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Abstract. In this paper we consider the Cauchy problem for incompressible flows governed by
the Navier—Stokes or MHD equations. We give a new proof for the time decay of the spatial Lo
norm of the solution, under the assumption that the solution of the heat equation with the same
initial data decays. By first showing decay of the first derivatives of the solution, we avoid some
technical difficulties of earlier proofs based on Fourier splitting.
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1. Introduction

The aim of this paper is to give a new proof for the decay in time of the spatial
Lo norm of the solutions of the incompressible Navier—Stokes or MHD equations
when initial data are given on all space. Up to some limit exponent, the decay rate
is the same as for the solution of the (vector) heat equation with the same initial
data. The main difference from earlier proofs, which used the Fourier splitting
method [8, 11], is that we use a decay estimate of first derivatives in Lo. More
precisely, we show that!

Hi(t) ==Y [Djul- )P <C(L+6)7", D; =0/dx;, (1.1)
J
in N = 3 space dimensions, and a slightly stronger estimate for N = 2. See
Theorem 1.3. Once this is established, the decay of

Hi (t) = [[u(, )] (1.2)
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1 We denote the spatial Lo-norm by |lul| = ([ Ju(z)|?dz)'/2. Here |u| denotes the Euclidean
norm of a vector. Constants C' may depend on the initial data ug but not on ¢t. They may have
different values at different occurrences.
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follows from Duhamel’s principle, standard heat equation estimates, and Gronwall-
type arguments.

To give a more specific outline of the paper, consider the incompressible MHD
equations,

1
Bi+v-VB~B-Vu= o -AB (1.3)

1o 1
vt+v~Vv—SB-VB+V(p+§S|B|)—ReAv (1.4)
V-B=V-v=0 (1.5)

Here B, v, and p denote the non-dimensionalized magnetic field, fluid velocity,
and fluid pressure, respectively. The non-dimensional numbers are the Reynolds
number, Re, the magnetic Reynolds number, Rm, and S = M?/ReRm, where M
is the Hartman number [8]. For simplicity of presentation, and without restriction,
we assume Re = Rm =5 = 1.

At t = 0 we prescribe initial data

w(z,0) = (f((f,’g))) — (B‘J(x)> — wo(z). (1.6)

vo(x)

We require ug € H', i.e., ug € Ly and Dyug € Lo, as well as V- By = V - vp = 0.
Under these assumptions the problem (1.3)—(1.6) is known to have a local (in time)
solution u = (B, v), which is C* for 0 < t < T and which satisfies D*u(-,t) € Lo
for all derivatives and 0 < t < T'. (See, for example, [4, 10] for the development
of a local theory of the Navier—Stokes equations and [3] for derivative estimates.
The same techniques apply to the MHD system.) Since we are interested in decay
for t — oo, we will always assume existence of a C'* solution for all £ > 0. In
N = 2 space dimensions the existence can be proved (as for the incompressible
Navier—Stokes equations), but for N = 3 and large initial data the problem remains
open.
Our main theorem is the following.

Theorem 1.1. Consider the MHD system (1.3)—(1.6) for N =2 or N = 3 space
dimensions under the above assumptions. For the solution of the heat equation

ug = Au,  u(z,0) = up(x), (1.7)
assume the decay estimate
[eXMugl < C(L+8)7", >0, (1.8)
for some k > 0. Then the solution u = (B,v) of (1.3)—(1.6) satisfies
Hy(t) = Ju(-,t)]| <CA+¢)7, t>0, (1.9)
with
nfs g 5)
=mind Kk, — + = ¢ .
Y Ky 4 2
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Sufficient conditions for the decay of the solution of the heat equation are well-
known. For example, in [8] it is shown that the assumption ug € H'NL;,V-B =
Vv = 0 yields (1.8) with x = & + 1. To obtain this result it is important to note
that the spatial average of every component of g is zero, a result called Borcher’s
lemma in [8].

We now outline the proof of Theorem 1.1 and the remaining parts of the paper.
First, the following energy equation, which is well-known, can be shown through
integration by parts.

Theorem 1.2. Let v = (B,v) denote the solution of (1.3)—(1.6) where S = Re =
Rm =1 and let H;(t) be defined by (1.1), (1.2). Then we have

1
—iHS(tH—HlQ(t):O, t>0, (1.10)
2 dt
thus
Hy(t) < Ho(s) for t>s (1.11)
and - )
| @ < g ol (112)
0

In addition, by considering (d/dt)H?(t), it is not difficult to prove the following
decay estimate for H(t).

Theorem 1.3. Under the assumptions of Theorem 1.2 we have

(14+t)HZ(t) < C for N=2,3 (1.13)
and
Jim tHi(t) =0 for N=2. (1.14)

A proof will be given in Section 2.
As above, denote the solution operator of the (vector) heat equation by e?f.
We write

¢
u(t) = eAlug + / eAt=9Q(s) ds (1.15)

0
where @ contains the nonlinear terms in (1.3), (1.4). Let Q(k, ) denote the Fourier

transform of Q(x,t). Then the structure of the nonlinearity @ yields the following
two estimates, for any time s > 0 and any wave vector k:

|Q(k, )| < CHo(s)H(s) (1.16)

and
Q(k, s)| < C|k|Hj (s) . (1.17)

For details, see Section 2.
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Using Parseval’s relation, it is straightforward to show the following estimate
for the solution of the heat equation:

Lemma 1.1. Let Gig € Loo (RY) and |k| ™Yo € Loo(RY). Then we have?
le uol| < Ct™N*dig| oo (1.18)

and
N

le2tuol| < Ct™ 5 ~2|iglae with 1o(k) = |k| ‘o (k). (1.19)

This auxiliary result is also shown in Section 2.
Now assume decay for the solution of the heat equation with initial data wy,
i.e., assume (1.8). Using (1.15),

¢
[u®)] < C(L+1)7" +/ 1e2¢72)Q(s)] ds (1.20)
0
Lemma 1.1 and the estimates (1.16), (1.17) yield the bounds
1e2¢=1Q(s) ]| < C(t — 5)~/*Ho(s)Hi(s) (1.21)
and .
1e2C=Q(s)|| < C(t — 5)~ %~ 2 H{ (s) (1.22)

for the integrand in (1.20). Furthermore, Theorem 1.3 provides a decay estimate
for Hq(s), and therefore we obtain two integral inequalities for the function Hy(t).
If N =3, for example, then (1.20), (1.21), and (1.13) yield

Ho(t) < C(1+1t)" "+ C/t(t —5)4 1+ )72 Hy(s) ds . (1.23)
0

It is now not difficult to complete the proof of Theorem 1.1 using the stated esti-
mates and Gronwall-type arguments. The details are given in Section 3. Finally,
in Section 4 we briefly discuss extensions of the results and the (minor) simplifi-
cations of the proof that are possible if one is only interested in the Navier—Stokes
equations.

Discussion. The decay results in this paper assume classical, i.e., sufficiently dif-
ferentiable solutions. In particular, in the proof of Theorem 1.3, we use second
space derivatives of the solution. In contrast, Wiegner’s important paper [11] di-
rectly shows decay results for weak solutions of the Navier—Stokes equations. Using
the results of our paper, we can indirectly also obtain decay results for suitably
constructed weak solutions, namely weak solutions that satisfy a generalized en-
ergy inequality, because these weak solutions become classical after a finite time
for N = 3. See [9]. (For N = 2 all weak solutions are classical for ¢ > 0.) The
result for N = 3 follows from the estimates

ullZ, < Cllul || Dul (1.24)

2 By | - |oo We denote the supremum norm.
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and [ ||Dul*dt < oo. The integral bound implies that there is a time to for
which [[Du(to)|| is small. Then (1.24) implies u(-,ty) to be small in Ls. By a
result of Kato [2], the solution starting with the data u(-,tg) at t = ¢o is strong
and classical for t > ¢y and the generalized energy inequality implies that the weak
and the classical solutions agree for ¢ > ¢y. In this indirect way, our results also
imply decay for weak solutions. The same arguments apply to the MHD system.

2. Proof of auxiliary results

Proof of Theorem 1.3. Define
Hy(t) =Y |D:iDju(-t)|?, t>0,
]

to measure the second derivatives of u in Lo. Through integration by parts,

d

o H} < Clu|H Hy —2H3, t>0. (2.1)
First let N = 3 and recall the Gagliardo—Nirenberg inequalities ([1, 5])

luloo < CHY*HY*  H? < CHH,. (2.2)

The last estimate yields
H2—1/4 < CH3/4H1_1/2.
Therefore, using (2.1),
%Hf < Clu|oo HiHy — 2H3
< CHy/*H H}* — 2H2
= 2H(CHY *H H; Y* — 1)
< 21?2 (CHé/QHll/2 - 1) (2.3)
We also claim that for any € > 0 there is a time ¢, > 0 with
Hy?(t)H P (t.) <.
For suppose that t. does not exist. Then, for all t > 0,
luol®Hi (t) > Hi (t)Hi(t) > &* >0,
but the lower bound
HE(t) > e[|uo| 7> > 0

contradicts finiteness of the integral, [;~ Hf dt < co. See (1.12). Therefore, if
C > 0 is the constant in (2.3) and € = 1/C, then we have (d/dt)H%(t) < 0 for
t > t.. Thus, for all ¢ > t.,

t
(t—tE)Hf(t)g/ Hids <Cy < o0,
te
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which proves tHZ(t) < C. Therefore, since we have assumed ug € H1, the estimate
(1.13) follows for N = 3.
Next let N = 2. Instead of (2.2) we have in 2D

luloe < CHY?HY* < CHY'?,

which yields
d
dt
Using the exponents o = 4, 8 = 4/3 (satisfying a =14+ 371 = 1) we have by Young’s
inequality

H? < CHHy* — 2H2 .

H\HY? < C.H* + cHZ

and therefore J
o H? < CHY}.
Since [~ H} dt < oo we obtain the bound

Hi(t) < CHi(s) forall 0<s<t,
or, with v =1/C > 0,

H?(s) >~yHi(t) forall 0<s<t.
Now suppose that (1.14) does not hold. Then there is a sequence t,, — oo so that

tnHi(t,) >8>0 forall n

and we may assume t, 1 > 2t,. Then we obtain

L1
[ H ) s = 2t — ) H )
t

n

Z Vé(thrl - tn)/tn+1
= 0(1 = tn/tni1)
> 76/2

This contradicts fooo H? dt < oo, and (1.14) is proved.

Proof of (1.16) and (1.17). Note that @) contains nonlinear terms v - VB etc. and
Vp. The components of the nonlinear terms v- VB etc. are sums of terms w; D;u;.
Clearly,

|(us Djur)"(k, 5)| < /|U(x»8)|\Da‘u($,5)\ dx
< Ho(s)Hi(s)
Also, by (1.4) and (1.5), Ap equals a sum of terms D;(u;Djuy,), which yields
|(Vp)'| < Cl(uDu)"| < CHyH; .

A
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This proves (1.16). The estimate (1.17) follows similarly if one uses that

v-VB; =Y D;(v;By),
J
i.e., the nonlinearities can be written as sums of derivative terms, Dj(u;u;).

Proof of Lemma 1.1. By Parseval’s relation,

P 2 ~
leAtug2 = / e~ o () dk
o0 2
WNWO@O/ rN=1e=2rt qp
0

o0
~ _ _ _ 2
wnliol3 t N”“/ PNl dp.
0

IN

1/2

Here wy = 27, w3 = 47, and we have used the substitution » = ¢~"/?p. This proves

(1.18). The estimate (1.19) follows in the same way.

3. Proof of Theorem 1.1

We will use the following Gronwall-type lemma. Results of this type are well-
known, of course, but a proof is included for completeness.

Lemma 3.1. Let y(t),t > 0, denote a real, nonnegative, continuous function sat-
1sfying

y(t) <CA+4)~" + C/Ot(t —5)" %1+ 5)Py(s)ds. (3.1)
Then y(t)(1 4 t)" is bounded provided that
0<k<a<l<a+p. (3.2)
Proof. Set
E@) =yt (1L +1)%,  Emax(t) = max E(s) (3.3)

and multiply (3.1) by (1 +1¢)" to obtain
t
E(t) < C + CEmax(1)(1 + t)*“/ (t— )" (1+5)" " ds.
0

A) Assume £ < a. We will show below that the factor multiplying Emax(?)
tends to 0 as t — oo. Therefore, there exists ¢t; with

E(t) < C+ %Emax(t), t>t.
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Since E(t) is bounded for 0 < ¢t < ¢; we have
1
E(t)<Ci+ B Enax(t), t>0,

and therefore,

1
Emax(t) < C’1 + §Emax(t)7 t> 0.

This implies E(t) < Epax(t) < 2C1, ie., E(t) is bounded.
It remains to show that

1+~ /Ot(t —5) %14 s)P " ds

tends to 0 as t — oco. Split the integral into I; + I> where

/2
I, = / (t—s)"(1+s)"P"ds
0

t
SCt‘a/(l—i—s)_ﬂ_“ds
0
1 ifB4+r>1
< Ct™. In(e+t) ifp+r=1

1+ Prif B+ r <1
Thus (1+¢)"I; — 0 as t — oo since
k—a<0 and 1—a—-0£<0.
Also,
t
I = / (t—5)"(1+s) P ds
t/2
< O+ t)y Pl

Therefore, (1 +1t)*I; — 0ast — oo since 1 —a — 3 < 0.

JMFM

B) Assume k = a. Choose ¢ > 0 so small that 6 —a— 8 < —1. We may replace

£ in (3.1) by oo — d and obtain from part A) of the proof that
y(t) < C(1+t)"°, C=Cs.

Using this bound in the integral in (3.1), we have

/t(t —5) (14 8) Py(s)ds < C/t(t —5) (1 45)°* Pds.
0 0

Since d — a — 3 < —1 we have

t/2
/ (t— $)~(1 + 5)5=9P ds < Ct~=
0
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and

t
/ (t—s) (1 +s)0° 2 Pds < C(141)° > Fl-=
t/2

< Ct™=.

Therefore (3.1) yields y(t) < C(1 +t)~, completing the proof of the lemma. O

Proof of Theorem 1.1, N = 3. We must show that Hy(t) = [Ju(t)]] < C(1+t)~"
for 0 < k < 2. As noted in the introduction (see (1.23)), we have

Ho(t) <C(1+4+t)" "+ C’/t(t —5)74 1+ 5)"Y2Hy(s) ds .
0

A) Let 0 < k < 3. We can apply Lemma 3.1 and obtain Hy(t) < C(1+1t)7".
B) Let 2 < k < 3. By A) we know that Hy(t) < C(1 +¢)~3/4. Also, using
(1.20), (1.19), and (1.17),

t/2 t
Hy(t) < C(1+t)~"4C / (t—s) "5/ HE(s)ds+C | (t—s)"3/*(14s)"Y2Hy(s)ds.
0 t/2

The first integral can be bounded as follows,

t/2
n g/ (t—s)72/4(1 +5)7%2ds
0

t
< ot / (14 5)"%/2ds
0

S Ct—5/4

Since Hy(t) is bounded near ¢t = 0, one obtains
t
Ho(t) SCA+t)""+C [ (t—s)"3*1+4s)"Y2Hy(s)ds.
/2
Define E(t) and Enax(t) as in (3.3) with y(¢) = Ho(t) and obtain
t
E(t) < C + CEuma(£)(1 —|—t)"/ (t—s) 341+ 5)" 1" ds.
/2
The integral is bounded by C(1+¢)~2 =% t1/4, and therefore the factor multiplying
Ep.x(t) tends to zero as t — oo. As in the proof of Lemma 3.1, this yields
boundedness of E(t), and the proof of Theorem 1.1 is complete for N = 3.

Proof of Theorem 1.1, N = 2. We must show that Hy(t) = [Ju(t)]| < C(1+¢t)~"

for0 <k < 1.
A) Assume 0 < k < 1. By (1.20), (1.18), (1.16), and (1.14) we have,

Ho(t) < C(1+1)~" + C/Ot(t —8)"V2(1 1 5)"Y2p(s)Ho(s)ds  (3.4)
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where ¢(s) — 0 as s — oco. Note that Lemma 3.1 does not apply here since

a=pf= % in (3.4), but a« + 8 > 1 is required in Lemma 3.1. To overcome the
difficulty, we will use the fact that lim ¢(¢) = 0.
Set
E(t)=Ho(t)(1 4+ 1), Emnax(t)= Orgai(tE(s) (3.5)
and obtain

E(t) < C + CEmax(t)J(t)
with
J(t) = (1+ t)“/o (t—5) 7214 5)"7 "¢(s)ds.

Once we have shown that lim; . J(t) = 0, boundedness of E(t) follows as in the
proof of Lemma 3.1. To prove lim; o J(t) = 0 we consider

1(t) = / (t— ) V2(1 4 5)"Erg(s) ds

To t/2 t
By L
0 To t/2

= N(t) + I2(t) + I3(1)
For any fixed Ty and all large ¢ we have I, (t) < C(Tp)(t — Tp)~/?, thus
(14+t)"L(t) -0 as t— o0
since k < % Also,
t/2

L(t) = / (t— )21+ ) F g (s) ds

To

< C(max¢(s)> 12 (1 + %) o ,

SZTD

thus

sup (1 4+ )" Ir(t) < Cmax¢(s) <e (3.6)
t>To s>To

if Ty is sufficiently large. Furthermore,
t 1
Bit) = [ (t=97 049 ol ds
t/2
t\—3—"
< C(maxcé(s)) (1 + 5) e

s>To

thus an estimate like (3.6) holds with I5 replaced by Is. To summarize, we have
shown J(t) — 0 as t — oo, which implies Ho(t) < C(1+1t)™" for 0 < K < 3.
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B) Let % <k<l Fix0<y< % with v+ k < 1 and note that, by part A) of
the proof, Ho(t) < C(1+t)~7. By (1.20) and (1.17) we have

t/2
Hy(t) < C(1+t)_"‘+0/ (t—s)"'HZ(s)ds (3.7)
0

+C t (t—s)"2(1 + )" Y2¢p(s)Ho(s) ds .
t/2

Use the estimate Hy(s) < C(14s)~7 for one of the Hy-factors in the first integral.
If E(t) and Enax(t) are defined as in (3.5), then one obtains

t/2
E(t) < O+ CBuax(t)(1 +t)”/ (t—s5)"'(1+s) 7" ds
0
+CEmax(t)(1 + t)l‘c /t/tg(t - S)_1/2(1 + 3)_%_K¢(5) ds.

We claim that the two factors multiplying Ey,.x(t) tend to zero as t — oco. In fact,
/2
I(t) := / (t—s8)"1(145)"7 " ds
0
t\1-7—k
< ot ! (1 + —) ,

2

thus (14 ¢)"14(t) — 0 since v > 0. Finally,

I5(t) ;:/t (t—s)"Y2(1 +5) 2 "¢p(s) ds

/2

t
< b= o) )
maso(s) [ (0972040 A s

t\—3—"
<C 1 —) s
< Srl;;a;cﬁ(«?)( +3
thus
(I+t)"I5(t) < C rI>1a/X2 ¢(s) =0 as t— 0.
s>t

If ¢ is sufficiently large, then E(t) < C + 3 Enax(t), and the estimate Ho(t) <
C(1 +t)~" follows as above.

C) Let s = 1. Fix 1 < < 1 and note that Hy(t) < C(1+t)~" by part B) of
the proof. Therefore, by (3.7),

t/2
Hy(t) < C(1+1)71 +C/ (t—s)"'(1+s5) "> ds (3.8)
0

+C t (t—s) Y21+ 5)"V2¢(s)Hy(s) ds .
t/2
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The first integral is bounded by Ct~! fg(l +58)727ds < C(1+1)71 ie., it decays
like the first term on the right-hand side of (3.8). The remaining arguments are
the same as in part B) of the proof since the relation (1 +¢)"I5(¢t) — 0 as t — oo
also holds for k = 1. This completes the proof of Theorem 1.1.

4. Discussion and extensions

1. Simplification of the proof for 2D Navier—Stokes. The proof of the crucial decay
estimate tH7(t) — 0 as t — oo (see Theorem 1.3) is somewhat simpler for the 2D
Navier—Stokes equations than for the MHD system: If £ = Djus — Douy denotes
the vorticity, then ||£(t)|| = Hi(t) and (d/dt)H?(t) = —2||D?ul|> < 0. Therefore,

tHZ(t) =0 as t— o0
holds since otherwise there is a sequence ¢; — oo with
tiHE(t;) >8>0, tjg1>2t,
thus

tj+1
HE(t)dt > (tj1 —15)8/tj41 > 6/2, (4.1)

tj
which contradicts [~ Hdt < oo.

2. Estimates of derivatives. The decay estimates for HZ(t) stated in Theorem 1.3
are usually not optimal. We presented the theorem only as a starting point for our
proof of decay of Hy(t) = ||u(-,t)||. Once Theorems 1.1 and 1.3 are shown, one can
improve the decay estimate for H;(t) and can inductively derive decay estimates
for all derivatives. Such a process is carried out in [7] for the Navier—Stokes
equations. See also [6, 9] for other approaches to decay estimates for derivatives
of the solution of the Navier—Stokes equations. The basic result is as follows: Let
D> =D{" ... DN denote any space derivative, thus

t
Du(t) = DAty + / DA Q(s) ds . (4.2)
0
As in our main theorem, we assume ||e“tug|| < C(1 +t)™"* for the solution of the
heat equation. Then derivatives decay faster,
la]

||Da6At’LL0H S CltiﬁiT
as can be seen from the Fourier representations of e®*ug and D%e?tug. (Decay
of solutions of the heat equation can be characterized in terms of the behavior of
the Fourier transform of the initial function at zero wave vector, k = 0. See, for
example, [8].) Then, using L,—L, estimates for the solution of the heat equation
together with Gagliardo—Nirenberg inequalities one obtains inductively from (4.2)
that

[

[Du()]| < Cot ™72,
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where v = min{x, & 4+ 1}, as in Theorem 1.1.

We note that these decay estimates for the derivatives allow us to estimate the
difference between u(-,t) and the solution of the vector heat equation with initial
data ug. By Duhamel’s principle,

¢
u(t) — eAlug = / A9 Q(s) ds (4.3)
0

where Q(s) can be estimated in terms of Hy(s) and Hy(s). In a generic situation,
and assuming ug € L; N H', the Ly norm of the integral in (4.3) decays at the

1

same rate as |||, namely like £~ % 2.

3. Other parabolic systems. Theorem 1.1 and its proof can be extended to other
parabolic systems. To give sufficient conditions, let f; : R" — R",1 < j < N,
denote smooth vector fields with symmetric Jacobian A, (u) = D, f;(u) and assume
|f;(u)] < Clul?. Consider the parabolic system

ue + Z Aj(w)Dju+ D;j(A;j(u)u) = Pu (4.4)

where the first order terms have antisymmetric form and the linear constant coef-
ficient operator P satisfies:

P=> R;D;+ Y Vi;D;D;,
J 1)

P(k) + P*(k) < —c|k]*I, ¢>0.

Because of

/uTDj(Aj(u)u) de = — /(DjuT)Aj(u)u dx

and A; = A]-T, the nonlinear terms in (4.4) do not change the energy, i.e., the
energy equation (1.10) holds. The estimates (2.1) as well as (1.16) and (1.17) are
also easily shown and the analogue of Lemma 1.1 holds for P. Here ) denotes the
nonlinear terms in (4.4). Note that A;(u)D;u = D, f;(u), which is used to show
(1.17). Once the estimates (1.10), (1.16), (1.17), and (2.1) are derived, the result
of Theorem 1.1 follows by the proof given in the paper.
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