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Abstract. The topological structure of the set of (weighted) composi-
tion operators has been studied on various function spaces on the unit
disc such as Hardy spaces, the space of bounded holomorphic func-
tions, weighted Banach spaces of holomorphic functions with sup-norm,
Hilbert Bergman spaces. In this paper we consider this problem for all
Bergman spaces A%, with p € (0,00) and « € (—1,00). In this setting
we establish a criterion for two composition operators to be linearly
connected in the space of composition operators; furthermore, for the
space of weighted composition operators, we prove that the set of com-
pact weighted composition operators is path connected, but it is not a
component.
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1. Introduction

Let H(D) be the space of all holomorphic functions on the unit disc D. Given
p € (0,00) and « € (—1,00), the Bergman space AP, is defined as follows

= {f € HO): Il = ( [ IFGIPA)) < oo}

with
dAa(z) = 2% (12 12P) dAC),
T

where dA(z) is the Lebesgue measure on D. It is well known that AP with
1 < p < oo is a Banach space, while for 0 < p < 1, A? is a complete metric
space with the distance d(f,g) := [|f — |} .-
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Let S(D) be the set of all holomorphic self-maps of D. For two functions
v € S(D) and ¢ € H(D), a weighted composition operator Wy, ,, is defined by
Wy.of =0 -(foyp), f e H(D). In particular, when + is identically 1, Wy, .,
reduces to a composition operator Cy,. According to Littlewood’s Subordinate
Theorem, each composition operator C,, is bounded on Bergman spaces AZ,,
while compactness of C, on AE, was firstly characterized by MacCluer and
Shapiro [16] in terms of angular derivative of ¢. In details, the operator C., is
compact on AP if and only if ¢ has no finite angular derivative at any point
¢ of 0D, which is equivalent to

2
TSNS el . (1.1)
jzl=1- 1= Jp(2)[?
Boundedness and compactness of weighted composition operators Wy , on
Bergman spaces A2 were investigated by Cuckovié¢ and Zhao [7] in terms of
Berezin type transforms, which are rather difficult to use.

When the basic questions on topological properties of (weighted) com-
position operators were completely solved, many researchers have paid more
attention to the study of the topological structure of the space of such op-
erators endowed with the operator norm topology. This problem was initi-
ated by Berkson [2] with his isolation result on composition operators on the
Hardy space H?, and then developed by MacCluer [15], Shapiro and Sund-
berg [19]. Thereafter, the topological structure problem has been intensively
investigated on various function spaces during the past few decades (see, for
instance, [9,12] on Hardy spaces, [8,17] on Bergman spaces, [13,14] on the
space H* of all bounded holomorphic functions on D, [11] on Bloch spaces,
[1] on weighted Banach spaces with sup-norm, and [20] on Fock spaces).

In this paper we are interested in the topological structure problem on
Bergman spaces AP.. Recall that the authors in [8,15,17] studied this problem
only for composition operators on Hilbert Bergman spaces A% and obtained
some partial results. Firstly, MacCluer [15] gave a sufficient condition for
isolated composition operators and a necessary condition for a composition
operator to be in the path component of another one. Later, Moorhouse
[17] established a sufficient condition under which two composition operators
belong to the same path component. Recently, Dai [8] stated a criterion for
two composition operators to be linearly connected. It is worth mentioning
that in the Bergman space setting, till now there is no complete description
of (path) components in the space of composition operators; moreover, the
space of weighted composition operators has not yet been studied.

The aim of this paper is, firstly, to continue studying the topological
structure problem for composition operators on Bergman spaces AP, with p €
(0, 00); secondly, to initiate this problem for weighted composition operators
on these spaces A?. Note that the technique of adjoint operators on Hilbert
Bergman spaces A2, played an essential role in [8,15,17], does not work for
general spaces A?. So we develop a new approach based on Carleson measure.

The paper is organized as follows. In Sect.2 we recall some preliminary
results on pseudo-hyperbolic distance and Carleson measure for Bergman
spaces AP.
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Section 3 is devoted to the topological structure of the space C(AP) of
composition operators on A2 endowed with the operator norm topology. In
Theorem 3.3, we prove that two operators C, and Cy are linearly connected in
the space C(A?), i.e. the path Cy,, with ¢;(2) := (1—t)p(2)+to(2), t € [0,1],
is continuous in C(AZL), if and only if

I ( 1—2)? N 1—|z|? ) 0
im sup =0,
plo(2),0(2))—1 \1 = |0(2)]? 1 —[p(2)]?

where p(p(z), ¢(z)) is the pseudo-hyperbolic distance between (z) and ¢(z).
This result implies that the set [Cy] of all composition operators that differ
from the given one C,, by a compact operator is path connected in C(AE)
(Theorem 3.6). Moreover, the set Cy(A2) of all compact composition opera-
tors on AP, forms a path component in C(A2) (Corollary 3.8). However, as in
the setting of other function spaces, such as the Hardy space H?, the space
H®°, and weighted Banach space with sup-norm, the set of such a type, in
general, is not always a component of C(A2) (Example 3.10). Finally, we
also give sufficient conditions for isolated and non-isolated points in C(AR)
(Proposition 3.11).

The space C,,(A2) of all nonzero weighted composition operators on A2
under the operator norm topology is studied in Sect. 4. We show that the set
Cuw,0(A?) of all nonzero compact weighted composition operators on A? is
path connected in C,, (AP); nevertheless, it is not a component in this space
(Theorem 4.2). Moreover, we provide two path connected sets of the same
type in the space Cy,(AZL), one of which is a path component, while another
one is not (Examples 4.5 and 4.6).

Notation. Throughout this paper we always assume that p € (0, 00) and
a € (—1,00) unless otherwise is stated. We denote constants by ¢, cg, c1, ... to
distinguish from composition operators C, induced by ¢(z) = z;. We also
use the notation A < B (and A 2 B) for nonnegative quantities A and B
to mean that there is a constant ¢ > 0, depending only on indexes p, «, 3,7,
such that A < ¢B (and A > ¢B, respectively). Finally, the notation A ~ B
means that both A < B and B < A hold.

2. Preliminaries

In this section we recall some basic notation, definitions and facts which will
be used in the sequel.

2.1. Test Functions
For each 0 > 0 and w € D fixed, we define
1—|wf?)?
ky(z) = (‘—L)aﬁ, z e D.
(1—wz) »

These functions k,, play an important role in the study of Bergman spaces
AP and operators defined on them. From [21, Theorem 1.12] it follows that



5 Page 4 of 24 A. V. Abanin et al. IEOT

there is a constant ¢y, depending only on p, «, o, such that

cot < kwlpa <co  forall w e D. (2.1)

2.2. Pseudo-Hyperbolic Distance
The pseudo-hyperbolic distance between z and ¢ in D is given by

z=¢
1-2C

p(2,() ==

The pseudo-hyperbolic disc with center z € D and radius r € (0,1) is
defined by A(z,r) := {¢ € D : p(z,{) < r}. For simplicity, we write A(z)
instead of A(z, 3).

By [21, Lemma 2.24], there exists a constant ¢; = ¢;1(p, «) such that

&
fer < —S [ 1rOrdAL) (22)
(1= 2" Jae
for every f € H(D) and z € D. This implies that
¢
If(2)] < W“f”p,a (2.3)
— |z P
and, changing the constant c; if necessary,
c
f(2)] < . |;)L+2+1 1/1lp,ac (2.4)
— |z P

for every f € A? and z € D.
Next, by [21, Lemma 2.20], for every r € (0,1), there is a constant
co = ca(r) > 0 such that

1— 2
eyt < 1:2:2 < ¢ forall ¢ € A(z,r) and z € D. (2.5)

The next auxiliary result follows from [5, Lemma 3.2].

Lemma 2.1. For every r € (0,1), there is a constant cs = c3(p, o, 1) > 0 such
that

C3——————————5 /UJpl_WZPdAaLU,
(1— [2[2)**? /A(zT;l) |f/ ()P (1= |w]?) (w)

forall f € HD) and z,{ € D with { € Az, 7).

The following lemma is quite standard. It is originally noticed in [10]
for the unit ball and given in [8, Lemma 3.2].

Lemma 2.2. The following inequality holds
|t — s
1=t —s|)p(zQ)

for every z,{ € D and t,s € [0,1], where z; :== (1 — t)z + t{. In particular,
(2, 25) < p(z,Q) for the same z,(, 2, and zs.

ez < 1 P(e:0)
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2.3. Carleson Measure

A positive Borel measure g on D is called an a-Carleson measure, if the
embedding operator I, : A2 — LP(D,dp) is bounded, i.e. there exists a
constant ¢ > 0 such that

(/ |f(2)|Pdu(z ) < | fllpa forall fe AP

Moreover, if the operator I, is compact, then p on I is called a compact
a-Carleson measure. In this case we put ||p]lo = ”Il‘”iﬁ—wp(ﬂ),du)' Here and
below we omit the dependence on p of norms of measures and operators, since
p > 0 is always an arbitrary fixed number.

By [21, Theorems 2.25 and 2.26], a positive Borel measure u is an a-

Carleson (respectively, a compact a-Carleson) one if and only if
A(z, . . A(z,
sup % < oo | respectively, lim % =0],

zed (1 — |z[?) lz—1= (1 — |2]?)
for some number 7 € (0, 1). Note that these conditions are independent of p
and 7. Moreover, for each r € (0,1), there is a constant ¢4 = c4(a, 1) such

e (AGr) (AGr)
1 w(A(z,r w(A(z,r
i toup PEETD <, < e HEED
seb (1 |22)*7 seb (1 |22)*7
On the other hand, in [16, Section 4], the a-Carleson measure was also
characterized in terms of semidiscs S(¢,0), where S(¢,0) :={z €D : |z—(| <
d} with § € (0,2] and ¢ € 9D. By [16, Theorem 4.3], a positive Borel measure

u is an a-Carleson (respectively, a compact a-Carleson) one if and only if

sup M < o0 <respectively, lim sup M = O) .

(2.6)

se(0,2),ceap 012 §—0cepp  0ot2
In addition,

u(S(¢,9))
>~ sup =27
Il se(0,2),ceop 0212

For a function ¢ € §(D) and a Borel function v : D — [0, 00), we define
the pull-back measure (vA,) o ¢~ ! by

(0A,) 0 5~ (E) = /1<E> 0(2)dAq(2),

for each Borel set E C ID. Then, for each ¢ € S(D) and f € AP,

1€t = ( [ 176D P ) ~(fue |pdAw1)(z)>é_

From this and the boundedness of C, on A?, it follows that A, o ¢! is
always an a-Carleson measure and

1+ |s0(0)|>“+2.

a0 g = O zs(

2.7)
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1

Moreover, Cy, is compact on AP if and only if A, o ™" is a compact a-

Carleson measure.
For each ¢ € S(D), v € H(D), and f € AP,

Wl = ([ PP
_ ( [ iepaeras- w)(z));

This implies that Wy ., is bounded (respectively, compact) on AP if and only if
(Jw|PAn) o1 is an a-Carleson measure (respectively, a compact a-Carleson
measure). Moreover, we have

H(9PAa) o o™ la = [IWy.e

[ (2.8)

3. Path Components of the Space of Composition Operators

In this section we study the space C(AP) of all composition operators on A?,
under the operator norm topology.

First, we establish a necessary and sufficient condition under which two
composition operators C, and Cy are linearly connected in C(AP), i.e., ac-
cording to [8], the path C,, with ¢.(2) := (1 — t)p(2) + to(2),t € [0,1], is
continuous in C(AP). Since ¢;(z) lies on a straight-line path between ¢(z)

and (=),
1 - 1 n 1
L= @) ~ IT- el 1- (6

for every z € D, t € [0,1], and s > 0.
We need the following auxiliary lemmas.

(3.1)

Lemma 3.1. Let p € (0,00) and o,y € (—1,00) with § = a —~ € (0,1]. For
every two functions ¢, ¢ from S(D) and every Borel function v : D — [0,1],
the following inequality holds

1 1

v+2
UAa ] 4,0_1 « 5 Mvﬁ ( + ) ’
[ (vAa) o @y || ©9\1—|p0) " 1—]9(0)]

for allt € [0, 1], where, as above, p(2) := (1 — t)p(z) + td(z), and

R )
My .6 :=supv(z ( + .
o0 =SV | T o0yE T T o0)R
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Proof. Using (2.5) for r = 3 and (3.1), we obtain

(vA4n) 0 07 1 (A(2)) = / 0(w)dAq(w)

er H(AR)

a+1/ 1-8 21\ B
= v(w v(w)(1l —|w dA- (w
s, P 0 = o)) )
1_|w|2 B
s s (v n) [ Al e
v (A()) L—lee)?) Jortaey !

< (o) (7o + 11—}'21'?2))6 =) [y 0

: ) :
= M), (1—12%)" A, 0 07 (A(2)),

for every t € [0,1] and z € D. Then, using (2.6) for r = 1, (2.7) and (3.1),
we get

(vAa) 0 0 ' (A(2)
(1= 12f2)°F

38 _

< uP (L= 12*)" Ay 09y (A(2))

~ My, SUP oyat2
(1—=?)

[(vAa) 0 @7 Hla = sup
zeD

—1
_ B Ayop, (A(R) 28 1
=M, 4 iggm ~ My, ollAyoer |y

2 2
< 1P <1+|sot<o>|>”+ < uf ( 1 )”*
= et {1 - ee(0)] ~ et \ 1 [i(0))]

< 1y < 1 n 1 )w+2
~ e \ 1 —p(0)] 11— |o(0)] 7

for every ¢ € [0,1]. O

Lemma 3.2. For every functions ¢ and ¢ from S(D),

1 22 N 1= T
_ > i [ o R N nd B
1ComColle = qaer oty l(l o) (o) ] ’
(3.2)
where cg, ¢1 are the constants defined in (2.1) and (2.2), respectively, and, by
definition, the limit on the right-hand side of (3.2) is zero if p(¢(2), (2)) < rg
for some rg € (0,1) and all z € D.

Proof. Obviously, it is enough to consider the case when

I 1—|2)? > 1—z)?
imsup @—— —5 > imsup ————
p(p(=),8(2)—1 L= 10(2)* 7 po(a),0(2))—1 L — 16(2)]?

and

1— 2
lim sup 2 > 0.

(o282 —1 L — ()]
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Then taking a sequence (z,), C D so that p(¢(z,), ¢(2,)) — 1 as n — o

and

R T 1 Jaf?
im —————— = limsup ——F,
n=oo L=l () [P prece).otn—1 L= le(2)]?
we easily verify that
1- ) |12
lim sup LZ)L <1.
n—oo 1 —¢(zn)]

Applying this and the well-known identity
_ 2\ (1 _ )

1= p(p(2n), 6 (2n)) = (L-le (an)(l ) )

1= %G (an)

we get
2
lim sup (1 —lpen) ‘2)
" L= G e

and hence,

lim sup

Next, for every n € N, using (2.1) and (2.2), we have

P,

1
”Cgo - O¢Ha > a”c’sakcp(zn) - C¢k<p(zn)
1

- % </D Ko (zn) (0(2)) — kso(Zn)(d)(zmpdAa(Z)) p

> L (/ ko2 (@(2)) — ksa(zn)(¢5(2))|pdAa(z)>
A(zn)

Co

1 a+2

S 2nl®) 7 [kpzn) (9 (20)) = Fp(zn) (@ (20))]

v

SIE|

at2 1 (1 — | (2n) |2)

1
=—(1— |Zn|2) P atz ctatz

CoC1

(1- |<,0(Zn) |2)T (1 —m@b (Zn)> ’

ot+a+2
a+2 P

SR S L PO
~ copcq <1— |80(Zn) |2> ! ’1—m¢(zn)

Letting n — oo in the last inequality and using (3.3), we get

a+2

1 1—|zaf2 \77
Mb—CMazmn<|Z|> ,

coc1 n—oe \ 1 — | (2n) |2

which implies (3.2).
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Theorem 3.3. For every functions ¢ and ¢ from S(D), the operators Cy, and
Cy are linearly connected in C(AR) if and only if

) 1—|2)? 1—|z|? >
lim sup < + =0. (3.4)
plp(2),6(z))—1 1- ‘@(Z)‘Z 1- |¢(Z)‘2

Proof. As above, let p;(2) := (1 — t)p(2) + td(2),t € [0, 1].

(a) Necessity. Following the proof of [8, Theorem 3.2], assume (3.4) does
not hold. Then, similarly to the proof of the previous Lemma 3.2, we can find
a sequence (z, ), in D so that (3.3) holds and

i 1—|zn|? y 1— |z,
imsup —————— < lim ——_—
n—oo 1—[¢(2n)[? 7 n—oo 1—[p(2n)]?

Then for every t € (0,1], by (3.3), we get

11—t (zn)e () | _ [ =)A= @ (2n) [?) + (1 — ¢ (2n) ¢ (20))]

=€0 € (0, OO)

1—lo(zn) 2 1—lp(zn) 2
|1_(p(zn)¢(2n)|_ _ — 00 as N — 0o
TP T G |
Therefore, for every ¢ € (0,1],
1= p(o(2n) ot (2))? = (1o (zn) D) — |t (2Zn) °)
1 — ¢ (2n)pt (2n)
1 |90 (Zn) ‘2

— 0 asn — oo.

<2
|1 - % Gaer ()

Consequently, by Lemma 3.2,

|

1 . 1*‘2n|2 >ap ( 17|Zn|2 > P
Cp—Cyp,lla > lim sup ( Al T
ICe eclla 2c0€1 n—oo [ L=l (2n) ? L=t (2n) [2

a+2

> %o for all ¢t € (0,1].
CoC1

From this it follows that the path Cy,,t € [0,1], is not continuous at t = 0,
which is a contradiction.
(b) Sufficiency. Suppose that (3.4) holds. We prove that the map t +—
C,, is continuous in C(AR), i.e., hH% |Cy, — Cy,lla = 0 for each t € [0,1]
fixed.
We take an arbitrary number r € (0,1) and put
E,.:={zeD:p(e(z),p(z)) <r} and E; :=D\ E,.

For every s € [0,1] and f € AP we write

IC.f = o flIE = / 1 (0a(2) — 1 (00(2)) [PdAa(2)

_ ( [+ ) 1 (9:() — £ (o1(2)) [PAAG(2),
E,. "
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and estimate the integrals in the right-hand side separately.
First, we estimate the integral

2(f.9)i= [ 1£(0.(2) = F (@1() PdAa(o)
E,
For each z € E,., by Lemma 2.2,

p(pu(2),00(2)) < p(9(2), 6(2)) < r for every s € [0,1].

By this and Lemma 2.1, for some constant c¢s = ¢3(p, o, r) and each z € E,.,
we have

2)) — NIP < e P (ps(2), pi(2))° "DIP (1 — lwl2)? w
|f(905( )) f(‘pt( ))' S 3(1_¢t(2)|2)a+2Af( )| (]' | |) dAOé( )7

1). By Lemma 2.2,

where, for simplicity, we write A instead of A(py(z), =F
for each z € E,., we obtain

plp(2), ¢(2))?
(1 (1 —|s —t))ple(2), ¢(2)))"

QH/ P @IP(1 - WP PdAy(w)

P

( — (L= |s=th)r)”

< o I (=) Ay (w)

Using this, Fubini’s theorem, (2.5) and (2.6), for every s € [0,1] and f € AP,
we get

|f(ps(2) = flpe(2) P < cals —tP

X
(1= Jepe(

< csls —t|P

Z(firs) =/E 1f(ps(2)) = Fpi(2))[PdAa(z)
rP

- |s—)r)”
—1 ! P(1 — |w|?)P w z
<[ TEEREETE </A|f @7 (1~ [w]?)PdA )) dAa(2)

PP

(1= —[s—thr)?

P(1—|w ; z w
<Jrrerery </¢um<w sy T Tpeayer? e )> e )

rP

- Js )"
Aa 07 NA(w, T2
x [ 15— jupp o (B ) 4 (@)
D

(1 = Jw[z)ot2

< cgls —t|P

= c3|s —t|?

rP

- —|s—t)n?
x /le’(W)I”(l — w?)PdAn ().

< et [Aa © 07 o

c3cals —t|P
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On the other hand, by (2.7) and (3.1),

B 1+ [pa(0)]\ 2 9 9 at2
[Aa 0wy fla < <1_<!M) = (1— [o(0)] + 1- |¢(0)|) .

Moreover, from [21, Theorem 2.16] and (2.3), it follows that
L@ (= 1wP) daaw) = [ 17@) - 1P )
S (IF117 o + £ (O )|p) S IfI15.a

Thus,
rP

(1= Q1 —Is=t)r)"

2 2 a+2 )
g (1— )] 1o |<z><o>> A

for every s € [0,1] and f € AP.
Next, we estimate the integral

s = [ 17 eula)) = 1 oo PaAao)

I(f,r,s) S 5 Peseals — tf?

We have
I(.r9) = [ 1£0u) - £ o1(2) PdAa(2)

S LN Pdaa) + [ 17 Gl Pt
/|f (pu ()P (2)d Ao /|f (e ()P xm: (2)dAa(2)
/|f Pd(xss Aa) 0 07 1 /|f JPd (xieAo) 0 971 (2)

< lxesAa) 0 03 allFIIE o + | (xEeAa) © 01 all FII5 o)

for every s € [0,1] and f € AP, where xg denotes the characteristic function
of a Borel subset £ C D. Applying Lemma 3.1 to two functions ¢, ¢ from
S(D), and the characteristic function x ge, we obtain

-1 B 1 1 e
X cA o s DLNM c ( + )
I (xBeAa) 0 o3 xeeed \ T [(0)] 1= [1b(0)]

for all s € [0,1]. Here, 8 and « are the same as in Lemma 3.1.
Combining the above estimates for Z(f,r, s) and J(f,r,s), yields

PP

A= —]s—t)r7
2 2 at2
. (1— )] "= |¢<o>|>

P 1 1 y+2
+ 2M7 . ( + > ,
xXep#? \1—Jp(0)] 1 —[¢(0)]

HC% —Cy, [FBS Cg+20304|5 — PP
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for every s € [0,1]. Then, letting s — ¢, we get

g 1 . ”
. _ P <
lim [|Co, = Co,lla S My, 6 (1 0] Tz |¢(0)I> ’

for every r € (0,1). Moreover, by (3.4),

1— |z 1—2)? ) _
My pe o0 = sup ( —0asr— 17,
XB500® p(o(2),6(z)>r N\ = lp(2)[? 1 —o(2)[?
which implies that hrr% |Cy. — Cy,lla = 0 and completes the proof. O

From Theorem 3.3 we immediately get the following result.

Corollary 3.4. Let two functions ¢ and ¢ from S(D) satisfy p(p(2),d(2)) < rg
for some number ro € (0,1) and every z € D. Then C, and Cy are linearly
connected in C(AP).

Remark 3.5. Theorem 3.3 and Corollary 3.4 extend the results of [8, Theorem
3.3] and, respectively, [17, Theorem 8] on Hilbert Bergman spaces A2 to all
Bergman spaces A2 with p € (0, 00).

To describe path components of the space C(AP), we introduce the fol-
lowing notation. We say that two composition operators C, and Cy are equiv-
alent in C(AR), if their difference C, — Cy is a compact operator on AZ.
Obviously, this is an equivalence relation in C(A?). Let denote by [C.,] the
equivalence class of all composition operators that are equivalent to the given
one Cy,. Then the set Cy(AZL) of all compact composition operators on A?, is
the equivalence class [Cp] of all operators from C(AP) that are equivalent to
the operator Cj : f — f(0).

Recall, by [5, Theorem 1.1}, [4, Proposition 4.1], and [17, Theorem 4],
that for every functions ¢ and ¢ from S(ID), the difference C,, —Cy is compact
on AP if and only if

| L= 1
o006 (Fo i * o ie) =0 69

Theorem 3.6. Each equivalence class [Cy| is path connected in the space

C(AP).

Proof. Let Cy be an arbitrary operator in [Cy], i.e. C, — Cy is compact on
AP and, hence, (3.5) holds. We can verify that all operators C,,, where, as
above, ¢(2) := (1 — t)p(z) + to(z) for t € [0,1], belong to the class [C,].
Indeed, using (3.1) and Lemma 2.2, we get p(¢(2), ¢i(2)) < p(@(2), ¢(z)) and
1—|z|? 1—|z)? 1—|z|? 1— |z
L=le()PP  1=le(2)? = "1—le(x)]> ~ 1—lo(2))
for every t € [0,1] and z € D. Thus, by (3.5),
. 1|2 1— |22 )
lim z), ¢z + =0,
060 (i
for every t € [0,1]. This and (3.5) imply that C,, — C, is compact on A?, for
every t € [0, 1].
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On the other hand, it is easy to see that (3.5) implies (3.4). Then, by
Theorem 3.3, C, and Cy are in the same path component of the space C(A?Z,)
via the path C.,,t € [0,1], in [Cy].

From this the assertion follows. g

Now we show that the set Co(AP) forms a path component in the space
C(AP). To do this we need some additional facts concerning angular deriva-
tives of a function ¢ € S(D) (for more information we refer the reader to
[15]). Let ¢ € OD. The condition

1—
lim inf 1= le®)] < oo (3.6)
is necessary and sufficient for the existence of the finite angular derivative
¢©'(€) at ¢. Moreover, the limit in (3.6) is equal to |¢’(¢)| and

1—p(0)]
1+ |¢(0)]
If the limit if infinite, we put ¢’(¢) := oo. Following [15] we say that ¢ and ¢
from S(D) have the same data at  if they have radial limits of modulus 1 at ¢
with (¢) = ¢(¢) and |¢' ()] = [¢'(¢)]. Obviously, in that case ¢'(¢) = ¢'(C).

From [4, Theorem 3.5] it follows that there is a constant ¢ > 0 depending
only on « such that

' (Q)] > > 0.

_a+2
ICe = Colla = cle’ (O™ 7, (3.7)
for every point ¢ € 0D, at which ¢ and ¢ do not have the same data.
The following result is an analog of [15, Theorem 2.4] and proved in the
similar way by using inequality (3.7).

Proposition 3.7. If the operator Cy belongs to the path component of C(AP)
containing C,, then ¢ and ¢ have the same data at every point ¢ € 0D for
which ¢'(C) is finite.

Corollary 3.8. The set Co(AR) of all compact composition operators on AP is
a path component in C(AL).

Proof. By Theorem 3.6, the set Co(A2) is path connected in C(AP).

Recall, by [16, Theorem 3.5], that an operator C, is compact on AP if
and only if ¢ has no finite angular derivative at any point of dD. Thus for
any non-compact operator Cy on AP, there is at least one point ¢ € 9D with
¢'(¢) finite. So a compact operator C, and a non-compact operator Cy do
not belong to the same path component of C(AP) by Proposition 3.7, since
@ and ¢ do not have the same data at (. O

Remark 3.9. Corollary 3.8 extends the result on Hilbert Bergman spaces A2
in [6, Corollary 9.19] to Bergman spaces AP, for all p € (0,00). It should be
noted that in the setting of Hardy spaces, the set of all compact composition
operators on H? is path connected in the space C(H?) (see, [15, Proposition
2.1]); however, it does not form a path component in this space (see, [9, Main
Theorem)).
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The next result shows that similarly to the Hardy space H? [3,18], the
space H* [14], and weighted Banach spaces with sup-norm [1], the well-
known Shapiro-Sundberg conjecture (see [19, Page 149]) is also false for all
Bergman spaces AE. Since this example is constructed by the same reasons
as in [1, Example 3.4] and [14, Examples 1 and 2], we only sketch its proof.

Ezample 3.10. Let ¢(z) := 14+a(z—1) with 0 < a < 1. Then the class [C,]
is not a path component in C(A%).

Proof. Let ¢ := ’1(1176‘1). For each t € [—4, 0], we put

pu(2) 1= po(2) + (= — 1%
Similarly to [1, Example 3.4] and [14, Example 1], we get ¢, € S(D) and
Cy, € C(AR) for all t € [—4,d] and consider a sequence (z,) C I such that
z, — 1 along the arc |1 — 2|2 = 1 — |z|%. Then, as in [1, Example 3.4], for all
n>1andt € [-4,0],
p(po(zn) et (2n)) 2 a(2—|2|)+|t|
and hence,

o1 (2n))

( 1_|Zn|2 -+ 1_|Zn|2 )
1 — |@o(zn)l L — |pi(2n)]?

2]
T a2-a)(a2—a)+[t])
This and (3.5) imply that C,, —Cl, is not compact on A? and so Cy,, ¢ [Cy,]
for all 0 < |t| <.
On the other hand, as in [14, Example 2], for every z € D,
26 1
< —

\/

From this and Corollary 3.4, it follows that the path Cy  with
6s(2) == (1= 8)p—s(2) + sp5(2) = o(z) + 6 (25 — 1) (= — 1)°
= ¥P5(2s—1) (Z)7 s € [07 1]a

is a continuous path connecting C,, ; and Cy,, in C(AZL). Thus, the assertion
follows. O

We end this section with the following characterizations for isolated and
non-isolated points in the space C(AZR).

Proposition 3.11. Let ¢ be a function from S(D).

(a) If ¢ has a finite angular derivative on a set of positive measure, then
Cy, is isolated in the space C(AP).

(b) If ,
/ log(1 — [p(ei®)])df > —oo, (3.8)
0
then C,, is not isolated in C(AP).
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Proof. The part (a) follows from (3.7) by the arguments in the proof of [15,
Corollary 2.3].
(b). We put

(&

27 if
$(2) = exp (1/0 2 g (1 — |<p(ei0)|)d9> .z eD.

2w e — 2

Then ¢ is a bounded outer function in D with |¢| < 1 — || in D and |¢]
1 —|¢| almost everywhere on OD.

For each t € (—1,1), we define ¢;(2) := ¢(z) + tp(z). Obviously, ¢, €
S(D) for every t € (—1,1). We claim that the path Cy,,t € [—6, 6] with § =
is continuous in C(A?%). Hence, C, is not isolated in C(AZ).

It remains to prove the claim. For each z € D, we have

P—s5(2) — ¢s(2)
1 —¢_5(2)ps(2)

1
6’

p(9-s(2), ¢5(2)) =

_ 28]¢(2)|
= 1= e(2)]” = 200 (2)]|6(2)] — 82[6 (=)
B 20

LR — 260(2)] — 82|6(2)|
< 20 - 20 < Z
= 1|—¢|fz()z‘)| _95—82 " 1—20—62— 3

From this and Corollary 3.4, it follows that the path C,_ with
ws(2) = (1 —5)p_s5(2) + sps5(2)
= 90(2) + 5(23 - 1)¢(z) = ¢6(2s—1)(z)a ERS [Oa 1]7

is a continuous path connecting Cy , and Cyp, in C(AP). Thus, the claim
follows. ]

Remark 3.12. Part (a) of Proposition 3.11 is an extension of [15, Corollary
2.3], which was stated only for Hilbert Bergman spaces A2.

Furthermore, (3.8) is a sufficient condition for the operator C, to be
non-isolated in the space of composition operators on the Hardy space H?
[19, Theorem 3.1], on the space H> [14, Corollary 9], and on weighted Ba-
nach spaces with sup-norm [1, Proposition 3.6]. Part (b) of Proposition 3.11
extends this result to all Bergman spaces A?.

4. Path Components of the Space of Weighted Composition
Operators

In this section we study the topological structure of the space C,,(AZL) of all
nonzero bounded weighted composition operators on AP under the opera-
tor norm topology. For simplicity, we write Wy, , ~ W, 4 in C,(AL) if the
operators Wy, , and W, 4 are in the same path component of C,(AR).

In our further considerations we use the following simple fact, which is

proved similarly to [20, Lemma 4.8].
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Lemma 4.1. Every operator Wy, , € C,,(A?) is path connected with the oper-
ator Cy, in Cypy(AL).

The main result of this section is as follows.

Theorem 4.2. The set Cy 0(AR) of all nonzero compact weighted composition
operators on AP, is path connected in the space Cy(AP); but it is not a path
component in this space.

Proof. (a) To prove that the set C, 0(AL) is path connected in the space
Cw(AL), it suffices to show that every operator Wy ,, in C, 0(A%) and the
operator Cy : f — f(0) belong to the same path component of C,,(AE) via a
path in C,0(A2).

If ¢)(2) = const, then the assertion follows from Lemma 4.1 and Corol-
lary 3.8.

Now suppose that ¢ is non-constant. Obviously, ¥ = Wy (1) € AL.

For each t € [0,1], we put
Pi(z) =1 —t+tp(z) and ¢ (2) == tp(z),z € D.

Then, for every ¢ € [0, 1), 1 is a nonzero function in A2 and (D) C te(D) C
D. From this it follows that all operators Wy, ,,t € [0, 1), are compact on AZ.
Indeed, for every bounded sequence (f,), in A2 converging to 0 uniformly
on compact sets of D, we get

P

Waron Fulle = ( / th(Z)I”fn(tw(Z))IpdAa(z))
< Il

pa SUP |fn(2)] — 0 as n — .
z|<t

From this and a slight modification of [6, Proposition 3.11], the assertion
follows. Thus Wy, o, € Cw,0(AR) for all ¢t € [0, 1]; moreover, Wy, », = Co and
Wyr,or = Wy, o. We claim that the map

[Ov 1] - Cw(A‘Z),t = th#Pm

is continuous on [0,1]. Then Wy , ~ Cp in C,(AR) via a path Wy, ,,,t €
[0,1], in Cy 0(AR).

It remains to prove the claim. Obviously, Wy, o, = (1 —1)Crp + Wiy 14,
and hence,

HW’l/Js7<Ps - th;SOtHa < ”(1 - S)CSSD - (1 - t)CttpHOé + ||Ws¢,scp - Wtzb,ttp”ou

for every t,s € [0, 1]. Consequently, to prove the claim, it is enough to show
that, for every ¢ € [0, 1] fixed,

(1) 1im /(1 — 5)Cup — (1~ )Crplle = 0 and (i) T [Waap — Wil = 0.

In our further demonstration we use the obvious inequality for functions
f e HD):

|f(sz) = f(tz)] < |t — s||7] Tr.Iel[Z:)i] |f(12)], z €D, t,s€0,1], (4.1)

where we briefly write [s, ¢] for the interval between s and t.
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First, we prove (i). If ¢ = 1, then, by (2.7),

a2

L0 T

10— $)Cupla = (1= 9|Cuplla < (1 - 5) <1 —5[el0)]

Let now ¢t € [0,1) and to € (¢,1). For every s € [0,t9) and f € AP, using
(2.4), (2.7) and (4.1), we get

(1= $)Capf — (1= )Cu fIE..
- /D (1= ) f(s50(2)) — (1 — ) f(tsp(=))[Pd A (2)

N

(1= [ 1f(s0(2) = Fltp()PdA() + |s =t [ |Fto()PdA(:)

IA

|s — tl”/D ()] max [f'(re(2))[PdAa(2) + |s = tIPICuo fII7 o

IN

1
Kls —t|P|| £, /T nax T o)l )a+2+pd14a(z)+|5—t|p||f||£7a||c,{4p||g

cf 1+ te(0)|\**?
< W|s—t|p|\f”£,a+|s—t|p <W> 111 o

Therefore, for every s € [0, tg),

o 1+ [p(0)\ "+
1-8)Cop — (1 =)Cip|h S +—grsls — t|° 1" T )
(1 —=5)Csp — (1 =1)Crp|lh < (1_t%)a+p+2|s [+ 1s =4 (1—\<P(0)|

Thus, ||(1 — 5)Csp — (1 —t)Ciylla — 0 as s — t, which completes the proof

for (i).
Next, we prove (ii). For every s,t € [0,1] and f € AP, we have

||Wsw,s<pf - Wtw,tgof

P = / 5262 F(s0(2)) — t(2) f(tp(2)) P dAa(2)
< I3 / () (F(sp(2)) — F(tp()))PdAa(2)
w-ﬂP/W¢ 2)PdA(2).

To continue, we need several auxiliary estimates in the following cases.
Case 1. ¢t € [0,1). We fix a number tg € (¢, 1).
Estimate 1.1. By (2.3), we have

| W Cee)PaA) < e | TP aA )

)

< ﬁllfllp,allw o
(1 =5t
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Estimate 1.2. By (2.4) and (4.1), for every s € [0,tg),
/ [¥(2)(f (sp(2)) = f(te(2)))[PdAa(2)

< st / W) e |F (=) Pdda()

1
(ot (L= [ro(z) P)o+2+r

< s — 1P| fI / e dAu(2)

c
< ager s Il
0

Using the above estimates, for every s € [0,tp), we obtain
Wep.so = Wi el

c
S —— s IR

oy
a2+ P, 71a+2|3 - tlp”w"g,a
(1—2)*+2HP (1-13)

This implies that

i W = Wi o = 0.

Case 2. t=1.
Estimate 2.1. We have
/ () F(p(2) PAAG(2) = W I < [Wors 121 £

Estimate 2.2. For each r € (0,1), we put
E..={z€D:|p(z)| <r}and Ef :=D\ E,.
By (2.4) and (4.1), for every s € [0,1), r € (0,1), and f € AP, we have

/ () (F(s0(2)) — F((2)PdAa(2)

- (/ +/ )W(Z)(f(w(Z))f(so(Z)))lpdAa(z)
E, <

s( *S)”/E [¥(2)e(2) " max |f'(T¢(2))[PdAa(2)

TE[s,1]
+/ ([0(2) f(sp(2))F + [¥(2) f(¢(2))|7) dAa(2)
ES

< A= P [ WP e ()

r

+ 1 Ocee [P Aa) 0 (s) T allFIIF o + | (xpe [P Aa) 0 0™ lall £} o

et
< A (L= I alvlh o

I (e lP Aa) © (s0) Hlall fI5 o + I (xBelw P Aa) 0 07 lall F 1170
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Thus, for every s € [0,1) and r € (0,1),
c?
[Wspso = Wy olla S (1= 8)P[Wy o5 + m(l = s)Pllv[f o

+ | (xee [P Aa) o (s9) "l + Il (xBe[¥PAa) © 07 o

To complete the proof, we take an arbitrary number ¢ > 0. Since Wy,
is compact on AP, (|h|PA,) o p~! is a compact a-Carleson measure. Then
there is a number 09 = do(e) € (0,1) such that

a+2
(a0 o (56,00 < (§)

for every § < §p and ¢ € ID.
For every s € [%, 1], 6 € (0,2], and ¢ € OD, by some geometric argu-
ments, we can see that

1 1)
Then, for every r € (0,1), s € [%, 1], 6 < %0, and ¢ € JD, we get
(e 1017 4a) o (s (516,60 = [ s @)6() P A ()
(s)=1(S(¢,9))
< P(w)[PdAs(w) < PdA,
/gpl(;S(g,a)mD)| (w)] (w) /pl(S(C1§)) [P (w)] (w)
_ P A -1 S ) p 1) a+2< p5a+2
- (WJ| a)OQO ( (§’5)> <e (28) <€ .

Since (|[PAy) 0 o H(BE) — 0 as 7 — 17 with BS .= {z € D: |z]| > r},
there exists a number 7 € (0, 1) such that

5 a+2
(|1[P Ay) 0 ot (BE) < &P (20) for every r > rg.
Then, for every r > rg, s € [%, 1,6 € [%0,2], and ¢ € D, we have

(e 1017 4a) o (5 (516,60 = | s @)6() Pd A ()
(s¢)~1(S(¢,9))

(@) PdAn(w) < / (@) PdAq(w)

E

- /‘Pl(iS(Cﬁ)ﬂD)mEg .
a+2
= (lwlpAa) o 90_1 (Bﬁ) < gP (620) < epgot?,

Consequently, for every r > ry and s € [3, 1],

c|w|PA -1
” (XEC|7/}|pAa) ° (580)71”04 _ sup (XE',,. ¢| oz) o (3230) (S(<a6)) < P,
" 5€(0,2],c€0D gt

Therefore, for every r > ry and s € [%, 1), we get

A

[Wapso = Wyl S (1= 8)" [Wyelle + (12077

(1= 8)"19115,0 + 2¢”-
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From this it follows that

005D W = W, 7, ence, T [ Wav.sp — Wl = 0
s—1— —
Thus, (ii) is proved.

(b) Now we consider the operators Wy, o, and Cy,, where 1 (z) := 1—=z
and ¢o(z) := 14+ a(z —1) with 0 < a < 1. Obviously, Wy, ., and C,, belong
to Cy(AR). However, it is easy to check that Wy, o, is compact, while C,, is
not compact on A?.

Indeed, for all r € (0,1),

1—r2
> 1.
1—|1+a(r—1)2 "~

Hence, by (1.1), Cy, is not compact on AE,.
Next, for any sequence (z,), in D with |z,| — 17 as n — oo, without
loss of generality, we suppose that z, — n € dD. If n # 1, then @o(z,) —

1+a(n—1) €D as n — oo, hence,
WJO (Zn) | (1 - |Zn‘2) 1- |Zn
L — o (2n) 2 1 — o (2n) |2
If n = 1, then ¥y (z,) — 0 as n — oo, hence, using [6, Corollary 2.40], we get

‘2
<2

— 0 asn — oo.

%0 (20) | (1 = [2n]?) 1—[2?
e EYea T S e
< Mwo(znﬂ — 0 asn — oo.

a

Consequently,

. o (2)| (1 —2]?)
lz[—1= 1 —|po(2)]?

=0,

which implies, by [17, Corollary 1], that Wy, ., is compact on AP.
It remains to note that, by Lemma 4.1, Wy, o, ~ Cy, in C,y(A2). From
this it follows that the set C, 0(AP) is not a path component of C,,(A2). O

From Lemma 4.1 and the results in Sect. 3, we get the following result
for weighted composition operators.

Proposition 4.3. Suppose that two functions ¢ and ¢ from S(D) satisfy either
of the following conditions:

(1) the difference Cy, — Cy is compact on AP,
(i) there is a number ro € (0,1) such that p(p(2), ¢(z)) < ro for all z € D.

Then all the operators Wy, , and Wy 4 in Cy(AR) belong to the same path
component of Cyy(AL).

Proof. By Lemma 4.1, Wy, , ~ C, and W, 4 ~ Cy in C,,(AZ). On the other
hand, by Theorem 3.6 and Corollary 3.4, Cy ~ Cy, in C(A?), and hence, in
Cw(AP). Consequently, Wy 4 ~ Wy, in Cyy(AP). O
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In view of this proposition, for each function ¢ € S(D), we denote by
W([C,]) the set of all weighted composition operators Wy, 4 € C,,(A?) with
Cy € [Cy]. The following result follows immediately from Proposition 4.3.

Corollary 4.4. Each set W([C,]) with ¢ € S(D) is path connected in C,,(AR).

Now we show that the sets W([C,]) may be path components of the
space C,,(AP) and may be not. To do this, we give the following examples.

Ezample 4.5. For po(z) := 1+ a(z — 1) with 0 < a < 1, the set W([Cy,])
is not a path component of C,,(AE). More precisely, W([Cy,]) is a proper
subset of the path component of C,,(A?) containing C,, o(A2).

Proof. By part (b) in the proof of Theorem 4.2, the operator Wy, ., with
o(z) := 1—z and ¢o(2) := 14+a(z—1) is compact, while C,, is not compact
on AP. Then, by Theorem 4.2 again, Wy, o, ~ Co in Cy,(A?). But Cy,, — Cy
is not compact on AP, which implies that the operator Cy does not belong

to W([Cy,]) and completes the proof. O

Ezample 4.6. For ¢1(z) = z, the set W([Cy,]) is a path component of
Cu(48)-

Proof. By Proposition 3.11(a), Cy,, is isolated in C(A2), which, by Theo-
rem 3.6, implies that [Cy,,] = {C,, }. Then

W ([Co]) = Wy o1 1 0 < [[¢]loc < 00},
where, as usual, |||l := sup|¥(z)]. Indeed, by (2.2), (2.6) and (2.8), for
z€D

each z € D, we get

p CZl) w p w
P S /. L PiAL)
= g B ) S Qo a) o < o0

Now we will prove that W([C,,]) is simultaneously open and closed in
Cw(AP), from which the assertion follows.

Let (Wy,,.01 )n be a sequence in W([C,,]) converging to some operator
Wy¢ in Cyw(AL). Then Wy, o, (f) — Wye(f) in AP for all f € AZ. In
particular, taking here f(z) = 1 and f(z) = z, we obtain that v¢,, — x and
Ynp1 — x¢ in AP as n — oo. Therefore,

X (1 — @) = (X — ¥n) 1+ (Vnp1 — x¢) — 0in AL

Since x # 0, this implies that ¢ = ¢;. Thus, the set W([Cy,]) is closed in

Cw(AP). The fact that it is open in C,(A2) follows immediately from the

following auxiliary lemma. O

Lemma 4.7. Let Wy, ,, be an operator in W([Cy, ). Then the inequality [|Wy, o, —

Wy slla 2 |¥]le holds for every operator Wy, 4 in Cy,(AR) with ¢ # 1, where
l¥]le :==inf{e > 0: F(¢),e) has Lebesgue zero}

with

F(i,e) :={¢€dD: [p(()| =€}
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Proof. Using (2.1) and (2.2), for every w,z € D, we get
1
Wyor = Wislla = aHmemkw ~Wyokullpa

1 ) :
::(AWK%MO—XKWMdoﬂm%“O

Co

=

Co

Y

1 a+2

> — (1= [2P) 7 [W(2)ku(2) = x(2)kw ($(2)) |-

CoC1

In particular, with w = z, we have

Waion — Wglla > —— (1= 22) 7 [(2)Es(2) — x(2)k=(6(2))]

CoC1
1 1|22 |75
z@q(ww>—uuﬂlw@) >,

for every z € D.

On the other hand, obviously, ||[¢|. > 0. Fix an arbitrary number r €
(0,]|%]le)- Then F(4),r) has positive Lebesgue measure.

Since ¢ # 1, the set {¢ € ID : ¢(¢) = (¢} has Lebesgue measure
zero. So there exist a point ¢ € F(¢,r) and a sequence (z,), C D such that
zn — C, [¥(zn)| — [¥(C)] > r, and ¢(z,) — n # ¢ as n — oo. Then for each
n € N, using (2.3), we get

ota+2

2 2\2
e IR it =R LS
n(Zn
Thus,
Wi = Wyolla =~ limsup [9(z0)] > -
CoC1 n—oo CoC1
and so ||Wy. o, — Wy glla > %. From this the assertion follows. O

Acknowledgements

The authors thank the Editor and the Referee for useful remarks and com-
ments that led to the improvement of the paper. The main part of this article
has been done during Pham Trong Tien’s stay at the Vietnam Institute for
Advanced Study in Mathematics (VIASM). He would like to thank the insti-
tution for hospitality and support.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.



IEOT Path Components on Bergman Spaces Page 23 of 24 5

References

[1] Abanin, A.V., Khoi, L.H., Tien, P.T.: Topological structure in the space of
(weighted) composition operators on weighted Banach spaces of holomorphic
functions. Bull. Sci. Math. 158 Article 102806 (2020)

[2] Berkson, E.: Composition operators isolated in the uniform operator topology.
Proc. Am. Math. Soc. 81, 230-232 (1981)

[3] Bourdon, P.S.: Components of linear-fractional composition operators. J.
Math. Anal. Appl. 279, 228-245 (2003)

[4] Choe, B.R., Koo, H., Park, I.: Compact differences of composition operators
on the Bergman spaces over the ball. Potential Anal. 40, 81-102 (2014)

[5] Choe, B.R., Koo, H., Wang, M.: Compact double differences of composition
operators on the Bergman spaces. J. Funct. Anal. 272, 2273-2307 (2017)

[6] Cowen, C.C., MacCluer, B.D.: Composition Operators on Spaces of Analytic
Functions. Studies in Advanced Mathematics. CRC Press, Boca Raton, FL
(1995)

[7] éuékovic’, Z., Zhao, R.: Weighted composition operators on the Bergman space.
J. London Math. Soc. 70, 499-511 (2004)

[8] Dai, J.: Topological structure of the set of composition operators on the
weighted Bergman space. J. Math. Anal. Appl. 473, 444-467 (2019)

[9] Gallardo-Gutiérrez, E.A., Gonzalez, M.J., Nieminen, P.J., Saksman, E.: On the
connected component of compact composition operators on the Hardy space.
Adv. Math. 219, 986-1001 (2008)

[10] Gorkin, P., Mortini, R., Sudrez, D.: Homotopic composition operators on
H*(B"). Contemp. Math. 328, 177-188 (2003)

[11] Hosokawa, T., Ohno, S.: Topological structure of the sets of composition oper-
ators on the Bloch spaces. J. Math. Anal. Appl. 314, 736-748 (2006)

[12] Izuchi, K.J., Izuchi, Y., Ohno, S.: Topological structure of the space of weighted
composition operators between different Hardy spaces. Integral Equ. Oper.
Theory 80, 153-164 (2014)

[13] Izuchi, K.J., Ohno, S.: Path connected components in weighted composition
operators on h* and H with the operator norm. Trans. Am. Math. Soc. 365,
3593-3612 (2013)

[14] MacCluer, B.D., Ohno, S., Zhao, R.: Topological structure of the space of
composition operators on H*. Integral Equ. Oper. Theory 40, 481-494 (2001)

[15] MacCluer, B.D.: Components in the space of composition operators. Integral
Equ. Oper. Theory 12, 725-738 (1989)

[16] MacCluer, B.D., Shapiro, J.H.: Angular derivative and compact composition
operators on the Hardy and Bergman spaces. Can. J. Math. 38, 878-906 (1986)

[17] Moorhouse, J.: Compact differences of composition operators. J. Funct. Anal.
219, 70-92 (2005)

[18] Moorhouse, J., Toews, C.: Differences of composition operators. AMS Contem-
porary Mathematics. Trends in Banach Spaces and Operator Theory, vol. 321,
pp. 207-213 (2003)

[19] Shapiro, J.H., Sundberg, C.: Isolation amongst the composition operators. Pac.
J. Math. 145, 117-152 (1990)

[20] Tien, P.T., Khoi, L.H.: Weighted composition operators between different Fock
spaces. Potential Anal. 50, 171-195 (2019)



5 Page 24 of 24 A. V. Abanin et al. IEOT

[21] Zhu, K.: Spaces of Holomorphic Functions in the Unit Ball. Springer, New York
(2005)

Alexander V. Abanin
Southern Federal University
Rostov-on-Don

Russian Federation 344090
e-mail: avabanin@sfedu.ru

and

Southern Mathematical Institute
Vladikavkaz
Russian Federation 362027

Le Hai Khoi (1)

Division of Mathematical Sciences, School of Physical and Mathematical Sciences
Nanyang Technological University (NTU)

Singapore 637371

Singapore

e-mail: 1Thkhoi@ntu.edu.sg

Pham Trong Tien

Faculty of Mathematics, Mechanics and Informatics
University of Science, Vietnam National University
Hanoi

Vietnam

e-mail: phamtien@vnu.edu.vn

and

TIMAS

Thang Long University
Nghiem Xuan Yem, Hoang Mai
Hanoi

Vietnam

Received: August 1, 2020.
Revised: November 19, 2020.
Accepted: November 21, 2020.



	Path Components of the Space of (Weighted) Composition Operators on Bergman Spaces
	Abstract
	1. Introduction
	2. Preliminaries
	2.1. Test Functions
	2.2. Pseudo-Hyperbolic Distance
	2.3. Carleson Measure

	3. Path Components of the Space of Composition Operators
	4. Path Components of the Space of Weighted Composition Operators
	Acknowledgements
	References




