7))dr
0
t
+ / (wh71®uh71(7) + uh72®wh71(7), Vo(t —7))dr
t21
= I (t) + I3 (). (5.13)

We estimate the right-hand side in quite an analogous way as we did for estimating
I and I in relation (5.7). Taking into account items a)-b) and applying the
Holder inequality, we obtain

t—1
(D)) < 2% (L) / 2T h=2)7|V4(t - 7)|adr.
0

Applying (4.19)2, we deduce
t—1
T (1)) < 192]% @ (in hH/ V(5= 2)7|V g (t—7)|odr
0

L

< |92 e (7%t (8Unin) " b, for any r € (2, 1). (5.14)
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As far as I2(t) is concerned, applying the Holder inequality we have the estimate
¢

I8 ()] < 19 (S ) / (k=37 |Vg(t - 1) dr

t-1
¢
L _n htl —F(E—%)t
< |9 e (Upin ) e NET = [Vo(t —1)|dr.
t—1
By virtue of estimate (4.5)2 we prove

t
L)) < O coh (Shmgn) e i)t / Vé(t - 7)|gdr
—1

t

t
< Qe (i) | o e (F ) /T—%—%(%—é)dT
t—1
< %%hwmm)hﬂm3f||¢o||re%%ﬁ, for any re(1,q),  (5.15)

provided that ¢ € (1, %) Estimating the right-hand side of (5.13) by employing
(5.14)—(5.15), taking into account the arbitrariness of ¢g, uniformly in A € N and
t > 0, we obtain

|wh(t)|r/ < ﬂc@’l(um)h“|Q|%/e*7(%*%)t, for any r€ (1, q).

~A(rq)
In the limit of v’ — oo, by suitable meaning of ¢, we prove
T (H =% ) wh ()] < (@Whmin)"+?, uniformly in i € N. (5.16)

Analogously, let us prove that

"= (£)]l2 < (Ekmin)" implies

t
1 1
" @1l + (E - ) / IV (7)|3dr < (Cthmin) Y,
0

for any ¢t > 0 and for any n € N.

We begin to derive the energy relation for w". Multiplying equation (5.12); by
w", and by integrating by parts we find

t
1 1
@ +2 (5 - 5,) [ 196" 0)lgar
0
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Applying the Holder inequality, taking into account items a)-c) and (5.16), we
can easily get the inequality

|(w" '@ u" V) + (b ew T V")

LI S N O A DTS B | B2
< (= — —
<(3-5) W OB OR+ (5 - 5 ) Ive 013
(Eﬂmin)Qhﬂfmn _om(1_ 1 1 1
< Emin) min o ~27( 57 )t 4 P [V (£)]2. (5.18)

i_ 1
R~ Z.

Estimates (5.17)—(5.18), for a suitable constant ¢, imply

t
1 1

h t 2 - = / h 2 < (¢ min 2(h+1)

@+ (5 - ) [Ivut o < @

for any ¢t > 0 and for any h € N.

Estimates (5.16) and (5.19) imply that the series (5.11) is convergent in C(0, T
0(Q)) N L?(0,T; J*2()), provided that cilyin < 1 (actually for a suitable value
o). Hence, if we set u = max{4c? @}, we have proved the bound for the initial
data as claimed in the theorem for the existence of the solutions. Indeed the
convergence of the series implies that {u™(z,t)} converges in C(0,T;%|o(Q2)) N
L%(0,T; J"2(£2)). Denoting by u(x, t) the limit of the sequence in C(0,T’; 6|o(2))N
L2(0,T; JY2(2)), then u(x,t) is a weak solution of system (1.1).

The regularity of the weak limit u(x,t)

Employing classical results of regularity, of the kind proved by Sather—Serrin, it
is possible to associate to u(x,t) a pressure field 7(z,t) and the pair (u,7) is a
regular solution in © x (0,7) such that, for any 1 > 0, u € C°(0,T,%|o(€2)) N
L2(n, T; W22(Q)) N C (1, T; JH2(Q)). This last property by the Sobolev imbed-
ding theorem ensures that (u-V)u € L% (1, T; L (). Now to prove that (u,)
is a classical solution is sufficient to argue in the same way as we did in the case
of the approximating solutions. We introduce a smooth function h;(¢) such that
h(m) =0 and hi(t) > 0 for ¢ > ;. We set (u,7) = hi(u,n). The pair (@, 7) is a
solution to the system

U —Au+Vp=—v-Vu—1u-Vv—u-Vu+h(t)u,
V-u=0in Q x (m,T), (5.20)
u=0o0n 900 x (m,T), u(x,m)=0.

Since u - Vi 4+ b (t)u € L3 (0,T;L% (Q)), by virtue of Theorem 4.3 and by
the uniqueness property, we deduce that u € L%(O,T; WQ’%(Q)), V7, uy €
L% (0,T; L% (Q)). Furthermore, by the Sobolev imbedding theorem we obtain
Vi € L%(0,T; L% (), and, hence, u - Vi + b (t)u € L (0,T; L% (Q)). By
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iterating the above argument we establish the existence of p € (n,00) such that
u € LP(0,T; W2P(Q)), VT, Uy € LP(0,T5 LP(2)) and, by imbedding, that, for some
a € (0,1), ue C*2(0,T;%0() NCH*(Q)). Of course, for any 1 > 71, we have
u € C%2(n,T;%0(Q) NCH*(1Y)). Introducing a new smooth function h(t) with
h(n) =0, h(t) > 0, for t > n, setting (u,7) = h(u, ), we have
U — AU+ Vp=—v-Vu—u- Vv —u-Va + hf(t)u,
V-u=0in Q x (n,T); (5.21)
u=0on 0N x (n,T), u(z,n) =0.
Since —uVu+h] (t)u satisfies the compatibility condition expressed in Theorem 4.2,
then we can establish the regularity of solution (u,7) in (n,T). The arbitrariness
of 11 > 0 proves completely that (u,7) is a classical solution.

To end the proof of the theorem, we must show uniqueness. To this end, we
refer to the uniqueness part of the proof of Theorem 2.2 below.

Proof of Theorem 2.2. In order to prove the existence of a classical solution, we con-
sider the same sequence {u"(x,t)} determined for the global existence with small
data. We modify estimates a)—c) in the subsection “FEstimates for the convergence
of the sequence {u"}” to the following ones:

d) U"(T) < 0 + ¢(Un=1(T))2e T, for any n € N, for some T > 0, for
some constants vy and ¥ > 0; R
e) U™(T) < Ui, for any n € N, provided that Y0 TT7 < (2¢)~2, where iy
is the minimal square root of the quadratic equation ce ™ TTVH2 — {+ 80 =
0,c>1.
f) =),
where, for any n € N, we set 4"(T) = I[gz%r)](|u"(t)|0. Estimate d) for n = 0 is

)

true, thanks to estimate (4.2). Now, let n > 1. We multiply equation (5.1); by
¢(z,t — 7), solution of the adjoint of system (4.1) of the solution u°(x,t). An
integration by parts gives

(U™ (), do) = /(u"_l(T)-V@(t —7),u"" N (7))dr = L1 (t). (5.22)
0

Employing the Holder inequality and estimate (4.5)2, for any ¢ € [0,7] and for
some ¢ € (r, %), we easily obtain

)] < @i [0 - nludr
0

t
1_3

< e 2 ool [ 436 Dar
0
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< (@) (F(r, ) (W) 1Qf ¥ ol ),

with y(r,q) = 3 — 3 (% - %) Therefore, from relation (5.22), taking into account

the arbitrariness of ¢y we obtain the inequality
1T ®)ll < el@)Flr, @)~ @@z et e,
Passing to the limit » — 1 in the last inequality, we deduce

U™ ()]0 < e(q)(F(g) (") 7 0t (@),

with §(q) = & — %% Taking into account that |U%(z,t)| < %, for any chosen

q € (1,3) we obtain relation d) for a suitable constant c.

Assuming that for some 7 > 0 U%TT7 < (2¢)72, then estimate in e) is
implied by that in d) and by Lemma 10.2 of [23].

The estimate in f) is deduced in a quite analogous way as the estimate given
in c).

Since ce™TT7 — 0 as T — 0, by employing the same arguments used to
prove the convergence in the case of small data, we can prove the convergence of
{u™(z,t)} with respect the norm C(0, T; 6]o(€2)) N L*(0, T; J*2(2)) on some inter-
val (0,7). Indeed in quite analogous way, one proves the following implications:

w1 (#)]o < (Emine”®" T7)" implies
[w" ()]0 < (@Whmine™®" T7)"
for any ¢ € [0, T] and for any h € N;
W' (#)]2 < (Ehmine? T T7)" implies

t
@+ (5= 55.) [ 196" OIBdr < @i 777y
0

for any t € [0,7] and for any h € N.

Thus, for a suitable T > 0, the series (5.11) is convergent in C(0,T;%|o(€2)) N
L?(0,T;J52(2)). In this way, we have obtained a weak solution u(x,t) belonging
to C(0,T;%0(Q2)) N L2(0,T; J%2(2)). Now, the regularity follows as in subsection
“The regularity of the weak solution u(x,t).” The theorem will be completely
proved once we prove the uniqueness (see next section).

The uniqueness of a classical solution

Since a classical solution u(z, t) belongs to C(0,T; 6|o(€2))NL?(0, T; J*(R2)), then
the uniqueness can be deduced as in the case of a weak solution.

Acknowledgement. The author would like to give special thanks to Professor
V. A. Solonnikov for bringing paper [27] to his knowledge before its publication



Vol.

11 (2009) Pointwise Asymptotic Stability of Steady Fluid Motions 381

as well as to Professor G. Mulone and to Professor S. Rionero for their interesting
comments and valuable discussions.

The paper was written under the auspices of GNFM (INdAM) and with the

support of a MURST Contract.

References

[1] L. CATTABRIGA, Su un problema al contorno relativo al sistema di equazioni di Stokes,

[2

Rend. Sem. Mat. Univ. Padova 31 (1961), 308-340.

| F. Crispo and P. MAREMONTI, An interpolation inequality in exterior domains, Rend. Sem

Matem. di Padova 112 (2004), 11-39.

[3] P. G. DrazIN and W. H. REID, Hydrodynamic stability, Cambridge University Press, Cam-

bridge, 1981.

[4] G. P. GALDI, An Introduction to the Mathematical Theory of the Navier—Stokes Equations,

38, Springer-Verlag, 1994.

[5] G. P. GALDI, Further properties of steady-state solutions to the Navier—Stokes problem

past a threedimensional obstacle, J. of Mathematical Physics 48 (2007), to appear.

[6] G. P. GALDI - S. RIONERO, Weighted energy methods in fluid dynamics and stability,

Springer Lectures Notes in Mathematics.

[7] G.P. GaLDI and B. STRAUGHAN, Exchange of stabilities, symmetry, and nonlinear stability

8
[9

(English), Arch. Ration. Mech. Anal. 89 (1985), 211-228.

| D. D. JOsePH, Stability of fluid motion, Springer Verlag, 1976.
| H. KozoNO and T. OGAwA, Stability in L" for the Navier—Stokes flow in a an n-dimensional

bounded domain, J. of Math. Analysis and Application 152 (1990), 35-45.

[10] O. A. LADYZHENSKAYA, The mathematical theory of viscous incompressible viscous fluid,

Gordon Breach, New York, 1969.

[11] J. LERAY, Sur le mouvement d’un liquide visqueux emplissant ’espace, Acta Math. 63

(1934), 193-248.

[12] P. MAREMONTI, Classical solution to the Navier-Stokes system, in: Navier—Stokes equations

and related nonlinear problems (Funchal, 1994), 147-152, Plenum, New York, 1995.

[13] P. MAREMONTI, Some interpolation inequalities involving Stokes Operator and first order

derivatives, Ann. Mat. Pura Appl. (IV), 175 (1998), 59-91.

[14] P. MAREMONTI, On the Stokes equations: The maximum modulus theorem, Math. Models

Methods Appl. Sci. 10 (2000), 1047-1072.

[15] P. MAREMONTI, Pointwise stability of solutions of the Navier—Stokes equations, in: Pro-

ceedings of 13" Conference on Waves and Stability in Continuous Media, Catania 2005,
World Scientific, 2006.

[16] P. MAREMONTI and V. A. SOLONNIKOV, On nonstationary Stokes problem in exterior do-

mains, Annali Scuola Normale Superiore Pisa 24 (1997), 395-449.

7] C. MIRANDA, Istituzioni di analisi funzionale lineare, U.M.IL., Oderisi, Gubbio, 1978.
8] S. RIONERO, Metodi variazionali per la stabilita asintotica in media in magnetoidrodinam-

ica, Ann. Mat. Pura Appl. 78 (1968), 339-363.

[19] F. Rosso, Variational methods for pointwise stability of viscous fluid motions, Arch. Ration.

Mech. Anal. 86 (1984), 181-195.

[20] D. H. SATTINGER, The mathematical problem of hydrodynamic stability, Journal of Math-

ematics and Mechanics 19 (1970), 797-817.

[21] J. SERRIN, On the stability of viscous fluid motions, Arch. Rational Mech. Anal. 3 (1959),

1-13.

[22] J. SERRIN, A note on the existence of periodic solutions of the Navier-Stokes equations,

Arch. Rational Mech. Anal. 3 (1959), 120-122.

[23] V. A. SoLoNNIKOV, Estimates for solutions of nonstationary Navier—Stokes equations, J.

Soviet Math. 8 (1977), 467-528.



382

[24]

[25]

P. Maremonti JMFM

V. A. SOLONNIKOV, On the theory of nonstationary hydrodynamic potentials, in: R. Salvi
(ed.), The Navier—Stokes equations: theory and numerical methods, 113-129, Lecture notes
in pure and applied mathematics 233, M. Dekker, 2002.

V. A. SOLONNIKOV, Potential theory for the nonstationary Stokes problem in nonconvex
domains (English) in: M. Sh. Birman (ed.) et al., Nonlinear problems in mathematical
physics and related topics I. In honor of Professor O. A. Ladyzhenskaya, 349-372, Int.
Math. Ser., N.Y. 1 Kluwer Academic/Plenum Publishers, New York, 2002.

V. A. SOLONNIKOV, The Stokes problem in a ball and in the exterior of a ball (Russian,
English), J. Math. Sci., New York 112, No. 1 (2002), 4073-4093.

V. A. SOLONNIKOV, On the estimates of the solution of the evolution Stokes problem in
weighted Holder norms, Annali dell’Univ. di Ferrara (to appear).

B. STRAUGHAN, The energy method, stability and nonlinear convection, Springer-Verlag,
New York, Berlin, 1992.

Paolo Maremonti

Dipartimento di Matematica

Seconda Universita degli Studi di Napoli
Via Vivaldi 43

81100 Caserta

Italy

e-mail: paolo.maremonti@Qunina2.it

(accepted: October 31, 2006; published Online First: December 20, 2007)



