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Abstract. This paper deals with the spectral element discretization of the Navier—Stokes equa-
tions in a disk with discontinuous boundary data, which is known as the driven cavity problem.
The numerical treatment does not involve any regularization of these data. Relying on a varia-
tional formulation in the primitive variables of velocity and pressure, we describe a discretization
of these equations and derive error estimates in appropriate weighted Sobolev spaces. We propose
an algorithm to solve the nonlinear discrete system and present numerical experiments to verify
its efficiency.
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1. Introduction

The term “driven cavity problem” is usually employed to describe the Navier—
Stokes equations in a bounded domain, when the tangential component of the
velocity is constant on part of the boundary and zero on its complement. We
consider these equations when the domain € is the unit disk in R? and its boundary
99 is divided into two connected components f‘o and 1:‘1:

—Au—f—%rou—i-gradp:f in Q,

divu =0 in Q,
u-n=0 on 99, (1.1)
u-T=gq onf‘o,
u-T=q onf‘l,

in the slightly more general case where the data are a density of body forces f and
two sufficiently regular functions gyp and g;. We are particularly interested in the
case where these functions do not coincide at the common endpoints of Ty and T;.
The unknowns in this problem are the velocity u and the pressure p, while the
viscosity v is a fixed positive parameter. The discretization of problems set in
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the same domain and with the same possibly discontinuous boundary data has
been analyzed for several systems of linear equations, say the Laplace equation
[6], the bilaplacian equation [1] and the Stokes problem [2]. However, handling
the nonlinear terms in (1.1) leads to different types of difficulties.

The analysis of this system as for the linear one relies on a weighted variational
formulation, where two different weights appear. Indeed, we use polar coordinates
in the disk, which gives rise to the weight equal to the distance to the center of the
disk. Moreover, since the solution of the problem cannot be sought in a standard
Hilbertian Sobolev space in the case of discontinuous boundary data, we introduce
another weight, equal to a fixed positive power of the distance to the boundary. So,
in a first step we must prove the existence of a solution of the variational problem
associated with system (1.1). The arguments for this proof are the same as in [12]
where the existence in more usual (unweighted but non Hilbertian) Sobolev spaces
is established.

In a second step, we only consider the case where the data gy and g; are dif-
ferent constants. The analysis of the spectral discretization of the Navier—Stokes
equations in a disk with continuous data is performed in [5, Chap. XII], however
the type of discretization that we study here is rather different. We propose a
mortar spectral element discretization of problem (1.1), built from its variational
formulation by the Galerkin method with numerical integration. Indeed, the mor-
tar element method [8] seems ideally suited for handling discontinuities of the
data since it relies on a nonconforming approximation of the variational spaces on
a partition of the domain (the continuity through the interface is just enforced in
a weak way). We choose discrete spaces of velocities and pressures such that the
discrete velocity is (nearly) exactly divergence-free, which prevents us from deriv-
ing an optimal inf-sup condition on the pressure (we refer to [7, Chap. V] and [5,
Chap. X] for the explanation of this contradiction). The numerical analysis of the
corresponding discrete problem relies on the properties of the analogous discretiza-
tion of the Stokes problem, as studied in [2], together with the discrete implicit
function theorem [9], and leads to optimal error estimates on the velocity. Even if
the convergence order is weak for discontinuous boundary data, this convergence
property was apparently unknown before, since most often a regularization of the
data is used in the discretization of the problem.

Finally, we describe the algorithm that is used for the implementation of the
nonlinear problem. The main idea is that the mortar matching conditions can be
handled thanks to the introduction of a Lagrange multiplier, according to an idea
of [3]. An iterative algorithm is added to treat the nonlinear term. We present
numerical experiments in the standard case of the driven cavity problem, i.e. with
the data gy equal to zero and g; equal to 1. The convergence results are in good
agreement with the theoretical ones, at least for a large enough viscosity v.

An outline of the paper is as follows.
e In Section 2, we describe the weighted spaces that are needed for the analysis
of problem (1.1). Next, we write the variational formulation of the problem in these
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spaces and prove the existence of a solution.

e Section 3 is devoted to the description of the mortar discrete problem.

e In Section 4, we prove the existence of a solution of this problem in a
neighbourhood of a solution of problem (1.1) which is nonsingular in the sense of
[9]. We also derive error estimates between the exact and discrete velocities that
are of the same order as for the (linear) Stokes problem.

e In Section 5, we describe the algorithm for handling the nonlinear term and
present some numerical results.

2. The continuous Navier—Stokes equations

The first idea consists in translating equations (1.1) in polar coordinates, as per-
formed in [5, Chap. I], [6] and [1] for other types of problems or formulations.
Indeed, we observe that the change of variables

xr=1cosf, y=rsinb,

maps the disk Q onto the rectangle Q = [0, 1[x [0, 2], while the sectors Qo and €,
such that 0y NI and 90 N IN coincide with 'y and T'y, are mapped onto the

rectangles
Qo = [0,1[x]0,600] and Q4 = [0, 1[x]6p, 27|,

for a fixed angle 6y, 0 < 6y < 2m. We denote by T'g, I'1, I'p1 and I'1p the images
of Ty, Ty and of the two segments in 9Qy N Q. This notation is illustrated in
Figure 1.

~

Iy

To I

To % Tl o, I'1o0

FiGc. 1.
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On €, we introduce the following differential operators in polar coordinates,
defined on scalar functions, first the scalar Laplace operator

A, =02 +r710, +r7203,

next the vector-valued gradient and curl

. Oy o r1 Op
grad, = <r‘1 30) , curl, = < vy > ,

and finally the divergence operator defined on vector-valued functions v = (v, vg)
by

div,v = dvvp + 17 o + 77 Gyug.
Let us denote by u, and ug, resp. by f. and fp, the radial and angular com-
ponents of the velocity w, resp. of the data f. As described in [5, §I1X.2], the
Navier—Stokes equations (1.1) then write
—0u, —r~ 1 Opup + 12w, — 72 8gu,, +2r72 Jgug
—|—% (uT Oty + 7 ug Ogu, —rt ug) +0p=fr in Q
—afug—r_lﬁrue +r 2y — 7“_283’(1,9 — 2r29yu,
+% (urﬁrue + 1 L upOpug + 1, ue) +r 71 Op = fo in Q

Oty + 1 Yy + 771 Jgug = 0 in Q, (2.1)
(ur,ug) = (0, go) on Ty,
(ur ,ug) = (0,91) on I'q,
(ur, ug)(+,0) = (ur, ug)(:, 27) on I'yg,
(Optur, Dgug) (-, 0) = (Dgur, Dpug) (-, 27) on TI'yp.

2.1. The weighted spaces

From now on, we fix a real number «, 0 < o < 1. According to the ideas developed
n [6] and [1], weighted Sobolev spaces are needed to handle the possible disconti-
nuity of the boundary data in (1.1), hence to write the variational formulation of
problem (2.1). So, on the interval Z =]0, 1], for any real number p, 1 < p < 400,
and for any separable Banach space E with norm || - ||z, we consider the spaces

1
LP(T;E) = {v : 7 — F measurable; / lo(r)||%r(l —r)*dr < +oo}.
0

We denote by L2(Z) the space LP(Z;R), and by LE () the tensorized space
L? (I ; L7 (0, 2n)) All these spaces are provided with natural norms.
We introduce the spaces of vector functions

XL(Q) = {v = (v, v9) € L2(Q)% (D, Drvg) € L2()?
and (r—l (vy + Bgvg), ™ (Opvy, — 'UO)) c Li(Q)Q}
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Owing to this definition, it is proven in [5, §I1.3] that sufficiently smooth functions
v in XL () satisfy

(v + Opv9)(0,0) = (Fpv, — v9)(0,0) =0, 0<6 < 2m,

and that these nullity properties are the correct ones for the velocity w = (u,, ug)
when it is smooth enough. We also introduce two subspaces of X! (), namely

X}Iﬁ(Q) = {v € X} (Q); v(-,0) = v(-,2m) on]0, 1[},
X)) ={ve Xiu(Q); v=00nToUT}}.

These spaces are provided with the norm

[vllxz @) = (||Ur||2L§(Q) + ||U9||2Lg(9) + ||8rvr\|%g(9) + HarUGHQLg(Q)
1

1 (o + Bu) 32 o + I @ovr — )2 y)
and the seminorm

lv|x1 (@)
1

_ _ 2
= (100 2 () + 100033 o+ ™ (0 +0000) 132 )+l Dovre—v0) 135 )

We also need the following spaces
M, = {q € L2 (9); / qr(l —r)*drdf = 0}.
Q
My, = {q € L2 (Q); / qrdrdd = O}.
Q

Note that, since o is < 1, both M;,, and Ma,, are closed subspaces of L2 ().

2.2. The variational formulation

The variational formulation of problem (2.1) now reads:
Find a pair (u = (uy,up),p) in thm(Q) X M, with

(i ug) = (0,g0) on To  and  (u,ug) = (0,1) on Tp,  (2.2)
such that
Vo = (v, v9) € X0o(Q),  aa(u,v) 4 bia(v,p) + Co(u; u, v)
:/(fr(r,ﬂ)vr(rﬁ)Jrfe(r,@)vg(r,ﬂ))r(l—r)a ards,  (2.3)
Vq € Ms,, bga(z,q):(),
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where the bilinear forms a,/(+, ), b1a(:, ) and bay(+,-) are defined respectively by
ao(u,v) = / (Orur Or (v (1 = 1)) + Orug Or (vg(1 — 1)) 7 dr db
Q

—|—/ ((ur—i—ague)(vr—i—@gvg) + (ue—agur)(vg—agvr)) ’I"_l(]. —7r)%drdf,
Q

bia(v,q) = —/ (Or (v (1 =7)*) + 7 0 (L= 1) + 17 gy (1 — r)*) grdr db,
Q

b2a(v> Q) = / (arvr + rt U + rt 60”9) q?“(l - T)a dr do,
Q

while the trilinear form C,/(+;-, ) is defined by

1
Co(w;u,v) = = / Wy (Opty vy + Opug vg) (1 — r)* dr db
Q

v

1
+ > / wy ((Bgur — ug)vy + (Bgug + ur)vg) (1 — )™ dr df.
Q

Problems (2.1) and (2.2)—(2.3) are equivalent in the following sense:

e any solution (u,p) of (2.1) which belongs to Xiﬁ(ﬂ) X M, is a solution of
(2.2)—-(2.3),

e any solution of (2.2)—(2.3) is a solution of (2.1) when the partial differential
equations are taken in the distribution sense.

In contrast to most variational formulations, the linear part of the problem
(i.e. with % equal to zero) is not of standard saddle-point type, however its well-
posedness is proven in [2, Thm 2.6] by using the arguments in [11] and [4, §2].
Moreover, we introduce the kernels, for ¢ = 1 and 2,

Via - {’U € X(llo(Q); Vq € Mia» bia(vaq) = 0}
It is readily checked that
Vi = {v € X((Q); div,(v (1 —r)*) =0 in Q},

24
Voo = {v € X} (Q); div,v =0 in Q}. 24
Let us also introduce the subspace
Vi, = {v e X,(Q); div,o =0 in Q}.
Then, problem (2.2)-(2.3) admits the reduced formulation
Find u in V%, satisfying (2.2) and such that
Yo = (U, 09) € Vi, aa(u,v) + Co(u;u,v)
(2.5)

= /Q(fr(T, 0)vr(r,0) + fo(r,0)vg(r,0)) r(1 —r)* drdo.
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2.3. Some properties of the bilinear and trilinear forms

The continuity of the three bilinear forms aq(, ), b1a(+, ) and baq (-, ) on XL () x
X10(Q), XLo(Q)x L2 (Q) and X (Q) x L2 (Q), respectively, is derived in [2, Lemma
2.1] from Hardy type inequalities. Moreover, the following inf-sup conditions are
derived in [2, Lemmas 2.2 & 2.3]: there exist positive constants §;, ¢ = 1 and 2,
such that

Vge Mo, swp om0 s g 26)
vext (@ |lvllxy @
From this property, it is readily checked that problems (2.2)—(2.3) and (2.2)—(2.5)
are equivalent in the following sense:

e for any solution (u,p) of problem (2.2)—(2.3), the velocity w is a solution of
problem (2.2)—(2.5),

e for any solution u of problem (2.2)—(2.5), there exists a unique pressure p in
M, such that (u,p) is a solution of problem (2.2)—(2.3).

The form a(-,-) is elliptic on XL,(€), however this is not sufficient for the
analysis of problem (2.2)—(2.5). So, we recall from [2, Proposition 2.4] the next
property. Let T, be the operator defined as follows: any function w in Vg, is
divergence-free, hence there exists a function 1, unique up to an additive constant,
such that u = curl,v; thus, we fix the constant such that 1 vanishes at r = 1 and
take Tou equal to (1 — )~ curl, (¢ (1 —r)®).

Lemma 2.1. The operator T,, is an isomorphism from Vo, onto Vi,. Moreover,
there exists a real number ay, % < g < 1, and a positive constant v only depending
on « such that, for all a, 0 < a < ag, the following property holds

Vu € Voo, ao(u,Tou) >y ||u||§(é(9). (2.7)

From now on, we work with an a < «q, where ag > % was introduced in the
previous lemma. Indeed, when this condition holds, by combining all the previous
arguments, we derive that, in the linear case (i.e. for L = 0), problem (2.2)—(2.3)
has a unique solution (u,p). So, we must now investigate the nonlinear term. We
begin with a lemma which is proved in [5, §IX.2] for instance.

Lemma 2.2. The space XL () is imbedded in L*(Q)? with a continuous and
compact imbedding.

We now state the properties of the form C,(-;-,-). The continuity property is
a simple consequence of Holder’s inequality.

Lemma 2.3. There exists a constant ¢ independent of v such that the following
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continuity property holds
Vw € L (Q)? Vu € XL(Q), Yo € L1(Q)?,

c (2.8)
| Co(w;u,v)| < > w21 ()2 [|ullxz @) [[v]lLs 2

Unfortunately, the form C,(+; -, -) does not satisfy the same antisymmetry prop-
erties as for the unweighted formulation of the Navier—Stokes equations, but only
the restricted one

Vv € Vi,,Vu € Xin(Q), Co(v;u,u) =0, (2.9)
which is not sufficient in what follows. So, we need a further property that is

stated in the next lemma.

Lemma 2.4. For any o, 0 < a < g, there exists a constant \ such that the
following property holds

o
Yw € Voo,V € Voo, | Co(w;u, Tou)| < A > Hw||xé(Q)HuH§ql(Q). (2.10)

Proof. We derive from (2.9) that
Co(w;u, Tou) = Cp(w — Tyw; u, Tou) — Co(Tow; u, u — Thu),
whence, from Lemmas 2.2 and 2.3,
| Ca(w;u, Tou) |
< g ullx1 () (lw—Towl||x1 (o) ITawlx1 o) + [ Tawllxy @ v — Taulx1 (0))-

Moreover, it follows from the definition of T, that, for any function u = curl, v,
T, is equal to u—a z(u), with z,(u) equal to zero and zg(u) equal to 9 (1—7)~L.
Thanks to standard Hardy inequalities, it can also be checked [2, Lemma 2.7] that
there exists a constant ¢ only depending on «g (but not on «) such that

12(w)llxs @) < cllullx @)

Combining all this yields the desired result.

2.4. Existence and uniqueness for homogeneous boundary conditions
In a first step, we need a density result.
Lemma 2.5. The space Xiu(Q) 1s separable.

Proof. This separability property is an easy consequence of the density of the
space Dy(2) of infinitely differentiable and periodic functions on €2 in X(lxu(Q)~
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Any function v in Xéﬁ(Q) admits the Fourier expansion Y, _, v* €™’ and it is
readily checked that the series (v )k of truncated Fourier approximations vg =
Zii_x v* e converges to v in Xaﬂ(Q). Moreover, the Fourier coefficients v*
of v belong to appropriate Sobolev spaces on [0, 1], identified in [5 §II.3.b], and
proving the density of D([0,1]) in these spaces follows from standard arguments.

By using Brouwer’s fixed point theorem, we are now in a position to prove the
existence result. However, we first consider problem (2.2)—(2.5).

Proposition 2.6. In the case of homogeneous boundary conditions go = g1 = 0
and for any data (fr, fo) in the dual space of X}xOo(Q); there exists a real number
ax, 0 < a < ag, such that, for any o, 0 < a < ., problem (2.2)—(2.5) has a
solution u in Va,.

Proof. We derive from Lemma 2.5 that there exists an increasing sequence of finite-
dimensional subspaces V7, n > 0, of Vg, such that U,>o V7 is dense in Vy,. The
proof is then performed in two steps.

Step 1) We define a mapping ® from Vs, into its dual space and, by restriction,
from each V72 into its dual space by

(P(u), w) = an(u, Tow) + Cy(u; u, Tow)
- /Q(fr(rv 0)(Tow),(1,0) + fo(r,0)(Taw)e(r, 9)) r(1—r)*drdf,

where the last integral can be replaced by a duality product when necessary. The
continuity of this mapping follows from Lemmas 2.1 to 2.3. Moreover, we deduce
from Lemmas 2.1 and 2.4 that, for all u in Vg,

«
(®(u),u) > 7 [[uf%1 ) — A = w3 0y = el llxa @ lellx @

(it can be checked that the constant v in (2.7) depends continuously on «, so for
a while we denote by ~ the minimal value of this constant for o running through
[0, ag]; similarly, A stands for the maximal value of the constant in (2.10) for
a running through the same interval). It is readily checked that, if « is > o/,
X1,,(€2) is imbedded in X1, (2) and moreover that, for smooth enough functions
v, the mapping: o — ||v[|x1(q) is decreasing. So, the mapping: a — [/ f|[x1 ()
is increasing, and the previous estimate leads to

«
(@(u),u) >y ||u||§<}!(9) - A P ||u||§(i(9) —c ||f||X;00(Q)/||U||X;(Q)-
Let us now fix an o* such that
a*
7 — 4deA ~ 1%z, 02 >0,

and, for each a < o, take p, such that
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Thus, for each n, (®(u,),u,) is nonnegative on the sphere of V2 with radius .
So, applying Brouwer’s fixed point theorem [10, Chap. IV, Cor. 1.1] yields that
there exists at least a function w,,, with ||u,||x1 (@) < fa, such that ®(u,) = 0.

Step 2) The sequence (wy,),>0 of these solutions is bounded in X2 (), so there
exists a subsequence, still denoted by (w,,)n>0 for simplicity, which converges to a
function u weakly in X} (Q) and, from the compactness property stated in Lem-
ma 2.2, also converges to w strongly in L% (Q)2. Since the sequence (V7), is
increasing, we have for all integers ng and n > ny,

Ywp, € V3o, (®(uy,), wy,) =0.
Thanks to Lemma 2.3, letting n tend to +oo gives
vwno € VZO’ <(I)(u)’ wno> =0.

Finally it follows from the density of U,>oV] in V3, that u is a solution of
problem (2.2)—(2.5).

Theorem 2.7. In the case of homogeneous boundary conditions go = g1 = 0,
for any data (fr, fo) in X&,0(Q)’, problem (2.2)<(2.3) has a solution (w,p) in
X}yO(Q) X Mla-

Proof. When « is < a*, the existence of a solution u of problem (2.2)-(2.5) is
established in Proposition 2.6 and then the existence of a function p such that
(u,p) is a solution of problem (2.2)—(2.3) is an easy consequence of the inf-sup
condition (2.6) for ¢« = 1, see [10, Chap. I, Lemma 4.1]. When « is > o, the
solution (u*,p*) of problem (2.2)—(2.3) for @ = a* is a solution of problem (2.1).
Moreover, it follows from the imbedding of X}, into X!, for all @ > a* and also
of L2.(Q) into L2 () that this solution, up to an additive constant on the pressure
(depending on «), is also a solution of problem (2.2)—(2.5) for all a > a*.

As is usual in the case of the Navier—Stokes equations, the uniqueness result
requires some further assumptions.

Theorem 2.8. In the case of homogeneous boundary conditions gg = g1 = 0 and
for 0 < a < ag, there exists a constant co such that there is at most one solution
(u,p) of problem (2.2)~(2.3) in X1,(Q2) x My, which satisfies

YV

< —. 2.11
T da+c ( )

||U||X;(Q)

Proof. Let (u1,p1) and (us, p2) be two solutions of problem (2.2)—(2.3) such that
both u; and wugy satisfy (2.11). Thus, we have

Yo € Vig, ao(ur —u2,v) = —Cq(ur;ur,v) + Cy(ug; uz,v).

Next, we set u = w1 —us and we take v equal to T, u in the previous line. Thanks
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to Lemma 2.1, this yields
Y llulx: @) < —Calur;u, Taw) — Co(u; ug, Tou).
Using Lemma 2.4 for the first term and Lemma 2.3 for the second term gives
Yl @) < Tl @ (A el @ + - luzllxy ).
For an appropriate constant ¢y in (2.11), this yields that the function w satisfies

for a constant p < 1, hence is zero. So, u; and us coincide. Finally, using the
inf-sup condition (2.6) yields that p; and py also coincide, whence the result.

However, this uniqueness result is rather restrictive, limited to solutions of
small magnitude. We therefore intend to handle the case of possibly non unique
solutions for the discrete problem.

2.5. Existence and uniqueness for nonhomogeneous boundary conditions

As is standard practice of the Navier—Stokes equations, the existence result in this
case is derived from an analogue of Hopf’s lemma that we now prove. Let g denote
the function equal to go on I'g and to g1 on I'y. We recall from [2, Thm 2.6] that,

for a < o and for any data g in H*z* (ToUT}), the Stokes problem (i.e. problem
(2.1) with 2 = 0) with right-hand side f = 0, has a unique solution (@, ). The
velocity w satisfies

div,u=0 inQ and @ =(0,9) onToUT}y, (2.12)
together with the estimate

u < 1o _  _ . .
ey < elloll, 5o (213)

The following lemma states the appropriate version of Hopf’s lemma for the
present situation.

Lemma 2.9. For any o, 0 < a < ay, for any data g in Hl_Ta(FO UTy) and for
any positive real number €, there exists a function uc in Vga such that u. is equal
to (0,g9) on I'o UT'y and satisfies

el < @) ol e g p e Melar < 2lgl e o (214

where the constant c(e) possibly depends on e.

Proof. This result is rather standard, so we only sketch the proof. For any n > 0,
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there exists [10, Chap. IV, Lemma 2.4] a function 6,, of class C? on [0, 1] such that

1 ifr>1—en
On(r) = e and sup |6, (r)] < n
0 ifr<1-—2e 7, re[0,1] 1—7r

Now, since the function @ introduced in (2.12) is divergence-free, there exists
a function ¢ in L2(Q) such that @ = curl.+. The idea is to choose u. =
curl, (6, 9), so that u. is divergence-free and is equal to (0,g) on Iy UT;. More-
over it has a compact support in a neighbourhood of Ty UT;. So standard argu-
ments [10, Chap. IV, Lemma 2.3], [12, Lemme 1.4] lead to estimate (2.14) for an
appropriate choice of 7.

Theorem 2.10. For any data (fr, fo) in XL o(Q) and (go,g1) in Hz(Ty) x

aoO

Hz (), problem (2.2)~(2.3) has a solution (u,p) in X14(Q) x Myg.
The proof is very similar to that of Proposition 2.6, so we only sketch it.

Proof. For some ¢ > 0, we set: ug = u — u., where the function w,. is introduced
in Lemma 2.9. Thus the function ug belongs to Vs, and is a solution of

Vv = (vy,v9) € Via, aa(to,v) + Co(uo; uo, v) + Co(uo; Ue, v) + Co(ue; uo, v)
= / (fr(r, N (r,0) + fo(r,0)vy(r, 9)) r(1 —7r)%drdf — Cy(us; ue,v).
Q

So, for the same sequence (V?),>o as in the proof of Proposition 2.6, we define
the mapping @ from Vs, into its dual space and from each V7 into its dual space
by
<(I)0(u0)a w> = aa(u07 Taw) + Ca(uo; U, Taw) =+ Ca(uo; Ue, Taw)
+ Ca <u£§ Uuo, Taw>

- /Q (f+(r.0)(Tow) 0, (7, 6)
+ fo(r,0)(Tow)y(r, 9)) r(1—r)*drdf

— Colug;ue, Tow).

By combining Lemma 2.9 with Lemmas 2.3 and 2.4 and the modified continuity
property (which is derived by integration by parts)

Yw € XL (Q), Yu € LE(Q)?, Yo € X}ln(Q),

¢ (2.15)
| Co(w;u,v)| < > |wllxz @) llullzs (@2 lvlixz @),
we obtain
@
(®o(w0), u0) > 7o [0l () — A > [woll%i () = F= lluollxz )
where 7 is equal to v — ZCTE and the quantity F. only depends on the norms of f in

X1 (9, goin H2(T) and gy in H=(T';) and also of e. So, taking & small enough

a()O
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and using the same arguments as in the proofs of Proposition 2.6 and Theorem 2.7
give the existence of a solution (u,p).

We skip the proof of the following result, since it relies on exactly the same
arguments as for Theorem 2.8, combined with the modified continuity property

a
Yw e Vi, Vu € Voo, | Co(w;u, Tou)| < A > ||wHX(1)(Q)||u||§(;(Q). (2.16)

Theorem 2.11. For 0 < a < ay, there exists a constant ¢y such that there is at
most one solution (u,p) of problem (2.2)~(2.3) in X,() x Mo which satisfies
(2.11).

To conclude, we introduce the scale of Sobolev spaces Y2 (2) as follows: when
s is a positive integer m,

V() = {ve L2(Q); 0v € LZ(Q)andr™ ™ d5'v € L2(Q) }; (2.17)

When s is positive but is not an integer, the space Y.?(Q2) is defined by appropri-
ate Hilbertian interpolation between Y/"*1(Q) and Y/*(Q), with m equal to the
integral part of s. Then it can be noted that, when the data f,. and fy are smooth
enough, say in L?(Q2) and the pair (go, g1) belongs to H: (Tp) x H%(I‘l), any so-
lution (u,p) of problem (2.2)-(2.3) belongs to Y$(Q2)? x Y:~1(Q) for all s < 14§
(this is derived by a bootstrap argument, relying on the analogous property for
the Stokes problem, see [2, Prop. 2.7]).

Remark. Each Fourier coefficient with respect to 6 of the velocity belongs to a
weighted space on the interval Z =]0,1[ and is a solution of a one-dimensional
variational problem. For instance, the Fourier coefficients of order £1 of the
velocity belong to the spaces

H..(T) = {¢=(pr.v0) €LL(T)*; ¢ € LL(2)* and r~" (¢, +(£i)po) € Lo (D)},
(2.18)
and the test functions of the corresponding one-dimensional problem run through
the subspace H., , ((Z) of H.  (Z) consisting of all functions vanishing at r = 1.

3. Description of the discrete problem

As already explained for the Stokes problem [2], writing down the discrete problem
is rather complex, for the following reason: Smooth functions in X}!u(Q) do not
have a null trace on the line r = 0. It can however be checked [5, Thm II.3.6]
that all their Fourier coefficients with respect to 6 vanish on this axis, except
the coefficients of order £1. On the contrary, the intersection of X}xﬁ(Q) with
piecewise polynomial functions is made of functions vanishing at r = 0, so that
this space provides a very poor approximation of the Fourier coefficients of order
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=£1 of functions in Xiu(Q)- A different approximation of these Fourier coefficients
must therefore be introduced.

When going back to the exact solution (u,p), we observe that it admits the
expansion

u=ua+u’, with u®=u"e ¥ +utet?,

(3.1)

p=p+p° with p®=p e’ +pte?,
where u® and p* denote the Fourier coefficients of order +1 of w and p. Each pair
(u®, pT) is the solution of a one-dimensional Stokes problem on [0, 1[, while (@, p)
is a solution of a problem of type (2.1) with modified data and a nonlinear term.
Consequently, the discrete problem is a system of equations of different types: two
one-dimensional problems in order to approximate the Fourier coefficients of order
41, and a problem on 2 to approximate the remaining part of the solution.

We first introduce the basic tools for the discretization, namely the discrete
spaces and the corresponding quadrature formulas. Next, we describe the discrete
problem in the linear case (i.e. for % = 0). Finally, we present the discrete problem
corresponding to the full system (2.1).

In all that follows, the discretization parameter N is a fixed positive integer
> 2. From now on and for simplicity, we only handle the case we are interested in,
i.e. we assume that go is zero and ¢ is a fixed constant £. Thus, condition (2.2)
is replaced by

(up,up) = (0,0) on Ty and (up,up) = (0,€) on T4y. (3.2)

3.1. Discrete spaces and quadrature formulas

We first introduce the following polynomial spaces, for any n > 0:

(i) For any interval A, P,(A) stands for the space of polynomials with one
variable and degree < n. More specifically, P, (Tg) and P, (T';) denote the spaces
of polynomials with degree < n with respect to 6 on I'y and I';, respectively,
while P,,(T'g1) and P,,(I'19) denote the spaces of polynomials with degree < n with
respect to r on I'g; and I'yq, respectively.

(ii) P, (Qp) and P, () denote the spaces of polynomials with degree < n with
respect to r and 6 in Q4 and €2y, respectively.

(iii) P% (€2¢) is the space of polynomials in P, (€2¢) that vanish at r =0, £ =1, 2.

Finally, for any pair (m,n) of nonnegative integers, we introduce the spaces
Ppn(€), £ = 0 and 1, of polynomials on €, with degree < m with respect to
r and < n with respect to . Note also that, for simplicity, we use the same
notation for real and complex valued polynomials (these last ones are needed for
the approximation of the Fourier coefficients of order +1).

As usual, for any pair (a, ) of real numbers > —1, (J), stands for the
family of Jacobi polynomials: each polynomial J%# is orthogonal to the other
ones on | — 1,1] for the measure (1 — ¢)*(1 + ¢)?d¢. The Legendre polynomials
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43

J9%0 are denoted by L,. In the r-direction, we use the
quadrature formula:

weighted” Gauss—Radau

1 N
VB e Puv-a(-L D, [ BO- 001+ =Y Bt
-1 i=1
where the nodes (¢, 1 < i < N, are the zeros of the polynomial (1 — () J]O\‘,tll’l
in increasing order (we refer to [6, Appendix A] for its complete analysis and the
values of the weights w$ which are positive). In the #-direction, we employ the
usual Gauss—Lobatto formula: we recall that
1 N
Ve e Py (-1, [ BOd =Y 2
—1 :
7=0
where the &;, 0 < j < N, are the zeros of (1 — ¢?) Ly in increasing order and the
corresponding weights p; are positive. We therefore set
a_1+<ia 7T—90 27T+90
TE= Ty 5 &+ 5
For the one-dimensional problems set on the interval Z =0, 1], we only use
the Gauss—Radau quadrature formula in the r-direction. So we define the discrete
product on all continuous functions ¢ and ¢ on [0, 1] by

(p,90) % =27 QZw

The interpolation operator at the nodes r&, with values in Py_1(Z), is denoted by
in—1. For the two-dimensional problem, the discrete scalar product is defined on
all functions that are continuous in both ¢ and €7 by

(u,0) y =27 3(9022 i 00;)0(r7", 0o) Wi pj
=1 j=0
N N
+2m—00) > u(ry,01;)v Z,elj)w;“pj).

=1 j=0

0 2
:50(53-+1) and 0y; =

(3.3)

For ¢ = 0 and 1, we also introduce the Lagrange interpolation operators j](\f), at

all nodes 65, 0 < j < N, with values in Px(I'), and Il(\f), at all nodes (r;,0;),
1<i<N,0<j <N, with values in Py_1 n(€).

For the one-dimensional problems, the discrete spaces are made of polynomials.
We introduce the space Xﬁ of all polynomials ¢ = (N, wen) in Py (0,1)% such
that the term o, x +(£i)pgx vanishes at 7 = 0. We also consider the subspace X£°
of polynomials in ij\t, vanishing at » = 1 and the space My equal to Pnx_1(0,1).

For the two-dimensional problem, the choice of the discrete space of velocities
is that of the mortar element method [8] in the simpler case of a conforming
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decomposition but with weights. As in [6], we define the space Yy (Q2) to be the
space of all functions vy such that:

(i) the restriction of vy to each Qg, ¢ = 1,2, belongs to P4 (),

(ii) the following matching condition holds on each T'yy, k¢ = 01 and 10:

b € Pr—a(The), / (on 100 — v 1) () () r(L—r)*dr =0, (3.4)

Next, we set:

XN:YN(Q)XYN(Q) and XO Z{’UNEXN; ’UNZOODF()Ufl}.

Remark. It is proven in [6, §3] that, due to the matching condition (3.4), the
jump of each function vy in Yy (92) on each T'y, can be written as

N+1
(0 00 = vn 1)) = ane (TR + = JRL)@r =1 (35)

This leads to the following observation:

e The functions in Yx(€2) and Xy are not necessarily continuous at the in-
tersection of I'y and I';, which is suitable for handling discontinuous boundary
data.

e However, the functions in X% are continuous across I'p; and across I'jg, so
that X is contained in X! ().

For these reasons, the method is said to be semi-conforming.

Finally, we choose the discrete space which approximates M;, and Ms, as
equal to
My = {an € L2(Q); a0, € Pv-1.n(Q), £=0,1}. (3.6)
To conclude, we introduce very accurate polynomial approximations e]iv of e+
of degree < N with respect to # which preserve the periodicity of e**® up to
the order 2. Since the functions e**’ are analytic, the distance between these
functions and their approximations eﬁ in H'(0,27) behaves like ce= " and is
always neglected in what follows.

3.2. The discrete Stokes problem

We first define the Fourier coefficients of order 1 of the boundary data in (3.2):
In = 5= (1 —e), IN =5 (1—e™"). (3.7)

Next, we set:

gno(0) = —gy ey —gh ek,  Ini=E&—gyen — 9N en- (3.8)
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For the sake of generality, in order to compute the Fourier coefficients of f, we
use the Gauss—Lobatto quadrature formula. This gives

N N
f]_V(T) = i <90 Zf(?", 90j)ei9w p; + (21 — 6y) Zf(r7 91]') 1015 Pj)a

7Y = (3.9)
1 N » N ,
fztr(r)zzl—(eo f(r,005) e pj + (2m — 6y) Z.frelj llej)-
™ = =
Next, we set: R
Fn(r0)=F(r0) — fyen — Fyek (3.10)

In the next step, we first introduce the bilinear forms corresponding to the
one-dimensional problems

an+ (¥, on) = (W, (1=1) " (prn (1=1)%)) 5
+ (s (1L =7) " (pan (1= 1)%))
+2(r M (Yrn + (ii)¢9N)v7"_1(<PTN+(ii)<P0N))jV7
bine(en, xn) = —(xn, (1=1) 7 (orn (1= 1)) + 77 oy + 1771 (Ei)on) s
bans(@n, XN) = — (X, oy + 77 orn 17 (Fi)pon)
Then the one-dimensional discrete problems can be written as
Find a pair (u% = (uby,uiy), p3) in X x M$, with
qu(l) =0, uétN(l) = gzﬂ\tra (3.11)
such that
Von = (orv, pon) € X3 ant(uy, ¢n) +binve(on, Py)
= (f;tNNPrN)jv + (fétN’SDGN)jv’ (3~12)
Vxn € MY, bons(ui,xn)=0.
Remark. The one-dimensional problems proposed in [2, Appendix B] are slightly
different since an unweighted formulation (« = 0) is considered there. This comes
from the fact that these problems are not coupled with the two-dimensional one for

the Stokes problem but are coupled for the Navier—Stokes equations as it appears
later on.

We also consider the forms associated with the two-dimensional problem
an(un,vn) = (Orurn, (1 —7) "% Op(vpn (1 — r)a))N
+ (Bruon, (1 — 1)~ Oy (von (1 —1)%))
+ (r (urn + Oguon), "t (ven + 3eUeN))N

+ (17 (ugn — purn), " (von — Bovrn)) s
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bin(vn,an) = —((L =)0 (v,n (L= 1)) + 77 ow + 77" Bpvon, an) s
bon (un, qn) = — (Brury + 17wy + 77 89U9N7QN)N-
The discrete problem can now be written as
Find a pair (ay = (t,n,Uen),DN) in Xy X My, with
(Urn ,Ugn) = (0,Gn0) on Ty and (d,.n,%en) = (0,gn1) on Ty, (3.13)
such that
Yon = (vyn,ven) € XY, an(@n, vn) +bin(vn, Py)
= (fen,ven) N + (fon, von) N, (3.14)
Vgn € My, ban(un,qn) = 0.

The global problem reads
Find a pair (un,pn) such that

uy =ay +ufy, with ul =uyey+ulek, (3.15)
Py =Dy + PR with PR =py ey + ok ex '
where each (u%,pi) is a solution of problem (3.11)~(3.12) and (an,pn) is a
solution of problem (3.13)—(3.14).

Remark. It follows from the choice of the discrete spaces My, and My that the
velocity wy in (3.15) is nearly divergence-free, in the sense that the function
an +uye  +ufe, (3.16)

is divergence-free. However, the space My contains spurious modes on the pres-
sure (which are identified in [2, Lemma 3.1]), so that there is no uniqueness of
the pressure py in the solution (@, pn) of problem (3.13)—(3.14). In fact, we
are more interested in the convergence of the discrete velocity uy and in the pos-
sibility of recovering an exactly divergence-free velocity. Moreover, an accurate
approximation of the pressure can be computed from w in a postprocessing step.

3.3. The discrete Navier—Stokes problem

We first introduce the discrete trilinear form which approximates Cy(+;-, ). For
smooth enough functions w, u and v, this is defined as

1
Cn(w;u,v) = 5 ((wr 8rur,vr)N + (w,« &ua,vg)N

-+ (7’*1 We (agur — UQ), ’UT)N + (7"71 We (89u@ -+ ur), ’Ug)N>.

However, we need to treat separately the Fourier coefficients of order +1 of the
nonlinear term. This leads to considering the forms defined on sufficiently smooth
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functions u and w on € and continuous functions ¢ on [0, 1]

19)7 C]—;(w7u"lo) = _CN(w;uasoeug)'

_ 1 _
en(wiu, ) = o On(wiu, pe 5

The discrete global problem now reads

Find a pair (un,pn) in Xy x My satisfying (3.15), where each (ujj\[,,p]j\[,) isa
solution in X% x M$ of (3.11) and

VCPN = ((pTNngQN) € Xﬁoa
an+(uy. on) + bine (@, Py) + ey (@n; ul, o) + ey (Ul v o)
= (ffN7907‘N)<1>V + (feiN7900N)<J>V - C]j\z](ﬂN7ﬁN7§0N)7

Yxn € MY, bons(ul,xn) =0,

(3.17)

and (4, pN) is a solution in Xy x My, of (3.13) and

Yoy = (ven,ven) € X%,
an(an,vn) +bin(vn,Pn) + Cn(Un; N, vN)
+ Cn(ul;an,vn) + Cn(an; ufy, vN) (3.18)
= (frn,ven) N + (fon, von) v — Cn(uly; uly, v),
Vgn € My, ban(un,qn) = 0.

Remark. It can be observed that, using the decomposition (3.1), the following
property holds

Vo € L3(0,1), Co(u®u’, per) =0. (3.19)

For this reason, we have suppressed the term of type Cn (ul; u%, ¢y e=%) in the
discrete problem. As a consequence, problem (3.11)—(3.17) is linear.

For simplicity, problem (3.15)—(3.11)—(3.17)—(3.13)—(3.18) will be called prob-
lem (3.74).

4. Numerical analysis of the discrete problem

The aim of this section is to prove that problem (3.74) admits at least one solution
and that this solution converges to an appropriate solution of problem (3.2)—(2.3)
when N tends to co. To derive this result, we first write a new formulation of
both the continuous and the discrete problems.
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4.1. A new formulation

Let S denote the Stokes operator: (f,€) — wu, where the velocity w is the solution
in V4 of (3.2) and

Vo = (UTaUQ) € Vlon

aq(u,v) = /Q(fT(T’ 0)vr(r,0) + fo(r,0)ve(r,0))r(1 — r)*drdf. (4.1)

It can be noted from Lemma 2.1 that this operator is well-defined and continuous
from X1,(Q)" x R into X(llﬁ(Q). Moreover the following property is obvious: the
velocity u is a solution of problem (3.2)—(2.5) if and only if it satisfies

u+S (F_('g)> =0, (4.2)

where the function F is defined from X}lﬁ(Q) into X1, (2)" by

Yo € X0(Q),

(F(u),v) = Cy(u;u, v)—/ (fr(r,0)v,(r,0)+ fo(r,0)ve(r,0))r(1 — r)* dr df.

Q
(4.3)
We also introduce the operator K which associates with any function f in

L?(Q) the triplet (f_,f+, f) made of its Fourier coeflicients f* of order +£1 and
of the remaining part f

F(r,0) = F(r,0) = f(r) e — f*(r)e”. (4.4)

The space H._(Z) xH}_ (T) x X(lxﬂ(Q) (see (2.18) for the definition of the H., , (7))
is also denoted by X, and its subspace made of triplets vanishing at » = 1 by Aj.
Indeed, problem (4.1) can equivalently be written as a system consisting of two
one-dimensional problems with data fi and one two-dimensional problem with
data }'

Similarly, let Sy denote the operator: (f,£) — wuy, where uy satisfies (3.15)
and where each (ui;,pE) is a solution in X% x M$ of (3.11) and

vLAON = (QDTNa 9001\/') S Xﬁoa
aNi(uﬁ, eN)+ blNi(‘PN,pﬁ)
1
= [ (e () + £ Yoo () v
0

vXN EMXH EQNi(uﬁaXN):Oa

(4.5)
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while (@, pn) is a solution in X x My of (3.13) and

Yoy = (ven,ven) € XY,

an(tn,vN) +bin (v, PN)
= /Q(fr(r, O)vrn (r,0) + fo(r,0)von (r,0)) (1 — 7)™ dr df,

Vgn € My, bon(tn,qn) =0,

(4.6)

where the triplet (£, f7, }') is equal to ICf. Note that, up to the integrals on the
right-hand side, this definition is rather similar to problems (3.11)—(3.12)—(3.13)—
(3.14).

We also denote by Ky the operator which associates with any continuous func-
tion f on Q the triplet (fy, fi, fy) defined in (3.9) and (3.10), and by XY the
product space X;VO X X}O x XQ. Then problem (3.74) admits the equivalent
formulation

uy + Sy (FN_(?N)> =0, (4.7)

where the function Fp is defined in the following way: if Fﬁ and Fy stand for
the components of F y,

<Ffr(UN)7<PN> = Czj\[/(ﬁN;ﬁNADN) + Cﬁ(ﬂNW?\u‘PN) (4.8)
o .

+Cﬁ(u?\/”a’N7‘PN) - (fq«iN7L)07‘N)<I>V - (f()iNagoeN)N7

(Fn(un),on) = On(uy;uy,vn) + Cn(@n;an, vn) + Cn(uly; N, vn) (4.9)

+ COn(an;uy,vn) — (eraer)N - (feN, VON )N -

This last formulation does not only possess the advantage of brevity but is
also the appropriate one for applying the implicit function theorem of [9]. This
application requires a further assumption that we now state.

Assumption A.1. The operator

Id+S <D P;)(“)>

is an isomorphism of X1, (£2).

Equivalently, Assumption A.1 means that the linearized Navier—Stokes equa-
tions at w have a unique solution. This implies the local uniqueness of the solution
but is much less restrictive than the conditions for its global uniqueness, see The-
orem 2.11.
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4.2. Some properties of the discrete operators

We state some properties of the discrete Stokes operator Sy: its stability and its
convergence to S.

Lemma 4.1. The operator Sy satisfies, for all f in X1, ()
HSN (g‘)‘ <c sup (XS, W)

< _— 4.10
xy) =yt Pl (110
Proof. Let uxy stand for the solution Sy

f
0

Knyuy. It can be checked [2, §3] that @ for instance belongs to X(]’v N Va4, so that
T,y belongs to X%, N Vi,. By taking vy equal to T,@y in (4.6) and using the
discrete analogue of (2.7) which is proven in [2, Prop. 3.3|, we derive the estimate

an|x1) < sup Fow)
wvexy, [[Vnlxi @)

,and (uyy, u}, ) denote the triplet

Similar arguments also allow to bound HuﬁHHl . (7)» Whence the desired estimate.

Remark. Estimate (4.10) can equivalently be written

K
HICNSN (f) H <c¢ sup M, (4.11)
0/ llx = " yyiexy [Wnllx
which means that the stability properties of (3.11)—(4.5) and (3.13)—(4.6) can be
stated separately.

In order to state the next property, we introduce the following broken norm
(with obvious definitions for the || - |x1 (,) by restriction):

1
2

ol = (10l ) + 10l ) (4.12)

The convergence property is a consequence of the following error estimate which
is proven in [2, Thms 3.6 & 3.9] and requires the Sobolev spaces Y#(2) introduced
in Section 2 (see (2.17)).

Lemma 4.2. For 0 < a < aq, the operator Sy satisfies, for all f in X}5,(Q)
such that S ('g) belongs to Y2(Q)?, s > 1,

Jis =) (§) ey =15 (5)1

Y5(Q)2) (4.13)
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and, more generally, for all f in XLy(Q)" and € in R such that S (‘é) belongs to
V()2 s> 1,

55w ()]

Combining Lemma 4.1 and (4.13) leads to the following convergence property:
for any compact subset C of X1, (),

X1 ()° <c Sup{N1—37N%_O‘} ||S (g) ||y§(9)2 (414)

s [(5-80) (§) 0, =0 (415

Otherwise, for nonhomogeneous boundary conditions, the convergence is obtained
only for i < o< ag.

4.3. Some properties of the trilinear forms

We also need to check that the norm of the form Cy(+;-,-) and ¢i(+;-,-) on the
discrete spaces is bounded independently of V.

Lemma 4.3. There exists a constant ¢ independent of v and N such that the
following continuity property holds

Ywy € Xy, Yuy € XN,V’UN € Xy,
c (4.16)
|Cn(wnsun,vN) | < > lwn|lLs oz [lunlxz e vz )2

Proof. We recall [7, form. (13.20)] the continuity property of the quadrature for-
mula with respect to 6

=

Von €Pn(=1,1), VYN (—1,1), Z@N(ﬁj)ﬂw(fj)ﬂj llen ez, llYnllzz-1,1)-
=0

So, since the operators Iﬁ, take their values in Py _1 n(£2¢), combining the previous
line with the exactness property of the quadrature formula with respect to r yields
the following bound for the first term in Cy(wy;un,vN):

R =

1
1
; | (wrNarNurNa /U’I“N)N‘ - E | (8rurN ) Ij(\f) (w'r‘N U’I‘N)) N|
=0

1
Z [[0rurn|
£=0

IN
R w

4
L2(%) IZ8 (wr i vrn) 22 (2,)-
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The following property for the operators j%)

(¢ M
You Pl 1iPpuliamy e (1457 ) howliz,
is proven in [7, form. (13.28)], and its analogue for the interpolation operator iy _1
at the nodes r; can be derived from [6, Appendix C] by similar arguments

. M
You €Pu@,  livagulizm <e (145 ) lovlizo:

Since IJ(\f) is equal to iny_1 Oj%)

yields

, applying the previous inequalities with M = 2N

4
|78 (wr vrN) Lz () < 9cl|wrn venllLz ) < 9ellwrnllLa o) llvrn L )

So, we derive the continuity property for the first term. Similar arguments applied
to the next terms lead to the desired property.

We skip the proof of the analogous result concerning the form c%('; -, ), since
it is simpler.

Lemma 4.4. There exists a constant ¢ independent of v and N such that the
following continuity property holds

Vwy € Xy, Vuy € Xy, Vo € X1,

n c (4.17)
len(wniun, on) | < —llwnlis @ lunlixy@ lenlles @
4.4. Some additional lemmas
From now on, we choose « such that
1
1 <a<a. (4.18)

We consider a solution w of problem (4.2) which satisfies Assumption A.1 and an
approximation uj; of it such that Kyu}, belongs to Xx and which satisfies the
following properties

| llxz: @) <cllullxi@  and NLHEOO |u —unlxL(@p =0. (4.19)

Note also that the definition of the space ICR,1 XY is obvious.

Lemma 4.5. If Assumption A.1 holds, there exists an integer No such that, for

all N > Ny, the operator
Id+ Sy (DFNO(”N)>
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is an isomorphism of IC;,IXJ(\),, Moreover, the norm of its inverse is bounded above
by a constant independent of N.

Proof. To prove this, we write the identity

m+SNCﬂﬁ&m)=m+S<D%m>—w—Sm(D%w)

sy (PR PR s, (PR DEN()).

(4.20)

Indeed, let wy be any element such that K ywy belongs to the unit sphere of X
It follows from Assumption A.1 that, for a constant ¢y independent of N,

HwN LS <DF(u).wN) H > ¢
0 XL

So it remains to check that the last three terms in (4.20) tend to zero.
1) Denoting XDF(u) by (G—,GT,G), we have for instance

(Gwy,vy) = Coli; Wy, vy) + Co(yi i, vy)
+ Ca(u’; 0N, vN) + Co(wyi @, vy)
+ Co(@; w, vn) + Co(Wn;u’, vN).
By combining the continuity properties (2.8) and (2.15) (still valid here since wy

belongs to X1,(f2)), and using a similar argument for the terms G* - wy we
obtain

sup </CDF(U) . wN7VN>

< c||lu||x: ICNwN 4 25 74 20 T4 5.
VNexy HVN”X ” ||Xa(Q)|| ||La(1') x LA (T)2x L4 ()

So, by combining (4.15) with the compactness of the imbedding of X () into
L%(Q)? (see Lemma 2.2), we derive that the first of the three terms tends to zero.
2) By similar arguments, we have

sup </C(DF(U) — DF(U?V)) Wy, VN>

VNEXY ”VNHX
N

< cllu —uyllxy @ lwnlxy@)-

So the convergence to zero of the second of the three terms follows from (4.19).

3) The third term comes from numerical integration, and the idea is the follow-
ing: the orthogonal projection operators I1%;, from X (€2,) onto Px-(€), where
N’ is equal to the integral part of % satisfies, for all v in XL (Q),

Liao
lo — ol 02 < eNTEY o]lxs ()

(this is derived from [6, Appendix B] thanks to a duality argument), and a simi-
lar property holds for the orthogonal projection operators WJZ{:,, from H., (Z) onto
Pn/(Z). So the idea consists of adding and subtracting these operators applied to
Wy or uyl, Wy or w and ¥y ou v and a similar one to ei;, until the forms
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Cuo(;+,+) and Cn(;-, ) applied to these projections coincide and applying the pre-
vious approximation property combined with (4.16). This yields the convergence
to zero of the third term.

Lemma 4.6. For all zy such that Knzn belongs to Xn and ||uy —ZNHX}X(Q)O <
A, the following Lipschitz property holds

HSN (DFNO(“}V)) ~ Sw <DFNO(ZN)) wa) < e (4.21)

Proof. This follows from the fact that the form Cn (-; -, -) is trilinear and continuous,
see Lemma 4.4, combined with (4.10).

We now choose u}; such that ICnyuj; is equal to the image of u by the orthogonal
projection operator from X onto Xy (thus, it satisfies (4.19)). We set:

en = HuN + 8y (FNEZE)) me)o’ (4.22)

and we check that it tends to zero.

Lemma 4.7. Let f belong to Y°(Q)?, o > %, and u be a solution of problem
(4.2) in Y2(Q)2%, s > 1. Then, the following estimate holds for a constant c(u)

depending on u and s but not on N,
en < cw) sup{N'"*, N3} + e N7 | flyz ey (4.23)

Proof. By subtracting (4.2), we observe that

i+ S () = i) - s - 5w (1Y)
_ Sa (F(u) —OF(uiv)) Sy (F(um —OFN(u*N)> .

From the choice of u};, bounding the first term relies on already known approxi-
mation properties, see [2, Prop. 3.8]. To estimate the second term, we use (4.14)
together with the regularity property of u. The bound for the third one is a con-
sequence of (4.10) together with the continuity of F and the choice of u};. Finally,
to evaluate the last term which is due to numerical integration:

1) for the nonlinear part, as in the proof of Lemma 4.6, we add and subtract
H‘;’V,u when necessary, in order to bound it by

1

* * Z
clluilixs e (I —ullxs @ + Y lu—TQu]x1 @),
=0

2) for the linear part, we add and subtract the orthogonal projection f%), of
f onto the Py (Q)? for the scalar product of L2(£2)? and use the interpolation
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)

operator Iz(\f , in order to bound it by

1
[ ¢

D o(1F = F¥llzz@nz + 1F = I Fllza@nz)-

£=0

We conclude by using the approximation properties of these operators, see [6,

Appendices B & C].

4.5. Existence of a solution and error estimates

From Lemmas 4.5 to 4.7, the assumptions of the implicit function theorem of
Brezzi, Rappaz and Raviart [9] are now satisfied. Applying this theorem leads to
the main result of this section.

Theorem 4.8. Assume that (4.18) holds, that the data f belong to Y° ()%, o > 3,
and that £ is a given constant. Let (u,p) be a solution of problem (3.2)—(2.3) in
Y2(Q)?2, s > 1, which satisfies Assumption A.1. Thus, there exists an integer N,
and a positive real number A\, such that, for all integers N > N,, problem (3.74)
has a solution (un,pn) with unique velocity uy in the ball

{wN;ICNwN e Xy andHu—wNHXé(Q)o S)\*} (4.24)

Moreover, this solution satisfies for a constant c¢(u) depending on w and s but not
on N,

—5 1« —o
lu — unllxs @) < e(w) sup{N'"*, N3~} + ¢ N~ | f]|

The previous estimate yields the convergence of the family of discrete solutions
to the exact one, and this seems to be the first convergence result for this problem
without regularization of the boundary data. The convergence order is rather low.
However by taking a = % and using the regularity properties recalled in Section

2, we can deduce that the error behaves like N —i. As for the Stokes problem,
no error estimate is derived for the pressure (this can be obtained by solving a
further problem with the pressure as the only unknown once the discrete velocity
is computed), but the velocity uy has the further property to be nearly exactly
divergence-free, in the sense that the restrictions of uy to both ¢ and ; are
exactly divergence-free.

5. Description of the algorithm and numerical experiments
We first present the algorithm that is used to handle the nonlinear terms in problem

(3.74). Since the description of the implementation for the Stokes problem is given
in [2, §4], we briefly explain the modifications that must be applied to solve the
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linear systems resulting from the previous algorithm. We conclude with some
numerical experiments.

5.1. An algorithm for the nonlinear term

The convergence of Newton’s method for solving problem (3.74) iteratively can
be derived from [9] for any initial data u}; in the ball introduced in (4.24). How-
ever it leads to solving simultaneously the two one-dimensional problems and the
two-dimensional one, which seems too expensive. We therefore propose a new al-
gorithm where Newton’s method is only applied to the two-dimensional problem.

Initialization step: We choose u; to be the solution of the Stokes problem (i.e.
with % = 0). Equivalently, the pair (u%,p%) satisfies
ul = ay +uly, with «% =uQ ey +ulf el
0 _ 0 00 . 00 0— — 0+ + (5.1)
PN = PN TPy, With py =py ey +py e,
where each (ulF, pQF) is a solution in X3 x M$ of (3.11) and

<& o
VCPN € X§O7 aNi(u(])\/ivsoN) +b1Ni(LpNap?\/'i) = (friN7§0TN)N + (.fﬁzt]\HgoeN)Na

Vxn € MY,  bons(ulE, xn) =0,
(5.2)
and (%, %) is a solution in Xy x My of (3.13) and
Yoy € XY, an(@d,vn) +bin(vn, 5%) = (frn, ven)n + (fon, von)w,
Vgn € My, bon(@l,qn) = 0.

It can be noted that problems (3.11)—(5.2) and (3.13)—(5.3) are completely inde-
pendent.

(5.3)

Iteration step: Assuming that, for an integer k£ > 0, the velocity ulfvfl at iteration
k — 1 is known, we compute a solution (u%;,p%;) of the form

u’fv = ﬁlfv + u’f\,?, with uéc\,? = u’f\f ey + u’f\;r 6}7 (5.4)
PR =Py +pN, with pi =pR ey + i ek .
The (u’fvi,pf\,i) are simply a solution of problem (3.17) linearized at u’]“\fl. They
belong to X7 x Mg, and satisfy (3.11) and
Yoy € Xﬁo,
an+(uy", on) +bine(pn Py ) +en (@ ul, eon) + oy (ulfiakt ey)
= (fiv,orn) 5 + (i 0on) 5 — ex @k ak " o),

Vxn € MX,, 52Ni(ulfvi7XN) =0.
(5.5)
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Newton’s algorithm is then applied to compute the pair (ﬂlfv, pk:): it is a solution
in Xy x My of (3.13) and

Yoy € X%, an(@k, vn) + biv(vn, i)
+ COn(uly + ' Ay, vn) + Oy (@ uy + @l ' o)
= (eraer)N + (feN,UeN)Nw
— Cn(ulfiuly,on) + Cn(af s al o),

VqN € My, ng(ﬁ,lfV,qN)ZO.
(5.6)
Here also problems (3.11)—(5.5) and (3.13)—(5.6) are completely independent.
Note the further property of this algorithm: when some norm of uk? — uljv_lo
1

respectively of fl,]fv — ﬁé“v_ , is larger than a given tolerance, several iterations
on problem (3.11)—(5.5), respectively on problem (3.13)—(5.6), can be performed
inside the global iteration k.

5.2. Implementational details

We just give some details about the linear systems equivalent to the two-dimen-
sional problems (3.13)—(5.3) and (3.13)—(5.6) since the one-dimensional problems
are much simpler (no mortar condition is enforced here).

The mortar matching conditions (3.4) on I'g; and TI'yy are enforced via a La-
grange multiplier, according to [3], which leads to a further unknown A%, =
()\’]“\,,01, )\]]“\,710). Thus, the unknowns associated with problem (3.13)—(5.3) for k = 0,
(3.13)—(5.6) for k > 0, are the values

° of&?\, at the nodes (73,60¢), 1 <i<N—-1,0<j <N, for { =0 and 1,

e of p% at the nodes (r;,0;), 1 <i < N,0<j <N, for {=0 and 1,

e of each component of )\7\, at the r;, 1 <i < N —1.

Let U*, P* and A¥ denote the vectors consisting of the above values. Their
dimensions are respectively 4(N — 1)(N + 1), 2N(N + 1) and 4(N —1).

Then, for k¥ = 0 and with obvious notation, problem (3.13)—(5.3) is now equiv-
alent to the square linear system

A B L Uo MF - A*G
B 0 0 Pl = e . (5.7)
LT 0 0 A° -*Tq

We refer to [2, §4] for the description and basic properties of the matrices A, By,
By, L and M and also of the matrices A*, B; and L*, and of the data vectors F
and G.
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For k > 0, problem (3.13)—(5.6) results into the slightly modified system

A By L\ [U* Cr 00\ [U*
B oo [Ps)+([000][PF
LT 0 0) \AF 0 00/ \AF
(5.8)
MF - A*G—-C;G+ Ky,
= -B;TG
7L*TG

Note that only the matrices Cj, and C}; and the vector K} must be computed at
each iteration step.

To describe these last quantities, we need some further notation. We introduce
the Lagrange polynomials p; in Py (0,1), 1 < i < N, associated with the nodes
r; and which morevoer vanish at » = 0, and also the Lagrange polynomials qf,
0 <j <N, ?¢=0 and 1, associated with the nodes 95. Then, the coefficients of
the square matrix Cy, of order 4(N — 1)(N + 1) are the

Cn(uly +al hipidd e, pidl €) + Cn(pidh esuly + it pidls €),
1<4,7 <N-1,0<4,7 <N {=0,1,

where both e and €’ run through the set of the two vectors <(1)) and <(1)> The

coefficients of the matrix C} are the same, with 1 <7 < N —1 replaced by i = N.
The vector K}, is made of the

ko, . ko AN ~k—1, ~k—1 AN
_CN(uNauN7pi’qj"e)+CN<uN U N api’qj’e)a

1</ <N-1,0<j <N, {=0,1,
1 0
4 /
with e’ equal to (O> or <1)

Finally, it can be observed that the values of '&]f\f and u’f\? at the points
(ri,0¢;) are known or can easily be computed, so that the best way for computing
the matrices Cj or C; and the vector K, is to keep in memory the tensor made
by the quantities

1

Cn (pindjn €5 pid; €, pirdjs €),
for the set of parameters

1<4,i" <N, 1<i/<N-1, 0<j44,577<N, £=0,1,
and e, €’ and €” equal to (é) or (g) From the definition of the form Cn(+;-, ),

. . 1
they are very easy to compute: for instance, if e, €’ and e” are all equal to (0>,

we have

—a—3

Cn(pind;n€'ipigt e,pydli €) = O Girin 050 00 P (Eir ) Wil pj (5.9)
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where §.. denotes the Kronecker symbol and with 6, equal to 8y or 2w —68y according
to whether £ is equal to 0 or 1.

Both systems (5.7) and (5.8) are nonsymmetric. Since they result from saddle-
point problems, they can be solved by Uzawa’s algorithm. However and as in [2],
we prefer to solve these systems by the least squares algorithm, the idea being
that the space My contains spurious modes on the pressure but that the system
to solve is simpler when they are not eliminated (see [2] for details).

5.3. Numerical results

We are interested in the real driven cavity case, namely when the data are given
by

f=0, go =0, g1 =1. (5.10)

In Figure 2, we present the isovalues of the solution u,n (Fig. 2a) and ugn (Fig. 2b)
obtained with the following set of parameters

1
v=10"1, =3, N=17, K =12,

in the case 6y = 7. Next, we use a projection u}; of ux onto exactly divergence-free
functions and present in Figure 3 the isovalues of the associated stream-function
¥ (i.e. such that u}, = curl, ¥).

*107

FiG. 2a.
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*107

*107

FiGc. 3.

In Figure 4, we present the isovalues of the same stream-function ¢, now in the

cases 0p = 2 (Fig. 4a) and 0y = 2F (Fig. 4b).
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*107

*107

Fic. 4b.

In the following Table 1, we check the efficiency of the algorithm described in
Section 5.1. For the following set of parameters

1
Op=m, v=10"1, a=3, N =17,

we present the error By, = ||ak — '&?{lexé(Q)o as a function of k, for k varying
from 1 to 12. The results in this table show the fast convergence of the algorithm



154 Z. Belhachmi, C. Bernardi and A. Karageorghis JMFM

in this case.

k=2 k=4 k=6 k=8 k=10 k=12

Er| 0.165 x 1071 0.313 x 1073/ 0.558 x 107°| 0.892 x 1077/0.138 x 1078 0.211 x 1071

TABLE 1.

We now investigate how the error depends on N, with the set of parameters

1
Op=m, v=10"1, a=3, K =12.

In Figure 5, we present the graph, in logarithmic scales, of the error
|@ls — ﬁﬁﬂxé(mo as a function of N, for N = §, 10, 12, 14, 16. Even though the
slope is weak, varying from 0.19 to 0.16 (this is due to the low regularity of the
solution), the convergence appears to be in good agreement with the results of the

analysis, where the maximal possible slope is 0.25.

-0.06 1

-0.07 1

-0.09 1

-0.1 ! ! ! !
0.85 0.95 1.05 1.15 1.25

Fic. 5.

Finally, we investigate the behavior of the solution when v decreases. In Figure
6, for the set of parameters

1
9():71'7 04257 N:17,
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we present the isovalues of the stream-function associated with the velocity uf
for the two values of the viscosity v = 5.1072 (Fig. 6a) and v = 2.1072 (Fig. 6b).
As expected, the number of iterations K which are needed for the error E =
|k, — @k x1(0)° to become smaller than a given tolerance, increases when v
decreases (it is equal to 20 for v = 5.1072 and to 40 for v = 2.1072). However the
results still appear to be correct.

*107

Fic. 6a.

*107

Fic. 6b.
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