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Abstract. We prove the global existence of weak solutions of the Navier—Stokes equations of
compressible flow in a half-space with the boundary condition proposed by Navier: the velocity
on the boundary is proportional to the tangential component of the stress. This boundary
condition allows for the determination of the scalar function in the Helmholtz decomposition of
the acceleration density, which in turn is crucial in obtaining pointwise bounds for the density.
Initial data and solutions are small in energy-norm with nonnegative densities having arbitrarily
large sup-norm. These results generalize previous results for solutions in the whole space and
are the first for solutions in this intermediate regularity class in a region with a boundary.
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1. Introduction

We prove the global existence of weak solutions of the Navier—Stokes equations of
compressible fluid flow

{ pt + div(pu) =0

) . . . 1.1
(pu? )y +div(pu?u) + P(p)e;, = pAw’ + Adivug; + pf? (1

for 2 in the half-space Q = {z € R?: 23 > 0} with boundary conditions
(ul(z),v?(z),v(2)) = K(x)(ul, (), 42, (2),0), = € dQ, (1.2)

and initial values

(p;uw)li=0 = (po,uo)- (1.3)
Here p and u = (u!,u?,u?) are the unknown functions of z € Q and t > 0, P =
P(p) is the pressure, f is a given external force, p and A are viscosity constants, and
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K is a smooth, positive function. The solutions we obtain are in an “intermediate”
regularity class in which densities are bounded and measureable, initial velocities
are in L2, energies are small, but oscillations are arbitrarily large. The results
of the present paper are the first establishing the existence of solutions of the
Navier—Stokes equations in this intermediate class in a region with a boundary,
and generalize and improve upon previous results for solutions in the whole space.

The boundary condition (1.2) was proposed by Navier in [12] and expresses the
condition that the velocity on 92 is proportional to the tangential component of
the stress. Observe that, for the half-space case considered here, (1.2) is equivalent
to

u(z) = —K(x)wN(x), (1.4)

where w is the vorticity matrix w’* = uJ —uk ; and N is the unit outer normal
on 0f). We shall give a complete derlvatlon of the Navier boundary condition for
general regions () at the end of this introduction.

Specifically, we fix a positive constant reference density p and assume that
(po — p,ug) is small in L? and bounded in L¢ for some ¢ > 6, and that pg is
nonnegative and bounded, with no restrictions on its sup-norm. Our existence
result accommodates a wide class of pressures P, including pressures that are
not monotone in p. The solutions that we obtain may exhibit discontinuities
in density and velocity gradient across hypersurfaces in €2 and are consequently
much less regular and much more general than those of the small-smooth theories
of Matsumura—Nishida [11] and Danchin [5]. On the other hand, our solutions
are somewhat more regular than those of the large-weak theories of Lions [10]
or Feireis] [6]-[7] in which size restrictions are eliminated altogether, but certain
restrictions are imposed on P. The present work generalizes and improves upon
earlier results of Hoff [8]-[9] in several significant ways: these are the first results for
intermediate-class solutions with these, or any boundary conditions, the restriction
on the L* norm of pg — p has been elimininated, nonmonotone pressures are
allowed, and various improvements in the analysis allow for weaker restrictions on
q, it, and A\. We also note that, for the solutions considered here, if p is bounded
below away from zero initially, then it remains so for all time. Thus vacuum states
cannot occur if none are present initially. We shall describe the most interesting
features of the analysis below, especially the role of the boundary condition (1.2),
following the statement of our main theorem.

We now give a precise formulation of our results. First, we say that (p,u) is a
weak solution of (1.1)—(1.3) if p and u are suitably integrable and if

[ tasote. i ’

for all times to > t; > 0 and all p € C1(Q x [t1,t2]) with supp ¢(-,t) contained in

to
= / / (ppr + pu - Vp)dzdt (1.5)
t1 Q



Vol. 7 (2005) Compressible Flow in a Half-Space with Navier Boundary Conditions 317

a fixed compact set for ¢ € [tq, t2], and

/ (pu)(z,) - (e, )de
Q

t1 to
- / / [pu - o1 + p(Vou) - u+ P(p)dive] dadt
t1 t1 Q

to
= —u/ K_lu-godsxdt

t1

o)
t2 . .
— / / [, ol 4+ A(divu) (dive)] dadt
t1 Q

t2
+/ / pf - pdxdt
t1 Q

for all times to > t1 > 0 and all ¢ = (p!, ¢?, ¢3), where each ¢ is just as in (1.5)
and - N = 0 on 9. (Summation over repeated indices is understood throughout
the paper.)

Concerning the pressure P, we fix p and p satisfying 0 < p < p and assume
that

P e C*([0,p])
P0)=0

© (17)
P'(5) >0
(0- PIP(p) — P(R) >0, p+#p, pe0,7]

It follows that, if G is the potential energy density, defined by
P P(s)— P(p
G =p [ PO 4 (18)

p

then for any g € C2([0,7]) for which g(5) = ¢’(p) = 0, there is a constant C' such
that |g(p)| < CG(p), p € [0,7].
The viscosity constants A\ and p are assumed to satisfy

>0, 0<A<bu/4. (1.9)

It follows that there is a ¢ > 6, which will be fixed throughout, such that

po (g—2)?°
— 1.1
X Ag-1D) (1.10)
‘We assume that
{ K e (W2 nwh3)(R?), (1)
K(z) > K >0 '

for some positive constant K, and we measure the sizes of the initial data and the
external force by

Co = /ﬂ [Lroluol® +G(po)] da. (1.12)
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Cr=suplf(0li2+ [ (1760l +VIC O
t>0 0

+/000/Q (1£12 + 014212 daat,

(1.13)

where o(t) = min{1, ¢}, and
Mq:/ p0|u0\q+sup\f(-,t)|Lq+/ /|f|‘1dxdt, (1.14)
0 £>0 0 Jo

where ¢ is as above in (1.10).
We recall the definition of the vorticity matrix wi"* = uf — uﬁj, and for a given
solution (p,u) we define the function

F = (A4 p)divu — P(p) + P(p). (1.15)

The important roles of w and F will discussed below following the statement of
d d

Theorem 1.1. We also define the convective derivative T by d—lf =uw=w+Vw-u

for functions w(x,t). B
Finally, for functions v : A C 2 — R™ and for « € (0, 1] we define the Holder
norm

oy~ sy ) =)l
epwgea  |Tg — x1|®
@ Fag

and for v: A X [t1,t2] — R™ and «, 3 € (0,1],

o, _ [v(w2,t2) — v(z1,t1)]
WD dxforta) = P lwg —z1]* + [t2 —ta|®”

the sup being taken over distinct pairs (x1,t1), (x2,t2) € A X [t1,t2].
The following is then the main result of this paper:

Theorem 1.1. Let Q be either R3 or the upper half-space in R3, and let the
hypotheses and notations in (1.7)—(1.10), and in the half-space case (1.11), be in
force. Then given a positive number M (not necessarily small) and given py €
(p, D), there are positive numbers e and C' depending on p,p1,p, P, A\, pu,q, M, and
in the half-space case K, and there is a universal positive constant 0, such that,
given initial data (pg,ug) and external force f satisfying

0 <infg pg < supq po < P,
Co+Cy <e, (1.16)
Mq S M7
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where Co,Cy, and My are as above in (1.12)-(1.14), the initial-boundary problem
(1.1)—(1.3) has a global weak solution (p,u) in the sense of (1.5)—(1.6) satisfying:

Clinfpg<p<p ae, (1.17)

p—peC(0,00): H Q)
pu € C([0,00); HY()*), (1.18)
Vu € L?(9 x [0, 00)),

with p = po and pu = poug at t = 0. Here f[l(Q)* is the dual of the space
HY Q) ={pc HY(Q)?:p-N =0 on 0Q}. In addition,

<u>1§/3’[71',/jo)’ (£ w>1§/3’[i’/i) < C(7)(Co + Cyp)’ (1.19)

for all 7 > 0, where C(7) depends additionally on T,
u(z,t) = —K(z)wN(z) pointwise for x € 90, t > 0, (1.20)

and

sup [ 3@ 0lule O + lo(e.0) = 5+ o) Tu(e. 0] do

) 3
+ / / ([Vul? + o Z ((pu?)e + div(puju))2 + o3|Vl dwdt
0 Q ;
=1
< CO(Cy+Cy)?, (1.21)

o
where o = min{1,t}. Finally, in the case that inf pg > 0, the term/ /o|a\2d:rdt
0 JQ
may be included on the left side of (1.21).

The proof of Theorem 1.1 consists in the derivation of a priori bounds specific
to this system for smooth solutions corresponding to mollified initial data, and the
application of these bounds in extracting limiting weak solutions as the mollifying
parameter goes to zero. Specifically, in Section 2 we fix a smooth, local-in-time
solution for which 0 < p < p, and we obtain bounds for the functionals

T
A1(T) = sup o(t) / \Vu(z, t)2dz + / / oplal>dzdt
0<t<T Q 0 JQ

and

T
Ao(T) = sup 0(t)3/p(x,t)\a(x,t)|2dx+/ /03\Vu\2dmdt
0 JQ

0<t<T
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of the form Ay + Ay < C(Cy + Cy)?. Then in Section 3 we prove the con-
verse, that p remains in a compact subset of [0,5) for as long as A; + Ay <
C(Co + Cf)g. The smallness hypothesis then enables us to close these estimates,
which are then applied in Section 4 to show that the solution (p, «) of Theorem 1.1
can be obtained in the limit as the mollifying parameter goes to zero. Notice that
these a priori bounds give no more than L> and L? control of the approximate
densities, insufficient to conclude more than weak convergence. On the other hand,
an argument of Feireisl [7] based on the renormalizability of the mass equation in
(1.1) can be applied to show that the approximate densities converge strongly, and
therefore that the limit of the approximate solutions is indeed the desired weak
solution.

We now give a somewhat more detailed description of these a priori bounds
and the important role played by the boundary condition (1.2). We begin with
the derivation of pointwise bounds for p under the assumption that bounds for Ay
and Ao have already been obtained. With some benefit of hindsight we fix a curve
x(t) satisfying & (t) = u(x(t),t) and substitute the definition (1.15) of the function

F into the mass equation pn p(x(t),t) = —pdivu to obtain

(0t 1) 5 1o (1), 1)) + [Plp(a(t), 1) — P(3)] = ~F. (1.22)

The brackets on the left here is positive when p is large and negative when p is
close to zero, and so is dissipative at critical values. Pointwise bounds for p will
therefore follow from pointwise bounds for F', and these must somehow be derived
from estimates for A7 and As.

Before proceeding, we remark that a careful application of the standard Ran-
kine-Hugoniot condition to (1.1) shows that discontinuities in p, P(p), and Vu
across hypersurfaces in 2 can be expected to persist for all time, but that the
functions F' and w should be relatively smooth in positive time, reflecting a can-
cellation of singularities (see the introduction to [8], for example). The precise
statement is the result in (1.19) of Theorem 1.1, which is one indication of the
important roles of F' and w. These two distinguished variables also arise in the
Helmholtz decomposition of the acceleration density pi: adding and subtracting
terms, we can rewrite the momentum equation in (1.1) in the form

ptit) = Fy, + pwl + pf7. (1.23)

In the case that Q = R3, and with sufficient decay at infinity, the first two terms
on the right here are orthogonal in L?. Thus L? estimates for pi, which we are
anticipating in the definitions of A; and Ag, immediately imply L? bounds for
VF and Vw. This orthogonality is lost when 92 # ¢, however, because boundary
integrals arise in the computation of the inner product. Stated differently, the
decomposition (1.23) implies that

AF =div (pu — pf), (1.24)



Vol. 7 (2005) Compressible Flow in a Half-Space with Navier Boundary Conditions 321

which, in the absence of a boundary condition for F', determines F' only up to
a harmonic function, enabling interior estimates at best. The no-slip boundary
condition u = 0 on 92 does not seem to be of use here, but the Navier boundary
condition (1.2) does indeed provide the required boundary information for F": for
the half-space case under consideration here, (1.2) implies that u? = 0, hence
@3 = 0 on 99, and therefore by (1.23) and (1.4) that

Foy = 1 [(K 7 )y + (K7 1u?)ay | = pf? (1.25)

on 99. This together with (1.24) is then sufficient to determine F on Q. In par-
ticular, F' can be represented via the Neumann—Green’s function for €2 in terms of
the functions on the right sides of (1.24) and (1.25), and these can be estimated in
terms of A1 and As. Pointwise bounds for F' can then be deduced from this repre-
sentation, and these can then be applied in (1.22) to yield the required pointwise
bounds for p.

We also remark on a different point in the analysis in which ' and w play a
crucial role. Certain higher order terms arise in the derivation of bounds for Ay
and Ag, resulting from nonlinearities in the momentum equation in (1.1). One

such term is |Vu|*dzdt. Now, H? € W4, so that an estimate for ||[u(-,t)| ;2

would suffice here. But as we indicated above, Vu can be discontinuous across
hypersurfaces in €2, in which case u(-,t) ¢ H2. On the other hand, adding and
subtracting terms, we can write

(B + M)A = [(p+ Ndivu — P(p)l,, + (1 + M) (ul, =)o, + (P(p) = P)a,
=F; + (,LLJF)‘)W%,C]c + (P - P)TJ :

The velocity u therefore satisfies a Poisson equation with a Robin-type boundary
condition (1.2). Standard elliptic theory therefore applies to show that, for fixed
t>0,

IVullps < C |I1F Il + wllpa + 1P = Pl

Bounds for the terms on the right are then available because F,w € H! ¢ L* via
(1.24) and (1.25), and p — p € L2 N L*®.

We conclude this introduction with an elementary derivation of an explicit
form of the Navier boundary condition (1.2) for general regions €. First recall
that in the derivation of standard fluid models such as (1.1) (see Batchelor [2], for
example), the fluid on one side of a given surface through a given point is regarded
as exerting a force on the fluid on the other side given by the integral over the
surface of the “stress” with respect to surface area. Stress therefore has the units
of pressure, and in the Navier—Stokes equations is taken to be o N, where N is the
unit normal to the surface at the given point and o is the 3 x 3 matrix

o=, )+ (v P (1.26)
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The boundary condition proposed by Navier [12] is that the velocity at a point on
012 should be proportional to the tangential component of the stress at that point;
that is, that

u=—K(oN)tan = —puK((Vu + Vu')N)tan, (1.27)

where the proportionality factor K may vary across 0f2. In particular, u- N =0
on 0N).

To obtain a more explicit and useable expression for the Navier boundary
condition, we suppose that the boundary is given locally by 0Q = {z : g(z) = 0},
so that N(z) = Vg(z)/|Vg(z)| is the unit outer normal. We let = x(s) be a
curve on 9 and differentiate the relation Vg(z(s)) - u(x(s),t) = 0 to obtain that
the tangent vector T' = & satisfies

(Vu'N) - T = —(g"u) - T/|Vgl.

We now fix a point 2 € 99 and let {T7,T5} be an orthonormal basis for the tangent
space to 02 at x. Then at x,

(VU'N)tan = > (Vu'N) - T))T;
j=1,2

=~ 3" ((¢"w) - T))T;/|Vg| = Au
j=1,2

where A is a matrix-valued function of z € 9 determined solely by 0€2. Then
from (1.26),
(0N)tan = u(Vu — Vu' )N + 2u(Vu' N)gan
= pwN + 2pAu,

since (wN) - N = 0, which implies that (wWN)tan = wN. The Navier boundary
condition (1.27) then becomes

uw=—pK(I+2uKA)~twN. (1.28)

Observe that when 02 is flat, A = 0 and (1.28) reduces to (1.4) with the constant
1 subsumed into the definition of K.

The boundary condition (1.2) for the flat-space case has been applied in a
number of problems, usually for incompressible flows; see Arbogast and Lehr [1],
Beavers and Joseph [3], Caflisch and Rubinstein [4], and Saffman [13], for example.
We also remark that the no-slip boundary condition © = 0 on 02 may be regarded
as the singular limit as K — 0 of the Navier boundary condition (1.28). The
analysis of the present paper is insufficient to justify this limit, but it is likely that
the large-weak solutions discussed in Lions [10] and Feireisl [6]-[7] with no-slip
boundary conditions are indeed these limits for certain pressures.
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2. Energy estimates

In this section we derive a priori bounds for smooth, local-in-time solutions of
(1.1)—(1.2) whose densities are strictly positive and bounded. (The existence of
such solutions will be established later in Proposition 3.2.) We thus fix a smooth
solution (p,u) of (1.1)—(1.2) on Q x [0, T for some time T > 0, with smooth initial
data (po,uo) and external force f satisfying all the hypotheses of Theorem 1.1,
and with p(z,t) < p. We let C and 6 be generic positive constants as described in
Theorem 1.1 and we write C' = C(p) to emphasize the assumption that p < p.

In Proposition 2.1 below we state the standard L? energy estimate for (p,u)
and we establish a bound for pu in LY. In Lemma 2.2 we derive preliminary L?
estimates for Vu and pu reflecting the parabolic smoothing in the second equation
n (1.1). Higher order terms occur in these estimates, and to control these we need
certain technical embedding results, given in Lemma 2.3. These are then applied
in Proposition 2.4 to complete the regularity estimates for u.

Proposition 2.1. There is a positive constant C = C(p) as described in The-
orem 1.1 such that, if (p,u) is a smooth solution of (1.1)~(1.2) on Q x [0,7] a
described above with 0 < p(z,t) < p, then

sup [ [botant)lu(e. 0 + Glotant)] do

0<t<T
2.1
/ /|Vu|2dxdt+/ / lu|?dS,dt 21)
p)(Co + Cy),

where G is as in (1.8). Also, there is a positive constant C = C(p,T) such that

T T
sup /p(m,t)|u(a?,t)|qu+/ /\u|q_2|Vu|2dxdt+/ / lul?dS,dt
0<t<T JQ o Ja 0 Jon (2.2)
S C(ﬁa T)(CO + Cf + Mq)v

where q is as in (1.10).

Proof. To prove (2.1) we multiply the first equation in (1.1) by G’(p) and the second
by v/ and integrate, applying the boundary condition (1.2). The computation is
standard, and the details are omitted.

We shall sketch the proof of (2.2), which is similar. First, from the second
equation in (1.1) we obtain that

p[(ul), + (VIul?) - u] + glul"=2u - VP + puglul = Vuf? + Aqlul=> (div )’

— gluls~2 [%MAMQ + div((diva)u) + pu - £l
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Adding the equation |u|%(p; + div(pu)) = 0, integrating, and rearranging, we then
obtain

t
/ plultde| +
Q 0

t
=// shalul’?(Vu|?) - NdS,ds
0 JoQ

[ {27+ v 02 + g — 2|91l )

+ gA(V]u|T72) - udiv u}dxds

t
+/ / [q div(|u|92u)P + qlul?2pu - f} dxds.
0 JQ
The integrand in the boundary integral on the right here is
—pglul?? (whug, +uPud,) = —pgK (z) " ul? <0

by (1.2). Next, since ’V|u | < |Vu|, we can bound the integrand in the double
integral on the left side of (2.3) from below by

alul?™2 |l Vul? + A(dive)? + (g - 2)| 9 ]ull? = Aq — 2)|Vul||div ]
— qlu]d2 [mw? + A(dive — (g - 2)\V|u|y)2]
+qlul*? (g = 2) = $rg — 2?] [Vlul|’
> gl [u(a = 1) = $A(a - 2% |Vul?
> O Hul" Vul?

by the hypothesis (1.10). Bounds for the remaining two terms on the right side of
(2.3) are similar, and (2.2) then follows from (2.3). O

The following lemma contains preliminary versions of L2 bounds for Vu and
pu:

Lemma 2.2. There is a constant C = C(p) as described in the statement of Theo-
rem 1.1 such that, if (p,u) is a smooth solution of (1.1)—(1.2) as in Proposition 2.1,

then -
sup a(t)/ \Vu(x7t)|2dm+/ /Up|u|2dxdt
0<t<T Q 0 Q

T
< C(p) co+cf+/ /a(|u|2\Vu|+|u|\Vu|2)dxdt (2.4)
0 Q

T
+ Z ’ /0 /Q Jugﬁlkl uﬂ?kZ ufcig dzdt’
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where o(t) = min{1,t} and the (finite) sum on the right is over all combinations
of indices; and

T
sup a(t)3/p(x,t)|u(x,t)|2dx+/ /03|Vu|2dxdt
0<t<T 0 JQ

< C(p)[Co+ Cy + A (T)] (2.5)

+C(p / / |u\4+ |Vul* + |a|| V| |Ju| + |u||vu|2] dzdt,

where Aq(T) is the left side of (2.4).

Proof. The proofs are nearly the same as those of (2.9) and (2.12) in [8], except
that boundary effects occur here. We therefore restrict attention to representative
boundary integrals arising in what are otherwise routine but somewhat technical
estimates. For example, to prove (2.4), we multiply the second equation in (1.1)

by ou? and integrate over Q x [0,¢]. This results in the following boundary integral
on the right:

t
/ / o [(15 — PYi- N + pud, @ N* + A(divu)i - N| dS,ds.
I5:9]

The condition u - N = 0 on () implies that the first and third terms here vanish,
and by (1.2) the second term may be written

t t ‘ ‘
—u/ / au%ﬂjdsmds = —p/ / oKt/ (ui +ujmkuk> dS,ds
0 Jos2 0 Jo2
t
= —%W(t)/ K~ u(z, t)[*dS, —u/ / oK wiukul, dS,ds.
o0 0 JoQ2

The first term on the right here is nonpositive, and for the second term we apply
the fact that, for h € (C* N WH1)(Q),

h(z)dS, = / (h(&) + (23 — 1)hay (2))da. (2.6)
20 QN{0<z3<1}

Since j,k € {1,2} in the term in question, we can apply (2.6) and integrate by
parts in the 1 and 9 directions to obtain the bound

t
/ / o (|u|2|Vu| + |u| |Vu|2) dzds,
0 JQ

which is included on the right side of (2.4).
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To prove (2.5) we take the convective derivative in the second equation in (1.1),
multiply by ¢34/, and integrate. This results in the following boundary integral
on the right:

/ / o3 {(P — P)(Viw) - N + ptr-(VueN) — (Vi) - (VulN)
aQ (2.7)
— (A + p)(divu)(Vuuw) - N |dSgds,

where the relation v - N = —u3 = 0 on 9 has already been applied. A short
computation shows that (Vau) - N = 0 on 99, so that the first and last terms in
(2.7) vanish, and we can apply (1.2) to write the second term as

t
o [ [ Awid= [ [ st
o0 0 JoQ2
t
:—u// 03K‘1|ﬂl2d5xds+u// oK Lidul ubdS,ds.
0 JoQ 0 Jox2

The first term here is nonpositive, and for the second we apply (2.6) and the fact
that j, k € {1, 2}, allowing for integration by parts in the x1 and z9 directions, to
obtain the bound

(2.8)

/ / |u||Vu||u\ + |u||Vul|Va] + |Vl |u|} dxds,

which in turn is bounded by terms on the right side of (2.5), modulo a small
multiple of / / o3| Vi|?dxzds, which can be absorbed into the left side. The third

term in (2.7) is handled in a similar way. O

The following auxiliary estimates will be applied to bound the higher order
terms occurring on the right sides of (2.4) and (2.5):

Lemma 2.3. There is a constant C' = C(p) such that, if (p,u) is a smooth solution
of (1.1)—~(1.2) on Q x [0,T] as in Proposition 2.1, then for 0 <t <T,

/\u|pdz

<C@)|(Coren© Y / |Vu|2dx)
2<p<6,

) /\Vu\pdx < / (I + ko + 1P~ PP + ful) de, 1 < p < o0,

p—6)/4 2
M (o) 616 ( / |Vu|2dx)p/ ]

(c) /(|VF|p + |Vw|P)dz < /(|p1l|p + |Vul? + [uVKIP + | fIP)dz, 1 < p < o0,
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(d) /(|F|P + |w|P)dz < C(p) [(/ p|u‘2dm)(3p76)/4 (/(|Vu|2 L P|2)dx) (6-p)/4

- p/2
H([avut+1p = PR+ 17Pae) ] 2 <p <,

where all functions are evaluated at time t and all integrals are over Q. Also, for
0<t1 <tag<T,r>2,ands>0,

/ / Vp(z,t)—p|"dedt < C(p [/ / )| F(z,t)|"dxdt + Co + Cf]
t1 t1

where o = min{1,t}.

Proof. We first apply the standard embedding

/ whdx < C (/ w4d:10> (/ Vw|2dac> )
R2 R2 R2

which holds for w € H'(R?) (Ziemer [14], Theorem 2.4.1) to functions w : @ — R
for fixed x3, then integrate with respect to x3 € [0,00) and interpolate the L4
norm between L? and LS to obtain

(6—p)/4 (3p—6)/4
/ wlPdz < C </ |w|2da:> </ Vw|2dz> (2.9)
Q Q Q

for p = 6. The same result then holds for p € [2, 6] by interpolation.
To prove (a), we write

1/2 1/2
p [ < | pu|2dx+( / |p—/32dx) ( / |u|4dx)
Q Q Q

and apply (2.9) and Proposition 2.1 to obtain that

/ luf2dz < C(7) [(co 1O+ (Co +cf)2/3/ Vu|2d:v] . (2.10)
Q Q

We now apply (2.9) to u and substitute (2.10) on the right to complete the proof
of (a).

To prove (b) we observe that u satisfies the elliptic boundary value problem

(5t AW = [+ Ndive— P(o),, + (5 + N, — Yo + (P(0) — P,
=Fy, + (u+ NwiF + (P = P),, ,
I R I
1‘3 )
W2 = 12

r3

uw =0, x € 0N.
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The bounds in (b) then follow from standard elliptic theory.
To prove (c) we compute from the second equation in (1.1) that

:U'ij7k = (puj)wk - (puk)w] + (pfk)I] - (pfj)wk
Thus if H = w!3 — K~ 1u!, for example, then H = 0 on 99 by (1.2), and

PAH = (pit ), — (pi)a; + (0o = (pf* ), — pA(K ™ ul)

in Q. Standard elliptic theory again yields a bound for |VH]||r» for 1 < p < oo
and therefore for w!3:

IV Loy < COllpillr + 1 fllze + IVullze + llullze], 1 <p<oo. (211)
A similar argument applies to w?3. To derive a bound for w2, we differentiate the
j =1 equation in (1.1) with respect to xg, then reverse the indices and subtract.
The result is that

92 92 . .
u (a—m% + a—x§> wh? = (pit)a, — (pi?)a; + (w22, — w3 )+ (0f Doy — (P, -

This gives a bound for |V, z,w!2(-, -, z3) | L»(r2), and integrating this bound with

respect to x3 and applying (2.11), we obtain that le,mzwlj is also bounded by
the right side of (2.11), as is wl:?, since

x3

wl2

x3

13

— 2,3
= wy)

Wy

This proves the bound in (c) for w, and the bound for VF' then follows from the
decomposition (1.23).

Part (d) follows from part (c) with p = 2, the bounds in Proposi-
tion 2.1, and (2.9). To prove (e), we multiply the mass equation in (1.1) by
ro(t)*|p— p|"~tsgn(p — p) and substitute the definition (1.15) for divu in terms
of F'. The result is that

[Dy +div(u)] (0°]p = pI") + A+ )" o [(r = D)p+ 4] |p = p" '[P~ P

= 50" loylp— " — (A + ) o [(r = p+ flsen(p — p)lp— pI" ' F.

Integrating, we then obtain

to t2
/as\pf;ﬂdx +C*1/ /05|pfﬁ|rdxdt
Q ty t1 Q

maX{tl,U(tz)} to
/ / otlp — p|"dxdt +/ / o®|F|"dxdt| .
t1 Q t1 Q

<C(p)
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The bound in (e) then follows from (d) and the results of Proposition 2.1. O

We now apply the auxiliary estimates of Lemma 2.3 to close the bounds in
Lemma 2.2:

Proposition 2.4. There exist constants C = C(p) and 0 as described in Theo-
rem 1.1 such that, if (p,u) is a smooth solution of (1.1)—(1.2) on Q x [0,T] as in
Proposition 2.1 with p < p, then

sup [ (3ol + lp = 512 + oI Vul? + o%pli*)do
0<t<T JQ

T
+/ / (\Vu|2+a|pu|2+a3|ViL|2)dxdt
0 JQ

< C(P)(Co+Cy)’,

(2.12)

where o(t) = min{1,t}. In particular, C(p) is independent of T, and 6 is a
universal positive constant.

Proof. The proof consists in applying the bounds in Lemma 2.3 to estimate the
terms on the right sides of (2.4) and (2.5). We give the details for the term

/ / o3| Vu|* under the assumption that the bound in (2.4) has already been closed,

that is, that the left side of (2.4) has been shown to be bounded by the right side
of (2.12). First, by Lemma 2.2(b),

// o3 Vult < O // 3R 4l + Juft + (0 — 5)Y, 213)

and by (2.9), Proposition 2.1, Lemma 2.3(a)(c), and our assumption about (2.4),

1/2 3/2
//03F4 < 0/03 (/F2dx) </|VF|2dx) dt
1/2
< C'sup <U/F2dx> sup (03/|VF|2dm> //U|VF|2dxdt
t t

< @G+ o) sup ([ (il + [9uf? + uf? +157) e )
X // o (pla? + |Vul? + [u? + | f|*) dadt

< O(@)(Co+Cp)f |1+ A2(D)'?]

1/2

(2.14)
where Ag is the left side of (2.5). The vorticity term in (2.13) is handled in a similar

way, and the same bound for / / o3(p— p)* is immediate from Lemma 2.3(e) and
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(2.14), and for // o3|u)* from Lemma 2.3(a) and our presumed bound for the left
side of (2.4). We thus obtain from (2.13) that

/T/ o9 Vultdrdt < O(p)(Co + Cp)° [1 + 4o(1) 7]
0 Q

Treating the other terms on the right side of (2.5) in a similar way, we conclude
that Ao(T) < C(p)(Co + Cy)? [1+ Ag(T)l/Z}, which proves the required bound
for A2(T'). Combining this with the corresponding bound for the left side of (2.4)
and the result of Proposition 2.1, we then obtain (2.12). O

3. Pointwise bounds for the density

In this section we derive a priori pointwise bounds for the density p, where (p, u) is
the smooth solution discussed in Section 2. These pointwise bounds are proved in
Proposition 3.1 below and are then applied in Proposition 3.2 to show that (p, )
can be extended as a smooth solution for all time.

Proposition 3.1. Given numbers 0 < Py <Py < p<p1<p2 <P, there is an
e > 0 such that, if (p,u) is a smooth solution of (1.1)—(1.2) as described at the
beginning of section 2 with Cy + Cy < e, 0 < po(x) < py1, and 0 < p(z,t) < p for
r € Qandt € [0,T], then 0 < p(x,t) < py for (x,t) € Q x [0,T]. Similarly if
po(z) = p, for all x, then p(x,t) > p, for all x and t.

Proof. We fix a curve z(t) satisfying @(t) = u(z(t),t) and substitute the definition

d
(1.15) of F into the mass equation 7 p(z(t),t) = —pdivu to obtain

(1) og(p(a(t), 1) + Plp(a(1), 1) — P(7) = ~F. (3.1)

We shall replace F' here by its representation in terms of quantitites for which
bounds are known from Proposition 2.4. To do this we first observe from (1.23)
that

AF = div(pa — pf), (3.2)
and for x € 01,

2

so that, by (1.2),

Py, = p| (KB 1ub),, + (K*Hﬂ)rz} —pf3, zean. (3.3)
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Letting g denote the Neumann—Green’s function for the Laplace operator on )
and noting that F(-,t) € L2(Q), we then obtain that, for y € Q,

Ft) =~ [ gu,w)(pi! — pf)(z.0)dz
& (3.4)
- ”/ag gle,y) [(K )y + (K1), | (2,0)dS,

We write pi/ = (pu?); + div(pu/u) and substitute (3.4) into (3.1) to obtain that

B /Q{ [y (2, 2 ()0 (@(8), 1) + Gy (@, 2O (2, )] (pud) (1) (35)
+ o, (@,2(0) () (1) }do
—in [ atwale) (7 + (0 2), s

As we shall see, the pressure term on the left here is dissipative, so that most of

the proof consists in obtaining bounds for the terms on the right. We examine two

representative terms in detail. First, applying (2.6), we can write the boundary

integral in (3.5) as

[l o) O ([ [920lul DK+ Tuds )
{0<z3<1} Q

(3.6)
Taking p € (3, 6], we can bound the last term here by

( [Vu(z,t)|dz
Lot o) B
Be(z(t))  JBi(z(t) ) |z — x(t)]

< Cl[Vu(, )2 + [Vul, )]0
< C[|Vu( B2 + 1P )] + w8 + [ulD)les + |P(,1) = Plis]

by Lemma 2.3(b). Applying Lemma 2.3(a)(d) and estimating the other terms in
(3.6) in a similar way, we obtain the following bound for the expression in (3.6):

1/2
(Co -I-Cf)e + (/ |Vu|2dx)

(3p—6)/4p (6-p)/4
+ </p|11|2dx) (/ |Vu|2dx) ]

C(p)

(3.7)
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for some fixed p € (3, 6].

Next we bound the D?g terms on the right side of (3.5). First recall that
g = g' + g2 where g'(z,y) = I'(|z — y|) and T is the fundamental solution of the
Laplace operator on R3, and ¢?(z,y) = I'(|Jz — 7|) where 7 is the reflected point
(y1,2, —y3). The g! contribution to the D?g terms in (3.5) is therefore bounded
by

[ sl = 0 (00,0 = 0] o) )
< C<U(wt)>’6/ o — ()"~ (pu) (x, t)|d,
Q
where 3 is to be chosen. The g? contribution is the same for k # 3, but with z(t)

replaced by Z(t), and so satisfies the same bound, since |z — z(t)| < |z —Z(t)|. For
k = 3 we instead apply the boundary condition u3 = 0 on 9 to get

[’ (@, 6)] < {ul, 1) Jas)” < (ul-, 1) |e = z(0))°,

and similarly for u3(xz(t),t). The D?g terms in (3.5) are thus bounded by

w(- 8 xr—x p=3 w)(x x.
Clu(- 1)) (/Bl(w(t))+/3{(w(t)))| (1)1°~3)(pu) (1)

The exterior integral here is bounded by C’/p|u|2dx < C(Cp + Cy) and the

interior integral by

C(P)(u(-, )" ( /0 1 72+T<ﬁ3>d7> ” ( / p|usdm>1/s, (3.8)

where s 147~ = 1 and s € (3,6). We now choose 3, s, and 7 so that r < s/(3— ()
and s € (3/8,q), where ¢ is as in (1.10). The first integral in (3.8) is then finite,
and the second is bounded by C(p)(Cq + C)?, by Proposition 2.1 for small time,
and by Lemma 2.3(a) and Proposition 2.4 for ¢t away from zero. Observe that this
argument requires that s < 6, which implies that » > 6/5 and 8 < 1/2. We may
choose < 1/2 and p=3/(1 — B) € (3,6), so that, by Lemma 2.3,

(u(-1))" < C||Vu(-t)||r»
1/2
(Co + Of)e + (/ |Vu|2)

(3p—6)/4p (6—p)/4p
w ([ o) ([ 1wu?) ] 7

<C

(3.9)
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where p is the same as in (3.7). Combining these bounds and estimating the other
terms in (3.5) in a similar way, we then conclude that

() o p(a (1), 1) + [Plp(a(1)). 1) ~ P(7)]
d

+ C(ﬁ)0<

9o, (2, 2(t)) (pu’ ) (. t)dw

(Co+Cp) + (/ |w|2)1/2 + (/ |Vu|2)3/4 (3.10)

@ 1-
+1flez + 1£1721 17"

N </pa|2>(3p—6)/4p </|vu|2)(6—1’)/4p]>

for some fixed p € (3,6) and a € (0,1). In addition, a very easy estimate shows
that

< C(p)(Co +Cy)'. (3.11)

/ s, (20, 2(1)) (o), )z
Q

The pointwise bounds (3.1) are now derived from (3.10) in two steps. First for
small time we integrate (3.10) with respect to ¢, controlling the pressure term by
the assumption that p < p and the first term on the right by the bound in (3.11).
Estimates for the other terms are derived from (2.12). For example, if 7 <1,

T (3p—6)/4p (6—p)/4p
/ </pﬂ|2dw) </|Vu|2dx> dt
0
T 1/2 T (3p76)/4p T (Gfp)/4p
< </ t(6_3p)/2pdt) (/ /tp|u2dxdt> (/ |Vu2dxdt>
0 0 0

< C(p)(Co+Cy)’,
since p < 6. There is thus a small time 7 such that, for ¢t < 7,
inf{log po(x)} — C(Co + Cy)* < log p(x(t),t) < logpy + C(Co + Cy)’,

and the assertions in Proposition 3.1 follow immediately for ¢ < 7.
We shall complete the proof of the upper bound for p, the proof of the lower
bound being similar. Fix the above 7 > 0, so that

0 < p(z(t),t) < py + 5(p2 — p1), t€0,7],

if € is small. Now define

H(t) = (A+ p)log p(x(t), t) — /ngj (z, () (pu? ) (x, t)dz (3.12)
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so that by (3.10) and the results of Proposition 2.4,

C;_fj + P(p(x(t),t) — P(p) = O(C(5)(Co + Cy)?) (3.13)

for t > 7. We now apply a standard maximum principle argument: the right side
of (3.11) can be made arbitrarily small by taking the constant ¢ in the statement
of Proposition 3.1 sufficiently small, so that H(t) < (A + p)log[p; + %(E —71)]

on [0,7]. If tg > 7 is the first time that equality occurs then p(z(tg),t0) € [p1 +
%(p_g —71),7), again by (3.11), so that P(p(z(to),t0)) — P(p) is bounded below

dH
by a positive constant, by (1.7). But this contradicts (3.13) because E(to) >0

and the right side is small. Thus H(t) < (A + p) log[py + %(p_g —p1)] for all ¢, and
therefore p(x(t),t) < pa, again by (3.12) and (3.11), provided that ¢ is small. O

We can now prove the global existence of smooth solutions of (1.1)—(1.2):

Proposition 3.2. Assume that the hypotheses and notations of Theorem 1.1 are
in force and in addition that py — p, ug € H*>(Q) with po(x) > 0 for all z, that
P e C>®([0,p]), K € H®(R?), and f € L>([0,00); H>®(Q)). Then there exists
p € CHQ x [0,00)) and u € C?(Q x [0,00)) satisfying (1.1)~(1.2) pointwise and
for which the conclusions of Propositions 2.4 and 3.1 hold with T = co.

Proof. The first step is to obtain a local-in-time solution. This can be done in any

of several ways, one of which we sketch. First fix n > 0 and iterate to solve the
system

{ pt + div(pu) = nAp (3.14)

(pu?)e + div(puiu) + P(p)s, = pAuw’ + Xdivu,, + pf? .

with the given initial data and with boundary conditions (1.2) together with

0
9 _ 0. For example, the solution p to the problem

on

pr=nAp+divA, z€Q,t>0

o _

=0, e, t>0
on

can be represented via the Neumann—Green’s function for € in terms of pg and A,
resulting in the bound

t
oGz < llpoll e (o) +C/0 [AC, 8l e () ds- (3.15)
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For the unknown u we need to prove the existence of solutions to equations
(pu?)¢ = pAu? + Adiv Uy, +divA+ B

together with the boundary conditions (1.2), where p is a given function which is
smooth and positive. Standard techniques (finite differences, for example) can be
applied to show that a solution w exists and satisfies

[u )l e < Clluollar + C/O (AC; )l ax + [1BCs )l mx) ds, (3.16)

where the constant depends on properties of p. The bounds (3.15)—(3.16) then
enable us to solve (3.14) by iteration for small time, obtaining solutions p — p,
u € HF¥ for large k and up to a positive time which may depend on 7. Routine
energy estimates similar to but simpler than those of section 2 can then be applied
to obtain H* bounds for v, H*~! bounds for p, and time of existence which are
independent of n. We can then take the limit as n — 0 to obtain a smooth solution
(p,u) of (1.1)—(1.2) for small time, and the a priori bounds of Propositions 2.4 and
3.1 then apply to show that this solution can be extended to all time. O

4. Proof of Theorem 1.1

Let (pg,up) be as in the statement of Theorem 1.1 and let js(x) be a standard
mollifying kernel of width §. Define approximate initial data (pg, ug) by

pY = js * po + 0, u) = js * up.

Assuming that similar smooth approximations have been constructed for the sys-
tem functions P, f, and K, we may then apply Proposition 3.2 to obtain a global
smooth solution (p°,u’) of (1.1)-(1.2) satisfying the bounds in Propositions 2.4
and 3.1 with constants which are independent of §. The proof then consists in
showing that these bounds are sufficient to extract a solution (p, ) in the limit as
6 — 0.

First, the uniform pointwise bounds in Proposition 3.1 imply that there is
a sequence J; — 0 such that p% (-, 1) converges weakly in LQ(K ) and strongly
in H~1(K) for all compact K C Q and for times ¢ in some countable dense
subset of [0,00). Also, the bounds in Propositions 2.4 and 3.1 applied in the weak
equation (1.5) show that {p%} is equicontinuous in C([0,00) : H~1(K)), so that
p% (-, t) converges weakly in L? (Q) and strongly in ngcl(Q), say to p(-,t), for
all t € [0,00). We can now apply an argument of Feireisl [7] to show that this
convergence is in fact strong: p%(-,t) — p(-,t) strongly in L?(K) for all compact
K C Q. In particular, P(p%(-,t)) — P(p(-,t)) pointwise a.e.
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To obtain strong limits of {u’}, we establish uniform Holder continuity away
from ¢ = 0. First a standard imbedding result (Ziemer [14], Remark 2.4.3 and
Theorem 2.3.4) shows that, for t > 7 > 0,

1/2
(W () g? < CIVul ()| o) < C(7) (4.1)
independently of § by the bounds in Lemma 2.3 and Proposition 2.4. To prove

Hélder continuity in time, we fix 2 €  and times t9 > t; > 7 > 0 and let By be a
ball of radius R centered at x. Then by (4.1) and the bounds in Proposition 2.4,

w0 (a.t2) o) < Br o) [

BrnN

[u®(y, t2) — v’ (y, t1)| dy + C(r)R'/?
Q

t2
< CR73/ / |uf(y,t)’dydt+C(T)R1/2
t1 BrN§2

to 1/3
< CR™ 2ty — t;|V/? l/ </|uf6dy) dt
t1

to 1/2
< CR12Jty — 1,12 [/ / (1Val? + uf?VuP) dydt} + C(r)R2
t1 Q

C(r) [R2)ty = 1]/2 + RV

< Oty —t1 V4,

1/2
+ C(r)RY?

(4.2)
if R = |t — t1]/'/%. We have used here a uniform pointwise bound for u®(z,t) for
t > 7, which follows easily from the bounds in Proposition 2.4. The Ascoli-Arzela
theorem therefore applies to show that there is a further subsequence §; — 0 such
that u% — u uniformly on compact sets in Q x (0, 00).

It follows easily from the strong convergence p® — p, u® — u, that the limit-
ing functions (p,u) are indeed weak solutions of (1.5) and (1.6) with initial data
(po,ug). One has only to check that each term in the weak equations for (p%u%)
converges as d; — 0 to the corresponding term with (p%,u%) replaced by (p,u).
We do note, however, that for the boundary term in (1.6),

K~ (2)u® (2,t) - p(x,t)dS; — K~ (@)u(z,t) - p(z,t)dS,
o0 o0

for each fixed ¢ > 0 by the local uniform convergence u% (-, t) — u(-,t). Also,
t
/ K9 - pdS,dt — 0 ast—0
0 JoQ
at a rate which is uniform in J; by an argument which is similar to and simpler

than that given above beginning in (3.9) for the uniform integrability in time of
(u% (-, t))8. Tt therefore follows that



Vol. 7 (2005) Compressible Flow in a Half-Space with Navier Boundary Conditions 337

to
/ K=Yl . odS,dt — K’lu - pdSydt
t1 o0

ty
as 0; — 0 for test functions ¢ and for all times to 2 t1 > 0.

We have now proven the existence of the solution (p,u) satisfying the weak
forms (1.5)—(1.6), the pointwise bounds in (1.17), and the Hélder continuity for
u in (1.19). The statements in (1.18) follow immediately from the weak forms
(1.5)—(1.6), and the bounds in (1.21) follow from Proposition 2.4. For example, if
V is an open set with V' C Q x (0, 00), then the strong convergence of u% to u in

V implies that 1% = ufj +(Vu®)u® — 4 in D'(V), so that Vi’ — Vi in D' (V).
The bound

// )3|Vadi (x, )| 2dadt < C(Co + Cf)° (4.3)

in Proposition 2.4 then shows that V% — Vi weakly in L%(V), so that Vi
satisfies (4.3) as well. Since V is arbitrary, we conclude that

/ / o3| Val2dzdt < C(Co + Cy)°.
0 Q

A similar argument applies to the other terms in (1.21). Note that if inf pg > 0,
then //a|u5f|2d:cdt < C(Cy+C4)?, so that //a|u|2dzdt < C(Cy+Cy)?, which

proves the last assertion in the statement of Theorem 1.1.

To complete the proof we need to establish the Holder continuity in (1.19) for
F and w, which will then imply the strong form of the boundary condition (1.20)
for t > 0. To do this we first prove the bound

/ o (2, D) [0 (@, 1) 8z < C(7) (4.4)

for t > 7 > 0, where C(7) is again independent of . The proof of (4.4) is straight-
forward but formidably technical, and parallels the proof of (2.5): we differentiate
the second equation in (1.1) to obtain an evolution equation for |i|®, then inte-
grate. We omit the details. Taking (4.4) as given, we then apply Lemma 2.3(c)
and the bounds in Proposition 2.4 to obtain that

(FO(,1),0° (1)) ® < CIIVF (1), Vo (1) o)
< (1)

for ¢ > 7 > 0. The proof of Hblder continuity in time follows by an argument
similar to that given above in (4.2) for u°, except that the weaker information

/:2 /Q ((Ft(S +lwf| ) dxdt < C(1)

for to > t1 > 7 > 0 results in an estimate for the slightly weaker seminorm
<F67 >1/2 1/8 0
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