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Wavenumber-Explicit Regularity Estimates
on the Acoustic Single- and Double-Layer
Operators
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Abstract. We prove new, sharp, wavenumber-explicit bounds on the
norms of the Helmholtz single- and double-layer boundary-integral oper-
ators as mappings from L?(9Q) — H'(8Q) (where 99 is the boundary
of the obstacle). The new bounds are obtained using estimates on the
restriction to the boundary of quasimodes of the Laplacian, building
on recent work by the first author and collaborators. Our main moti-
vation for considering these operators is that they appear in the stan-
dard second-kind boundary-integral formulations, posed in L?(99), of
the exterior Dirichlet problem for the Helmholtz equation. Our new
wavenumber-explicit L?(0Q) — H'(99Q) bounds can then be used in a
wavenumber-explicit version of the classic compact-perturbation anal-
ysis of Galerkin discretisations of these second-kind equations; this
is done in the companion paper (Galkowski, Miiller, and Spence in
Wavenumber-explicit analysis for the Helmholtz h-BEM: error estimates
and iteration counts for the Dirichlet problem, 2017. arXiv:1608.01035).
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1. Introduction

1.1. Statement of the Main Results
Let @k (x,y) be the fundamental solution of the Helmholtz equation (Au +
k?u = 0) given by

eik‘zfyl

i
Op(w,y) = Hy (ble—yl), d=2,  Pi(z,y) = =3, (11)

— d
Atz —y|’
where d is the spatial dimension. Let 2 be a bounded Lipschitz open set such

that the open complement 2, := R\ is connected (so that the scattering
problem with obstacle 2 is well-defined). Recall that, for almost every x € 99,
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there exists a unique outward-pointing unit normal vector, which we denote
by n(z). For ¢ € L?(09) and = € 99, the single- and double-layer potential
operators are defined by

_ = [ 9%(z.y)
S = [ u@n)ow)asw). Do) = [ T ¢<y>ds<2,2)
and the adjoint-double-layer operator is defined by .
Lo(a) = [ OBr(@Y)
i) [ 2 o) asty) (13)

(recall that DY, is the adjoint of Dy with respect to the real-valued L?(92)
inner product; see, e.g., [7, p. 120]).

Before stating our main results, we need to make the following
definitions.

Definition 1.1. (Smooth hypersurface). We say that I' € R? is a smooth hyper-
surface if there exists Ta compact embedded smooth d — 1 dimensional sub-
manifold of R?, possibly with boundary, such that I' is an open subset of f,
with T' strictly away from Bf, and the boundary of I" can be written as a

disjoint union
or = <U Yg> Uy,

(=1
where each Yy is an open, relatively compact, smooth embedded manifold of
dimension d — 2 in f, T lies locally on one side of Y;, and ¥ is closed set with
d — 2 measure 0 and ¥ C (J;_, ¥;. We then refer to the manifold T as an
extension of I'.

For example, when d = 3, the interior of a 2-d polygon is a smooth
hypersurface, with Y; the edges and X the set of corner points.

Definition 1.2. (Curved). We say a smooth hypersurface is curved if there is
a choice of normal so that the second fundamental form of the hypersurface
is everywhere positive definite.

Recall that the principal curvatures are the eigenvalues of the matrix of
the second fundamental form in an orthonormal basis of the tangent space,
and thus “curved” is equivalent to the principal curvatures being everywhere
strictly positive (or everywhere strictly negative, depending on the choice of
the normal).

Definition 1.3. (Piecewise smooth). We say that a hypersurface I' is piecewise
smooth if I’ = Uzj\il T; where I'; are smooth hypersurfaces and T'; N r;=90.

Definition 1.4. (Piecewise curved). We say that a piecewise smooth hyper-
surface I' is piecewise curved if I is as in Definition 1.3 and each I'; is curved.

The main results of this paper are contained in the following theorem.
We use the notation that a < b if there exists a C' > 0, independent of k,
such that a < Cb.
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Theorem 1.5. (Bounds on ||Sk HL2(69)—>H1(69); ”Dk HL2(6Q)—>H1(6Q);

D7l L2 (00)— H1 (69)) -
Let €2 be a bounded Lipschitz open set such that the open complement . :=
RAN\Q is connected.

(a) If O is a piecewise smooth hypersurface (in the sense of Definition 1.3),
then, given kg > 1,

||Sk||L2(8Q)—>H1(8Q) < k' logk, (1.4)

for all k > ko. Moreover, if O is piecewise curved (in the sense of
Definition 1.4), then, given ko > 1, the following stronger estimate holds
for all k > ko

||Sk||L2(BQ)—>H1(BQ) < k' log k. (1.5)

(b) If OS2 is a piecewise smooth, C*< hypersurface, for some o > 0, then,
given kg > 1,

”DkHLZ(BQ)—»Hl(aQ) + ”D;CHL?(BQ)—»Hl(aQ) S ko log k

for all k > ko. Moreover, if 02 is piecewise curved, then, given ko > 1,
the following stronger estimates hold for all k > kg

1Dkl 200y — m1 (90) + 1Dkl 2(50)— 11 (00) < k"% log k.
(c) If Q is convex and O is C™° and curved (in the sense of Definition 1.2)
then, given kg > 0,

1Skl L2 00)— 11 (00) S k'3,
1Dkl 200y — m1 00) + 1Dkl 2(00)— 11 (00) S K (1.6)

for all k > ky.

Note that the requirement in Part (b) of Theorem 1.5 that 9 is C*
arises since this is the regularity required of 92 for Dy, and D}, to map L?(0€2)
to H1(99Q); see [38, Theorem 4.2], [15, Theorem 3.6].

Remark 1.6. (Sharpness of the bounds in Theorem 1.5). In Sect. 3 we show
that, modulo the factor logk, all of the bounds in Theorem 1.5 are sharp
(i.e. the powers of k in the bounds are optimal). The sharpness (modulo the
factor log k) of the L2(9Q) — L?(9S2) bounds in Theorem 2.10 was proved
in [31, §A.2-A.3]. Earlier work in [6, §4] proved the sharpness of some of the
L?(0)) — L?(09) bounds in 2-d; we highlight that Sect. 3 and [31, §A.2—
A.3] contain the appropriate generalisations to multidimensions of some of
the arguments of [6, §4] (in particular [6, Theorems 4.2 and 4.4]).

Remark 1.7. (Comparison to previous results). The only previously-existing
bounds on the L?(9) — H'(9£2)-norms of S, Dy, and D}, are the following:

||Sk||L2(8Q)_>H1(aQ) < fld-1/2 (1.7)

when 99 is Lipschitz [29, Theorem 1.6 (i)], and
1Dkl 2 00— mr1 02y + 13N L2 062) — 1 00y S KD/ (1.8)
when 99 is C*< [29, Theorem 1.6 (ii)].
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We see that (1.7) is a factor of log k sharper than the bound (1.4) when
d = 2, but otherwise all the bounds in Theorem 1.5 are sharper than (1.7)
and (1.8).

Remark 1.8. (Bounds for general dimension and k € R). We have restricted
attention to 2- and 3-dimensions because these are the most practically-
interesting ones. From a semiclassical point of view, it is natural work in
d > 1, and the results of Theorem 1.5 apply for any d > 1 (although when
d =1 it is straightforward to get sharper bounds; see [26, §1]). We have also
restricted attention to the case when k is positive and bounded away from
0. Nevertheless, the methods used to prove the bounds in Theorem 1.5 show
that if one replaces log k by log(k) [where (-) = (2+-|?)!/?] and includes an
extra factor of log(k~!) when d = 2, then the resulting bounds hold for all
ke R.

As explained in Sect. 1.2 below, the motivation for proving the
L?(0Q)) — H'(09) bounds of Theorem 1.5 comes from interest in second-
kind Helmholtz boundary integral equations (BIEs) posed in L?(92). How-
ever, there is also a large interest in both first- and second-kind Helmholtz
BIEs posed in the trace spaces H~'/2(9Q) and H'/2(0Q) (see, e.g., [47, §3.9],
[51, §7.6]). The k-explicit theory of Helmholtz BIEs in the trace spaces is
much less developed than the theory in L?(9Q), so we therefore highlight
that the L?(9Q)) — H'(9S2) bounds in Theorem 1.5 can be converted to
H*=1/2(0Q) — H*T1/2(99Q) bounds for |s| < 1/2.

Corollary 1.9. (Bounds from H*~'/2(9Q) — H*T1/2(9Q) for |s| < 1/2).
Theorem 1.5 is valid with all the norms from L*(02) — H'(0) replaced by
norms from H*~Y/2(9Q) — H*t/2(0Q) for |s| < 1/2.

Remark 1.10. (The idea behind Theorem 1.5). The bounds of Theorem 1.5
are proved using estimates on the restriction of quasimodes of the Laplacian
to hypersurfaces from [5,14,32,52,54], and [53] (and recapped in Sect. 2.3
below). The reason why these restriction estimates can be used to prove
bounds on boundary-integral operators is explained in Sect. 2.4.2 below; this
idea was first introduced in [26], [31, Appendix A] and [24], where L?(92) —
L%(9€2) bounds were proved on Sy, Dy, Dj.

1.2. Motivation for Proving Theorem 1.5
Our motivation for proving Theorem 1.5 has four parts.

1. The integral operators Sy, Dy, and D), appear in the standard second-
kind BIE formulations of the exterior Dirichlet problem for the
Helmholtz equation.

2. The standard analysis of the Galerkin method applied to these second-
kind BIEs is based on the fact that, when 09 is C', the operators
Sk, Dk, and D, are all compact, and thus A;c,n and Ay, are compact
perturbations of %I .

3. To perform a k-explicit analysis of the Galerkin method applied to A;wz
or Ay, via these compact-perturbation arguments, we need to have
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k-explicit information about the smoothing properties of Sy, Dy, and
D;.

4. When 909 is C%°, the operators Si, Dy, and Dj all map L*(99)
to H'(092), and k-explicit bounds on these norms therefore give the
required k-explicit smoothing information.

Regarding Point 1: if u is the solution of the exterior Dirichlet problem
for the Helmholtz equation

Au(z) + Ku(z) =0, x€Qy,

satisfying the Sommerfeld radiation condition

ou . 1

as r := |z| — oo, uniformly in z/r, then Green’s integral representation
theorem implies that

“(x):—/ iz, )0 uly)ds(y) + [ OREE@Y) s
o0

o on() u(y)ds(y), =€y,

(1.9)
where 9;Fu is the (unknown) Neumann trace on 99 and v u is the (known)
Dirichlet trace. Taking the Dirichlet and Neumann traces of (1.9), using
the jump relations for the single- and double-layer potentials (see, e.g. [7,
Equations 2.41-2.43]), and then taking a linear combination of the resulting
equations, we obtain the so-called “direct” BIE

O = frn (1.10)
where
1 .
ke = 5[—}— Dy, — inSk, (1.11)

n € R\{0}, and fi, is given in terms of the known Dirichlet trace; see,
e.g., [7, Equation 2.68] (the exact form of f , is not important for us here).
Alternatively, one can pose the ansatz

= 00y (z,y) s(y) —1i T s
utw) = [ Do asu) <in | auepeasw). (112

forz € Qy, ¢ € L?(09Q), and n € R\{0}. Taking the Dirichlet trace of (1.12),
we obtain the so-called “indirect” BIE

Apnd =", (1.13)
where
1
Ak,n = 5[4— Dy — inSk. (114)

The motivation for considering these “combined BIEs” (i.e. BIEs involving a
linear combination of S, Dy, and D) is that, when n € R\{0}, the operators
A}, and Ay ;) are bounded, invertible operators on L2(99) for all k > 0 (see,
e.g., [7, Theorem 2.27]). In contrast, the integral operators Sy, (31 + D}),
and (31 + Dy) are not invertible for all k > 0 (see, e.g., [7, §2.5]).
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Regarding Point 2: Si is compact when 09 is Lipschitz (since S :
L%(0Q) — H'(99) in this case [56, Theorem 1.6]), and Dy and D) are
compact when 9Q is C! [23, Theorem 1.2(c)].

Regarding Points 3 and 4: [29] performed a k-explicit version of the
classic compact-perturbation argument appearing in, e.g., [3, Chapter 3]. The
two k-explicit ingredients were the L?(9Q) — H'(99) bounds on Sy, Dy, and
D, discussed in Remark 1.7 (and proved in [29 Theorem 1.6]) and the sharp
Lz(ﬁﬁ) — L?(09) bound on (A} )~ and A, When ) is star-shaped with
respect to a ball from [12, Theorem 4.3]. The paper [25] shows how the results
of [29] are improved by using the new, sharp L?(9Q) — H*(99) bounds on
Sk, Dy, and D}, from Theorem 1.5, along with the sharp L?(92) — L?(99)
bounds on (A4j,,)~" and A,:] for nontrapping 2 from [4, Theorem 1.13].

1.3. Discussion of the Results of Theorem 1.5 in the Context of Using Semi-
classical Analysis in the Numerical Analysis of the Helmholtz Equation

In the last 10 years, there has been growing interest in using results about
the k-explicit analysis of the Helmholtz equation from semiclassical analysis
to design and analyse numerical methods for the Helmholtz equation.! The
activity has occurred in, broadly speaking, four different directions:

1. The use of the results of Melrose and Taylor [41]—on the rigorous
k — oo asymptotics of the solution of the Helmholtz equation in the
exterior of a smooth convex obstacle with strictly positive curvature—
to design and analyse k-dependent approximation spaces for integral-
equation formulations [2,17,19-21,28].

2. The use of the results of Melrose and Taylor [41], along with the work
of Tkawa [37] on scattering from several convex obstacles, to analyse
algorithms for multiple scattering problems [1,22].

3. The use of bounds on the Helmholtz solution operator (also known
as resolvent estimates) due to Vainberg [55] (using the propagation of
singularities results of Melrose and Sjostrand [40]) and Morawetz [45] to
prove bounds on both || (A;W)’1 l|2(00)—L2(00) and the inf-sup constant
of the domain-based variational formulation [4,12,13,48], and also to
analyse preconditioning strategies [27].

4. The use of identities originally due to Morawetz [45] to prove coercivity
of A}, [50] and to introduce new coercive formulations of Helmholtz
problems [44,49].

This paper concerns a fifth direction, namely proving sharp k-explicit bounds
on Sk, Dy and D) using estimates on the restriction of quasimodes of the
Laplacian to hypersurfaces from [5,14,32,52,54], and [53] (and recapped in
Sect. 2.3 below). This direction was initiated in [26], [31, Appendix A], and
[24], where sharp, k-explicit L?(992) — L?*(92) bounds on Sk, Dy and D},
were proved using this idea. The present paper extends this method to obtain
sharp L2(0Q2) — H'(9S2) bounds. The companion paper [25] then explores

LA closely-related activity is the design and analysis of numerical methods for the
Helmholtz equation based on proving mew results about the & — oo asymptotics of
Helmholtz solutions for polygonal obstacles; see [9,11,34,35], and [33].
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the implications of both the L?(9Q) — L2?(99Q) and L?*(0Q) — H(9Q)
bounds (used in conjunction with the results in Points 3 and 4 above) on the
k-explicit numerical analysis of the Galerkin method applied to the second-
kind Egs. (1.10) and (1.13).

1.4. Outline of the Paper

In Sect. 2 we prove Theorem 1.5 [the L?(9Q) — H' () bounds] and Corol-
lary 1.9, and in Sect. 3 we show that the bounds in Theorem 1.5 are sharp
in their k-dependence.

2. Proof of Theorem 1.5 and Corollary 1.9

In this section we prove Theorem 1.5 and Corollary 1.9. The vast majority of
the work will be in proving Parts (a) and (b) of Theorem 1.5, with Part (c)
of Theorem 1.5 following from the results in [24, Chapter 4], and Corollary
1.9 following from the results of [29].

The outline of this section is as follows: in Sect. 2.1 we discuss some
preliminaries from the theory of semiclassical pseudodifferential operators,
with our default references the texts [57] and [18]. In Sect. 2.2 we recap
facts about function spaces on piecewise smooth hypersurfaces. In Sect. 2.3
we recap restriction bounds on quasimodes—these results are central to our
proof of Theorem 1.5. In Sect. 2.4 we prove of Parts (a) and (b) of Theorem
1.5, in Sect. 2.5 we prove Part (c¢) of Theorem 1.5 Sect. 2.5, and in Sect. 2.6
we prove Corollary 1.9.

We drop the < notation in this section and state every bound with a
constant C' (independent of k); we do this because later in the proof it will
be useful to be able to indicate whether or not the constant in our estimates
depends on the order s of the Sobolev space, or on a particular hypersurface
I’ (we do this via the subscript s and I'—see, e.g., (2.20) below).

2.1. Semiclassical Preliminaries

2.1.1. Symbols and Quantization. Following [57, §3.3], for £ > 0 and u €
S(RY), we define the semiclassical Fourier transform Fy,(u) by

Fuw)(©) = [ exp (= k(&) uty) do (21)
where (z,£) := 2?21 x;&;. We recall the inversion formula
k4 .
u(a) = gy [ exp (ik{r. ) Fu((©) .
We use the standard notation that D := —id, so that Fy(k~'Dju)(&) =

& Fk(u)(€). We let (€) := (14]¢]%)'/? and, following [18, §E.1.2], we say that
a(x,&k) € C“(Rﬁfg) lies in Sm(Rfffg) if for all a, 8 € N® and K € R¢, there
exists Cy g,k > 0 so that

sup <£>_m+‘5|\8§‘6§ﬁa($,§)| < Copk-
zeK,{€R?
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From here on, we follow the usual convention of suppressing the depen-
dence of a(z,&; k) on k, writing instead a(z,§) (see, e.g., [57, Remark on p.
72]), and also writing S™(R??) instead of Sm(Ri‘fg). We write S~ (R??) =
NmerS™(R?1). We say that a € S°™P(R?9) if g € S~ (R?¢) with suppa C
K for some compact set K C R?? independent of k.

For an element a € S™, we define its quantization to be the operator

—1 L kd .
wr ae kD= s L[ e it =3.6) &) ulo) du. (22)

for u € S(R?). These operators can be defined by duality on u € &' (R9).
We say that an operator A(k) : C°(RY) — D'(R?) is Oy~ (k=) if it is
smoothing (i.e. its Schwartz kernel K is smooth) and each seminorm of K
on C®(R? x R?) is O(k~>°). Note that, by introducing an operator R =
Oy~ (k™) as an error, we can make the operator a(x,k~!1D) properly
supported (i.e. so that for any K € R?, the kernel K of a(z,k~'D) + R has
the property that both Wl_zl(K ) Nsupp K and WZI(K ) Nsupp K are compact
where 7g, 71, : R¢ x R? — R? are projection onto the right and left factors
respectively).

Now, we say that A(k) is a pseudodifferential operator of order m
and write A(k) € ¥™(R?) if A(k) is properly supported and for some
a € S™(R29),

A(k) == a(z, k™ D) + Oy (k).
We say that A(k) € UeomP(R?) if
A(k) = a(z,k™'D) + Oy (k™)

for some a € S°°™P(R24).

Suppose that A(k) € U™ (R?) has A(k) = a(z,k~'D) + Og - (k=).
Then we call a the full symbol of A. The principal symbol of A € W™ (RY),
denoted by o(A), is defined by

o(A):=a mod k~1Sm 1 (R*),

Lemma 2.1. [18, Proposition E.16]. Let a € S™(R?*?) and b € S™2(R??).
Then we have

a(z, k*D)o(z, k™ D) = (ab)(x, k™' D) + k™ ri (2, k7 D) + Og—o (k™)
[a(z, k™ D),b(z, k"' D)] := a(x, k' D)b(z,k D) — b(z, k"' D)a(z, kD)
1
- %{mb}(m,k—lD)+k;—2r2(x,k—lD)+owm(k—°°)
i
where ry € STHM2=H(R2) py € Srutma=2(R2d) suppr; C suppaNsuppb,
and the Poisson bracket {a,b} is defined by

d

(.0} = 3" (0,0) (02, b) — (06,b) (D, ).

j=1
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2.1.2. Action on Semiclassical Sobolev Spaces. We define the Semiclassical
Sobolev spaces Hj (R?) to be the space H*(R?) equipped with the norm

”uH%I;(Rd) = [[(k D) ul| 72 (gay-

Note that for s an integer, this norm is equivalent to

el ey = 3 N0k~ 0) e -
lor|<s
The definition of the semiclassical Sobolev spaces on a smooth compact man-
ifold T" of dimension d—1, i.e. Hi(T') for |s| < 1, follows from the definition of
HE(RI71) (see, e.g., [39, p. 98]). Because solutions of the Helmholtz equation
(—k=2A — 1)u = 0 oscillate at frequency k, scaling derivatives by k~! makes
the k-dependence of these norms uniform in the number of derivatives.
With these definitions in hand, we have the following lemma on bound-
edness of pseudodifferential operators.

Lemma 2.2. [18, Proposition E.22]. Let A € W™ (R?). Then for x1,x2 €
CgO(Rd)’ ||X2AX1||H,§(]Rd)4>H;_m(Rd) < C.

2.1.3. Ellipticity. For A € U (RY), we say that (z,&) € R?? is in the elliptic
set of A, denoted ell(A), if there exists U a neighborhood of (z, ) such that
for some § > 0,

inf lo/(4)(z,€)] > 6.
We then have the following lemma

Lemma 2.3. [18, Proposition E.31]. Suppose that A € W™ (R?), b €
Seomp(R24) qyith supp b C ell(A). Then there exists Ry, Ry € WP (RY) with

RiA =b(x, k™ D) + Oy (k~), ARy = b(x, k™ D) + Oy (k~°).
Moreover, if b € S™2(R??) and there exists M >0, § > 0
inf |o(A)|(§)"™ > 9,
supp b

then the same conclusions hold with R; € ™2~ (R4),

2.1.4. Pseudodifferential Operators on Manifolds. Since we only use the
notion of a pseudodifferential operator on a manifold in passing (in Lemma
2.15 and Sect. 2.5 below), we simply note that it is possible to define pseudo-
differential operators on manifolds (see, e.g., [57, Chapter 14]). The analogues
of Lemmas 2.1, 2.2, and 2.3 all hold in this setting. Moreover, the principal
symbol map can still be defined although its definition is somewhat more
involved.

2.2. Function Spaces on Piecewise Smooth Hypersurfaces

We now define the spaces H*(I') and H#*(I') (with the notation for these
spaces taken from [36, §B.2]).
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Definition 2.4. (Erstendable Sobolev space H*(T') on a smooth hypersurface).
Let T' be a smooth hypersurface of R? (in the sense of Definition 1.1) and let
[ be an extension of I'. Given s € R, we say that u € H*(I) if there exists
u € Hgomp(f) such that u|r = u.

Let (Uj, ;) e be an atlas of T such that U, NATNAL =0 for all j € J,
and let

Jri={jeJ, UinT #0} and Jy:={jeJ, U;ndl #0}

(observe that if ' = () then Jy = (). Let (x;)jes be a partition of unity
of T subordinated to (U;)jes. Given x € C°(Int(T')) such that x = 1 in a
neighborhood of I', we define

lullgsry = Y, 10Gu) 095 Mz a1y
Jj€Jr\Ja

+ inf Y 0Gxa) 0 97 s ary. (23)

HeI{csomp (D), ulr=u jeds

We make two remarks:

1. The definition of the norm H*(I') depends on f, X, and the choice of
charts (Uj, ;) and partition of unity (x;). One can however prove that
two different choices of charts (Uj, ;) and partition of unity (x;) lead
to equivalent norms H*(I'). In what follows, (U;,1;,x;) will be traces
on I of charts and partition of unity on R%.

2. This definition is the same as, e.g., the definition of H*(T) for I' ¢ R?
any non-empty open set in [39, p. 77]. However, we use the specific nota-
tion H#*(T) for the following two reasons: (i) parallelism with the space
H#(09) in Definition 2.6 below, and (ii) the fact that, without using
the overline, H*(-) would be defined differently depending on whether
the - is a smooth hypersurface or the boundary of a Lipschitz domain.

Definition 2.5. (Sobolev space H*(T') on a smooth hypersurface). Let T be a
smooth hypersurface of R? (in the sense of Definition 1.1) and let I' be an
extension of T'. Given s € R, We say that u € H5(T") if u € HS  (T) and

comp

suppu C L. Then,
el 2= Nl ey

Since T' has C° boundary, one can show [10, Theorem 3.3, Lemma 3.15]
that the dual of H5(T) is given by H~*(T') with the dual pairing inherited
from that of H(fomp(f) and H g, IT).

For piecewise smooth 0, it is useful to consider the following

“piecewise-H*” spaces.

Definition 2.6. (Sobolev space H*(012)). Let Q be a bounded Lipschitz open
set such that its open complement is connected and 0f2 is a piecewise smooth
hypersurface (in the sense of Definition 1.3); i.e., 90 = Uiv=1 T; where T'; are
smooth hypersurfaces. With |s| < 1, we say that v € H*(9Q) if
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N
u = Zui, for u; € H5(I';), and we let ||UHW(BQ) =
i=1

N
112
=1

We similarly define the norms H;(T') and Hj(T) replacing | - || - (R-1)
in (2.3) with the weighted-norm || - || 7z (ra-1y (see, e.g., [18, Definition E.21J).

The following lemma implies that, when Sk, Dy, and D}, map L?*(9R2) to
H'(09), to bound the H'(9$) norms of Sk¢, Dy¢, and D} ¢, it is sufficient
to bound their H(9Q) norms.

Lemma 2.7. Let Q) be a bounded Lipschitz open set such that its open comple-
ment is connected and O is a piecewise smooth hypersurface (in the sense

of Definition 1.3). If u € H*(9S2) then
s omy < el oo (2.4)

Proof. Recall that H'(99) can be defined as the completion of Cog,,(992) ==
{ulag : u € C§°(RY)} with respect to the norm

/ (|vmu|2 + |u|2)d5 (2.5)
o0

[7, pp. 275-276] where Vyq is the surface gradient, defined in terms of a
parametrisation of the boundary by, e.g., [7, Equations (A.13) and (A.14)].

By the definition of the H(T';) norm from Definition 2.4, u restricted to T';
satisfies

iy = [ (90l + uf?)asr) + int [ (Vg + ) ds(E),
Fi Ulr=u Fi\F7
> [ (19r.l? + uf?)as(r).
r;
Then,

N
ooy = | (IWomul +1u)as =Y [ (190
o i—=1 YT

N
< Z Hull%(n) = ||u||%(69)
i=1

and the proof is complete. O

2 4 |u|2>ds(1}v)

Observe that Lemma 2.7 also holds when H'(99) and HL(09) are
replaced by H} (0S2) and H} (0S) respectively.

2.3. Recap of Restriction Estimates for Quasimodes

Theorem 2.8. Let U C R% be open and precompact with I' a smooth hyper-
surface (in the sense of Definition 1.1) satisfying T C U. Given ko > 0, there
exists C' > 0 (independent of k) so that if |[u||z2) = 1 with

(=k72A = 1u = Or2qn(k™1), (2.6)
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(i-e. [|k72Au+ ul| 2y = O(k™1)) then, for all k > ko,

Ck1/4
- ) 2.7
ufl 2y < {Ckzl/6, I’ curved, =0

and
[Ovullz2ry < Ck (2.8)
where 0, is a choice of normal derivative to T.

References for the Proof of Theorem 2.8. The bound (2.7) for general T' is
proved in [52, Theorem 1.7] and [5, Theorem 1] and for curved T in [32,
Theorem 1.3]. The bound (2.8) is proved in [53, Theorem 0.2] (with the
analogous estimate for proper eigenfunctions appearing in [14, Theorem 1.1]).

We highlight that the analogues of the estimates (2.7) and (2.8) in the
context of the wave equation on smooth Riemannian manifolds appear in
[54, Theorem 1] (along with their L? generalizations in [54, Theorem 8§]),
with [54, pp. 187 and 188] noting that the L? bounds are a corollary of an
estimate in [30]. O

Remark 2.9. (Smoothness of T' required for the quasimode estimates). The
kY% bound in (2.7) is valid when T is only C', and the k'/6-bound is valid
when T is C%! and curved. Therefore, with some extra work it should be pos-
sible to prove that the bounds on Sj in Theorem 1.5 hold with the assump-
tion “piecewise smooth” replaced by “piecewise C1'!'” and “piecewise C%!
and curved” respectively. On the other hand, the bound (2.8) is not known
in the literature for lower regularity I'.

2.4. Proof of Parts (a) and (b) of Theorem 1.5

When proving these results, it is more convenient to work in semiclassical
Sobolev spaces, i.e. to prove the bounds from L*(9€) to H}(95), where
(following Sect. 2.1.2),

2 — 2 2
w1 00y = k2 IVoowll72(a0) + 1wz (a0 - (2.9)

where Vg is the surface gradient on 092 (defined by, e.g., [7, Equations
(A.13) and (A.14)]). We therefore now restate Theorem 1.5 as Theorem 2.10
below, working in these spaces.

Theorem 2.10. (Restatement of Theorem 1.5 as bounds from L?(9Q) —
H} (09)).

Let Q be a bounded Lipschitz open set such that the open complement 4 :=
RAN\Q is connected.

(a) IfOQ is a piecewise smooth hypersurface (in the sense of Definition 1.3),
then, given ko > 1, there exists C > 0 (independent of k) such that

1Skl L2 (00)—H (90) < Ck™'/? logk. (2.10)

for all k > ko. Moreover, if 00 is piecewise curved (in the sense of
Definition 1.4), then, given ko > 1, the following stronger estimate holds
for all k > kg

1Skl 2 (90— b3 (952 < Ck ™/ log k. (2.11)
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(b) If OS2 is a piecewise smooth, C*< hypersurface, for some o > 0, then,
given ko > 1, there exists C' > 0 (independent of k) such that

1Dk 22 00— b2 (22 + 1 Dicll 2000y — 112 (902 < CkY/* log k. (2.12)

Moreover, if 0N) is piecewise curved, then, given ko > 1, there exists
C > 0 (independent of k) such that the following stronger estimates
hold for all k > kg

1Dkl L2 (o) — 112 (002) + 1Pkl 22 60) — 112 (952) S k% log k.

(c) IfQ is convex and O is C™ and curved (in the sense of Definition 1.2)
then, given ko > 1, there exists C' such that, for k > ko,

19k 2 (902)— 111 (902) < CE=?2,
1Dkl 22 (60) — 112 (992) + 1 Dk ll 12 (00— 112 (052) < C-

Because Theorem 2.10 works in the weighted space H](99), the
L2(09Q) — L2(99) bounds contained in Theorem 2.10 are one power of k
stronger than those contained in Theorem 1.5. The L?(9€) — L?(9)) bounds
contained in Theorem 2.10 were originally proved in [26, Theorem 1.2], [31,
Appendix A], and [24, Theorems 4.29, 4.32].

In Sect. 2.4.2 below, we give an outline of the proof of Parts (a) and (b).
This outline, however, requires the definitions of Sy, Dy, and Dj, in terms of
the free resolvent (a.k.a. the Newtonian, or volume, potential), given in the
next subsection.

2.4.1. Sy, Dy, and D;, Written in Terms of the Free Resolvent R (k). We
now recall the definitions of Sy, Dy, and Dj, in terms of the free resolvent
Ro(k), these expressions are well-known in the theory of BIEs on Lipschitz
domains [16], [39, Chapters 6 and 7]. We then specialise these to the case
when 9 is a piecewise smooth hypersurface (in the sense of Definition 1.3)

Let Ro(k) be the free (outgoing) resolvent at k; i.e. for ¢ € 5, (RY)
we have

(Ro)0) @) = [ @ulan)its)d.

where @y (z,y) is the (outgoing) fundamental solution defined by (1.1) for
d = 2,3. Recall that Ry (k) : Hcsomp(Rd) — HP(RY); see, e.g., [39, Equation
6.10].

With ©Q a bounded Lipschitz open set with boundary 99 and 1/2 <
5 <3/2, let v HY (Qp) — H*Y2(0Q) and v~ : H*(Q) — H*~Y/2(0Q),
be the trace maps [16, Lemma 3.6], [39, Theorem 3.38]. When ytu = v~ u
we write both as yu (so that v : H (R?) — H*"1/2(9Q)), and we then let

v H5H2(0Q) — HZS, (R?) be the adjoint of v [39, Equation 6.14]. Then

comp
Sk can be written as
Sk = yRo(k)v* (2.13)
[39, p. 202 and Equation 7.5], [16, Proof of Theorem 1]. With 9} denoting
the adjoint of the normal derivative trace (see, e.g., [39, Equation 6.14]), we
have that the double-layer potential, Dy, is defined by
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Dy, := Ro(k)0;,

[39, p. 202]. Recalling that the normal vector n points out of 2 and into Q,
we have that the traces of Dy from Q4 to I' are given by

1
vED, = 151 + Dy,
[39, Equation 7.5 and Theorem 7.3] and thus
1
Dy =F51+ vERy(k);. (2.14)

Similarly, results about the normal-derivative traces of the single-layer poten-
tial S imply that

1
0ES), = Fol+ D,
SO

1
= i§I+a§Ro(k)~y*. (2.15)

When 09 is Lipschitz, Sy, : L2(02) — H!(0Q) by [56, Theorem 1.6] (see
also, e.g., [42, Chapter 15, Theorem 5|, [43, Proposition 3.8]), and when 99
is C% for some o > 0, then Dy, D}, : L*(0Q) — H'(0Q) by [38, Theorem
4.2] (see also [15, Theorem 3.6]).

We now consider the case when 0f) is a piecewise smooth hypersurface
(in the sense of Definition 1.3) and use the notation that I'; are the compact
embedded smooth manifolds of R? such that, for each i, I'; is an open subset
of T';. Let L; be a vector field whose restriction to I'; is equal to 0Oy, , the unit
normal to 1"1 that is outward pointing with respect to 9. Let v; : Hjl (R%) —
H*=Y2(T';) denote restriction to I';. We note that +; is the inclusion map
f — fér, where dr, is d—1 dimensional Hausdorff measure on I'. Finally, we
let 'yii denote restrictions from the interior and exterior respectively, where
“interior” and “exterior” are defined via considering I'; as a subset of 0f).
With these notations, we have that

1 * *
Dy =F51+ > i Ro(k) L3, (2.16)
]
and
1 .
Dy, = 151 + Z%iLiRo(k)W’j; (2.17)
’L)j

the advantage of these last two expressions over (2.14) and (2.15) is that they
involve 7; and L; instead of 9 and 9.

In the rest of this section, we use the formulae (2.13), (2.16), and (2.17)
as the definitions of Sy, Dy, and Dj.. Note that we slightly abuse notation by
omitting the sums in (2.16) and (2.17) and instead writing

1 1
Dy =+51+ Y Ro(k)Ly*, Dj = Fol+ yELRo(k)y*. (2.18)
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2.4.2. Outline of the Proof of Parts (a) and (b) of Theorem 2.10. The proof
of Parts (a) and (b) of Theorem 2.10 will follow in two steps. In Lemma 2.11,
we obtain estimates on frequencies < Mk and in Lemma 2.20 we complete
the proof by estimating the high frequencies (> Mk).

To estimate the low frequency components, we spectrally decompose
the resolvent using the Fourier transform. We are then able to reduce the
proof of the low-frequency estimates to the estimates on the restriction of
eigenfunctions (or more precisely quasimodes) to 92 that we recalled in Sect.
2.3. To understand this reduction, we proceed formally. From the description
of Sk in terms of the free resolvent, (2.13), the spectral decomposition of Sy,
via the Fourier transform is formally

o) = / k+lo T o7 L YU() 2 gy Yulr) dr (2.19)

where u(r) is a generalized eigenfunction of —A with eigenvalue 72, and

k + 10 denotes the limit of k + ic as ¢ — 0". Observe that the integral in
(2.19) is not well-defined (hence why this calculation is only formal), but
(2.19) nevertheless indicates that estimating Sy amounts to estimating the
restriction of the generalized eigenfunction u(r) to 9.

At very high frequency, we compare the operators Sy, Dy, and D), with
the corresponding operators when k = 1 (recall that the mapping properties
of boundary integral operators with £ = 1 have been extensively studied on
rough domains; see, e.g. [42, Chapter 15], [39,43]). By using a description of
the resolvent at very high frequency as a pseudodifferential operator, we are
able to see that these differences gain additional regularity and hence obtain
estimates on them easily.

The new ingredients in our proof compared to [26] and [31] are that we
have H® norms in Lemma 2.11 and Lemma 2.20 rather than the L? norms
appearing in the previous work.

2.4.3. Proof of Parts (a) and (b) of Theorem 2.10.

Low-Frequency Estimates. Following the outline in Sect. 2.4.2, our first task
is to estimate frequencies < kM. We start by proving a conditional result that
assumes a certain estimate on restriction of the Fourier transform of surface
measures to the sphere of radius r (Lemma 2.11). In Lemma 2.13 we then
show that the hypotheses in Lemma 2.11 are a consequence of restriction
estimates for quasimodes. In Lemma 2.17 we show how the low-frequency
estimates on Sy, Dy, and D, follow from Lemma 2.11.

In this section we denote the sphere of radius r by S~! and we denote
the surface measure on S?~! by do. We also use = to denote the non-
semiclassical Fourier transform, i.e. u(§) is defined by the right-hand side
of (2.1) with k = 1.
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Lemma 2.11. Suppose that for I' C R? any precompact smooth hypersurface,
$s>0, fe H*(T), and some a, >0,

/Sd,l L= For A(€)da(€) < Crir)* | fI% . p, (2.20)
/sgl |ForP(€)da(€) < Co > 115 - (2.21)

Let Ty, Ty € RY be compact embedded smooth hypersurfaces. Recall that L;
is a vector field with L; = 0, on I'; for some choice of unit normal v on T';
and ¢ € CX(R) with ¢» = 1 in neighborhood of 0. With the frequency cutoff
Y(k~'D) defined as in (2.2), we then define for f € H=51(T1), g € H—*2(Ty),
si >0,

Qs(F.9):= [ Ralb)(w( D)o, gt
Qo(1.9) = [ | Rk D)LL(F5r, ) do
Qo (£.9) 1= [ Rok)((0~ D)for ) E5laor,) .

Then there exists Cr, r,,y so that for k> 1,

1Qs(f,9)| < Cr, ry (k)P o1t Log (k)| f1l -1 (e 191 =22 0y (2:22)
@b (f,9)| +1Qp/(f,9)
< Cr, ryp (k)T I sats Log () [ f 1l zr-<1 (e 191l g5 (1) - (2.23)

The key point is that, modulo the frequency cutoff ¥ (k~1D), Qs(f,9),

@p(f,9), and Qp(f,g) are given respectively by (S f,g)r, (Dxf,g)r, and
(D} f,9)r, where f is supported on I'y and g on I's.

Proof of Lemma 2.11. We follow [26,31] to prove the lemma. First, observe
that due to the compact support of for,, (2.20) and (2.21) imply that for
I' ¢ R? precompact,

—— 2

/Sd—l vf L*ffsr(f)‘ dO’(g) < Cr <T>2a+28||f||§;1,5(1-‘) ’ (224)
— 2

/Sg1 V£ f(sl—‘(f)‘ dU(f) < CF <T>25+28||f‘|?'{,s(1—‘) . (225)

Indeed, Vgﬁ; = a;fé\p and since I' is compact,
& lr-ery < Collfllg-eqry-
Also, VeL*(for) = F(xL*(fdr)). Thus,
xL*(fér) = L*(zfér) + [z, L"] for
and [z, L*] € C*°. Therefore, using compactness of T,

Sl ey + Ml L1 =y < Coll e oy-
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NOW, 961"2 c Hmin(fs,fl/Zfe)(Rd), L;(QCSFQ) c Hmin(7571,73/276)(Rd) and
since ¢ € C°(R),
Ro(k) (k™' [DI)L*(fdr,)) € CF(RY),  Ro(k)(¥(k~*|DI))for,) € C=(R?).

By Plancherel’s theorem,

/ 77[} 1|§| f5F1( )g(sl—"z(f)

|§|2 (k+ 10)2 ’
L7 f5rl( )95F (f)
(k! s ;
/ D7~ G0
f5F (€ )L 95F (f)
d / g —1 1 2 2 d ,
where k + i0 is understood as the limit of k + ic as € — 0F.
Therefore, to prove the lemma, we only need to estimate
_ F(E)G©)
Ele) ——2—22 d 2.26
[ el i) e (2:26)

where, by (2.20), (2.21), (2.24), and (2.25),
||F||L2(Sf’1) + ||V£F||L2(S‘£*1) < CF1<T>61+81||fHH731(F1)a and (2.:27)
1Gll 2 (s-1) + IVeGllp2(g2-1) < Cry (P22 gll gz (1) (2.28)

Consider first the integral in (2.26) over [|¢| — [k|| > 1. Since ||¢* — k2| >
|1€]2 — |k[?|, by the Schwartz inequality, (2.20), and (2.21), this piece of the
integral is bounded by

(g )G(ﬁ)

Aa—\knzl l§1? —

1 /
< _ F(r0) G(ro)do(6)dr
o /]Mkz\rf\kﬂzl r2 — k> Jga— (r6) G(ré)do(®)

51+6 2 2(-1
SCrl,rzIIfII;rm<r1>|\g||frsz(r2)/ R e L
M|k|>|r—|k||>1

61+62—1 —1
< Cry vl o gl -2 g K12 +51“2/ | — [kl dr
M|k|Z|r—|k[|=1

51+062—1+s s
< Cry rg,p K202 Mog (B[ fl| = (o) 9] o2 (1) (2.29)

DT

dg

where the constant M in the intermediate steps depends on the support of
. Since k > 1, we write
1 B 1
€2 = (k+10)2  [¢] + (k +1i0) |€|
where the logarithm is well defined since Im(|¢| — (k +i0)) < 0. In particular,

we may take the branch cut of the logarithm that has log(z) € R for x €
(0, 00) and has the branch cut on [0, 00). Let x(r) = 1 for |r| < 1 and vanish

- Velog ([¢] = (k +10)),
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for |r| > 3/2. We then use integration by parts, together with (2.27) and
(2.28)

' et = ) (7 D) g PO GO 157 - Vo (€] = (1 +10)) e

51+6
< Cryroy |k‘ proaTiteites ||f||H*S1(Fl)Hg”H*Sz(FQy

Now, taking 6; = d2 = 0 gives (2.22), and taking 6; = a and J = [ gives
(2.23). O

Remark 2.12. The estimate (2.29) is the only term where the log |k| appears,
which leads to the log k factors in the bounds of Theorem 1.5 (without which
these bounds would be sharp).

The proofs of the estimates (2.20) and (2.21) are contained in the fol-
lowing lemma.

Lemma 2.13. LetT' C R? be a precompact smooth hypersurface. Then estimate
(2.21) holds with 8 = 1/4. For L = 0,, on T, estimate (2.20) holds with o = 1.
Moreover, if T' is curved then (2.21) holds with 3 = 1/6.

To prove this lemma, we need to understand certain properties of the
operator T, defined by

Totw)i= [ e a(e). (2.30)
Indeed, with A : H*(R?) — H*~}(R?), to estimate

IR RG]
we write

<A*<f(5r)(§ Sf P /Sd 1 /Rd A(f Jp(&)ell=dx do(§)
(2.31)

_ / FAT ¢ dz = (f, AT.¢)r,
T

with 7T, defined by (2.30).
Before proving Lemma 2.13 we prove two lemmas (Lemma 2.14 and
2.15) collecting properties of 7.

Lemma 2.14. Let T, be defined by (2.30) and x € C°(RY). Then,
IXTrollL2mey < CllYl L2 g1y

Proof of Lemma 2.14. We estimate B := (xT.)*xT : L*(S¢71) — L?(S471).
This operator has kernel

B(&,n) = /Rd X2(y) exp (iy, € — ) dy = x2(n — €).

Now, for € S4~! and any N > 0,

[ a-giaees [ @K } o <o
Sd B(0,r/2)
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Thus, by Schur’s inequality, B is bounded on L?(S2~!) uniformly in r. There-
fore,

IXT 812 aey < ClIBI2, g1, .

In the next lemma, we use 7 (the radius of S?!) as a semiclassical
parameter, with the space H:(I") defined in exactly the same way as H} (T")
is defined in Sect. 2.2.

Lemma 2.15. With T, be defined by (2.30), let T' denote an extension of I,
X € C®(RY) and A € WL(R?) with x = 1 in a neighborhood of . Then for
seR,

IXAT: 0|77z (ry < CslIXAT-0| 2 5y

Proof of Lemma 2.15. Since m is supported on [£| < 2r, xT,.¢ is compactly
microlocalized in the sense that for ¢ € C°(R) with ¢ = 1 on [—2,2] with
support in [—3, 3],

Y(r T DDXAT¢ = XAT: ¢ + Og—o (1 )X T
(Note that ¢(r~1|D|) can be defined using (2.2) since () is constant near
t=0.)

Let 75 denote restriction to T, and 7|p restriction to I'. Let yp € C°(T)
with xp = 1 on I'. Then for 11 € C°(R) with ¢y =1 on [—4,4],

xrth1 (r D [ ) xr e X AT ¢ = XEVpxX AT ¢ + Og o (1™ )ypx T

where ¢1(r~!|D'|,) is a pseudodifferential operator on I' with symbol
P1(|€'|4) and | - |4 denotes the metric induced on T*T from R? (sce Remark
2.16 below).

Hence, for r > 1,

X AT 7771y < CsllXAT Bl 2 7)- 0

Remark 2.16. (The definition of | - |; used in the proof of Lemma 2.15).

We now briefly review the definition of | - |[; from Riemannian geometry.
Observe that the metric on R? is given by g. = Z?zl(dyi)2 where y* are

standard coordinates on R?. To induce a metric on I', at a point 2o we identify
V,W € T,,T with V!, W' € T,,R* and define g(V, W) = g.(V',W’). That is,
itV =3V, W=>3,W4d,,then g(V,W) =3, VW By doing this at
each point xgy € f, we obtain a metric on f, Next, choose coordinates z* on r
and write the metric g as (>~ a'0,, > 070,5) = > gij(z)a’d’. Then, for the

corresponding dual coordinates € on T*T', we have |¢], = , /> i 9"9&i&; where

¢ denotes the inverse matrix of gij- Note that this definition is independent
of all of the choices of coordinates.

We are now in a position to prove Lemma 2.13.
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Proof of Lemma 2.13. The key observation for the proof of Lemma 2.13 is
that for y € C°(R%), with x = 1 in a neighborhood of I', xT}.¢ is a quasimode
of the Laplacian with & = r in the sense of (2.6) in Theorem 2.8. To see this,
observe first that —AT,.¢ = r?T,.¢ by the definition (2.30). Therefore,

—AXT ¢ = 1*XT ¢ + [—A, X T

Now, observe that for ¥ € C>(R?) with supp¥ C {x = 1}, X[~A,x] = 0.
Therefore, taking such a xy with ¥ = 1 in a neighborhood, U of I" shows that
xT»¢ is a quasimode.

To prove (2.21), we let A = I. Then, by the bounds (2.7) in Theorem
2.8 together with Lemmas 2.14 and 2.15, for s > 0,

IXT- 9|17y < Cs<7">sHXTr¢HL2(f) < CS<T>%+S”XTT¢”L2(]R4)
< Culr) i @ll o ga-ry  (2:32)
and if I' is curved then
IXT- bl sy < Cr) 210l Lo g1y (2.33)
To prove (2.20), we take A = L. Observe that
VexLTr¢ = v LxTr¢.

Hence, using the fact that L = 9, on T' together with the bound (2.8) in
Theorem 2.8, we can estimate LT} ¢.

||XLTT¢||L2(f) = ||LXTT¢||L2(f) < CIXT- 9| L2 mey- (2.34)
In particular, for s > 0,
IXLT Sl (ry < Csr)* 19l L2 si-1)-

Applying the Cauchy—Schwarz inequality together with (2.31), (2.32), (2.33)
and (2.34) completes the proof of Lemma 2.13, since we have shown that

[(FOr(€), 3()) agse—1) < ColrV 3l g oy Il s
(L (FOr)(€), $E)) pagsa—1y| < Colr) T 1 e oy ] 251

and if " is curved,

(B0 (), $(6)) o1y < Calry SN Fll e iy 6]l o -1y O

Lemma 2.17. (Low-frequency estimates). Let so be either 0 or 1. If 092 is
both Lipschitz and piecewise smooth (in the sense of Definition 1.3), then

7 Ro (k) (k™ D)y* fll =2 (002) < Coa,p (k)22 52 log (k)| £l 12002

(2.35)
v Ro (k) (k™ D)Liy* fll o2 (9) < Coa,u (k)12 log (k)| £l 22 (a0

(2.36)
[V LaRo (k) (k™ D)y* fll o2 (002) < Con (k)52 log (k) || 1| 1200 -

(2.37)

with f=1/4. If 0 is piecewise curved and Lipschitz then (2.35)—(2.37) hold
with § = 1/6.
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Proof of Lemma 2.17. By the duality property of H*(T') and H~*(I") (dis-
cussed after Definition 2.5), Lemma 2.13 and the estimates (2.22) and (2.23)
imply for s1,s2 > 0 that there exists C' > 0 independent of k£ > 1 so that
lvea Ro (kYo (k™ D)t fllzzsz ry) < Cra.raw (R) 52 og (B) (| f || fr—o1 (5
(2.38)
llvrs Ro (k)¢ (k™" D)LiNe, fllmsz oy < Cry,ra,w (k)12 log (R £l iz 51 0y
(2.39)
lyes L2Ro(R)d (k™ DAt fllzes gy < Cra.ra,w (k)T 2 log (k)| fll o1 0y -
(2.40)
Since 0f) is piecewise smooth, 0 = va:l I'; with T'; smooth hypersur-
faces. Since ¥ (k~1D) is a smoothing operator on &', by elliptic regularity
Ro(k)y (kD) is smoothing and hence its restriction to 9 maps compactly
supported distributions into H'(9Q). Applying (2.38)—(2.40) with s; = 0,
I' =T';, summing over 4, and using Definition 2.6, we find that, for 0 < s <1,
Iy Ro (k) (k™ D)y fllzres a0y < Conu (k)2 log(k) | fll 12(00)
(2.41)
IV Ro(k)t (k™ D)Ly fll g7z o) < Con.w (k) log(k)l| fll2(00)
(2.42)
17 Lo Ro (k) (k™ D)y fllgrez a0y < Con,u (k)72 log (k) || £l L2 (o0 -
(2.43)
Applying (2.41)—(2.43) with s, = 1 (using the norm bound (2.4)) and sy = 0,
we obtain the estimates (2.35)—(2.37). O

High Frequency Estimates. Next, we obtain an estimate on the high fre-
quency (> kM) components of Sy, Dy, and Dj. We start by analyzing the
high frequency components of the free resolvent, proving two lemmata on the
structure of the free resolvent there.

Lemma 2.18. Suppose that z € [—E,E]. Let ¢ € C(R) with v = 1 on
[-2E2,2E%). Then for x € C°(RY).

XRo(zk)x(1 = 9(k7' D)) = B, (1= 9 (k™" D)xRo(2k)x = B>
where B; € k=2U~2(R4) with

I (R (31)
Z R

Proof of Lemma 2.18. Let xo = x € C®(R?) and x,, € C°(R?) have y,, = 1
on supp xn_1 for n > 1. Let ¢g = ¢ € C°(R) have ¢ = 1 on [-2E2 2E?], let
th, € C(R) have 1, = 1 on [-3E%/2,3E%/2] and supp,, C {1 = 1}
for n > 1. Finally, let ¢, = (1 — %) and ¢ = ¢o = (1 — ). Then,

kK2 xRo(2k)x(—k2A = 2%) = (x* = xk*x1 Ro(zk)xa[x, k2A]). (2.44)
Now, by Lemma 2.3 there exists Ag € k=20 ~2(R?) with
Ay =k 2ag(z, k7 D) + Oy (k~°), suppag C {supppo}  (2.45)
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such that
E2(—k72A — 22)Ag = p(|k71D|) + Og—e (™) (2.46)
and Ag has
k2o(€])
o(Ao) = GE JZL : (2.47)
(Indeed, since we are working on R?,
k2p(lk~' D))
2 —2A 2 _ -1
(kA = ) T = (i)

with no remainder.)
Composing (2.44) on the right with Ay, we have

XRoxp(lk™' D) = x* Ao — k*xxaRoxaer (k™' D) [x, k> AJ Ao + Oy —oc (k~°),
= x"Ao + xx1Rox101([k ' D)k E1 + Og - (k7%°),
where F; € U~1(R?) and we have used that ¢; = 1 on supp ¢y and hence
e1([k™ DX, kAl Ag = [x, k2 AJ Ao + Oy (k7).
Now, applying the same arguments, but with A, such that
E*(—k72A — 22 A, = on(Jk D)) B, 4+ Oy (E7°)

there exists A,, € k=20 ~27"(R?) such that

XnRoXn@n (K7 D) En = X3 An + XnXn+1RoXnt10n4+1 (kT D)k Enyy

+ Oy (k7%)
with E, 11 € U7177(R?). Let
N-1

BY == x*Ao + Z k™7 Ay
j=1

and assume that
XRoxe([k™' D) = BY + xxnRoxnen [k~ DNE™VEy 4 Oy (k™).
for some N. Then,
xxnRoxnen (k= D)k~N Ex
= X(XNAN + XN XN+1RoXN 410N+ ([T D)E T Engr + Og—oe (k7))
= xk VAN + xxnr1Roxn o1 (KT DDET NV En g + Ogoe ()
and thus by induction, for all N > 1,
XRoxe(|k™'DI)
= BY + xxv 1 Roxwpon 11 (k7 DNE N TV By g + Oy (k7).
Since Aj, € U27%(R%), we may let
Bi ~ Xx* Ao + ZkajAk

j=1
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to obtain
XRoxg(|k~'D|) = By € k72U 2(R)
with
E2x2 (1= (l€D)
Bi) = .
T = T g
The proof of the statement for B is identical. O

Next, we prove an estimate on the difference between the resolvent at
high energy and that at fixed energy.

Lemma 2.19. Suppose that z € [0,E]. Let ¢p € CX(R) with ¢»p = 1 on
[-2E2% 2E?]. Then for x € C°(RY),
X(Ro(zk) = Ro(1)x(1 = 4 (|k~'D])) € k=2 ~H(R).
Proof of Lemma 2.19. We proceed as in the proof of Lemma 2.18. Let yo =
x € C*(R?) and x,, € C*(R?%) have y,, = 1 on suppx,_1 for n > 1.
Let 9o = 1 € CX(R) have v = 1 on [-2E?% 2E?], let v, € C>(R) have
Y, =1 on [-3E%/2,3E?/2] and supp ¢, C {¢,—1 = 1} for n > 1. Finally,
let ¢, = (1 —4y,). Then,
Fx(Ro(zk) — Ro(1)x(—k™*A = 2%)
= xRo(1) (z°k* = 1) x = xk*x1(Ro(2k) — Ro(1))x1[x, k2 A]).
(2.48)
Now, by Lemma 2.3 there exists Ay € k=20 ~2(R?) such that (2.45), (2.46),
and (2.47) hold. Composing (2.48) on the right with k=2 A, we have
X(Ro(zk) — Ro(1))xp(|k™" D))
= k*xRo(1)x(2* = k7%) A
—k*xx1(Ro(2k) — Ro(1))x101 (I~ D)) [x, k2 Ao + O (k7).
(2.49)

In particular, iterating using the same argument to write
X1(Ro(zk) — Ro(1)x1¢1(Jk~" D)
=k x1Ro(Dxa(z* = k) A
— k*xax2(Ro(zk) — Ro(1))x22([k " D)) [x1, k72 A A1 + Og- (k7°),
we see that the right hand side of (2.49) is in k=20~ 4(R9). O

With Lemmas 2.18 and 2.19 in hand, we obtain the high-frequency
estimates of the boundary-integral operators by comparing them to those at
fixed frequency.

Lemma 2.20. (High-frequency estimates). Let M > 1 and ¢ € C°(R) with
P =1 for |€] < M. Suppose that O is both Lipschitz and piecewise smooth
(in the sense of Definition 1.3). Then for k > 1 and x € C°(R%)

YRo(k)x(1 — »(|k~'D))v* = OLQ(QQ)HHé(BQ)(k_l(IOg k)'2). (2.50)
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If, in addition, 09 is C*® for some o > 0, then
1 —_ * *
F 51 +75 Ro(k)x(1 = ¢ (|k™' D)) L*Y* = Orz2(p0)—m1 (a0 (log k) (2.51)

1 _ *
i§I+WiLR0(k‘)X(1 — (kT D))V = Or200)— 1 (o0 (log k). (2.52)

Remark 2.21. The factors of logk in the bounds of Lemma 2.20 are likely
artifacts of our proof, but since they do not affect our final results, we do not
attempt to remove them here. In fact, if 9 is smooth (rather than piecewise
smooth), then one can show that the logarithmic factors can be removed from
the bounds in Lemma 2.20 using the analysis in [24, Section 4.4].

Proof of Lemma 2.20. By Lemma 2.19,
Ai = x(Ro(k) = Ro(1))x(1 =9 (k™' D)) € k2%,
Note that for s > 1/2,

v=0 (k/?); (2.53)

Hi (R —HE?(09Q)
this bound follows from repeating the proof of the trace estimate in [39,
Lemma 3.35] but working in semiclassically rescaled spaces.

Let By := yArvy*, Cy := vALL*v*, C} := yLA~vy*. Then, using (2.53)
and the fact that L,L* = Op._ ye-1(k), we have that By = Op2 (k=)
and Ck;, C]i: = OLQHH]}’(]')

Recalling the notation for Sy, (2.13), Dy, and Dj, (2.18), and the mapping
properties recapped in Sect. 2.4.1, we have

vRo(L)xy* : L*(09) — H'(9)
when 0f) is Lipschitz, and

1
oI+ YER(1)xL*y* : L*(09Q) — H'(99Q)

1
Tyl + YELRy(1)xy* : L*(99Q) — H*(0Q)

when 0Q is C%2. )
Now, note that for I' a precompact smooth hypersurface, and ¢ €
Ce(R),
2 Py (1) N ——
1 5 < —1/2
<O (logh)'/?  s=-1/2
kG2 s> 12,
Thus, sincﬂ(|k*1D|) : §'(R?) — C*(R?) and in particular, y(|k~1D|) :
S'(RY) — HY(D),
19 (E~ DY 2 () — brs ey + e (KT DD s oy =773 (1)
1 s< —1/2
<C{ (logk)t/? s=-1/2 (2.54)
kG2 s> —1/2.
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Furthermore, notice that by Lemma 2.18, if ¢y € C°(R) has ¢y = 1 on
supp ¥, then

XRo()x¥([k™ D) = (|t~ D)xRo()x¥(|k™' D) + Og-o0 (k).

In particular, using this estimate together with (2.54) and that xRo(1)x
Hs(Rd) N Hs+2(Rd),

OL2 rN—HT F)((log k)l/Q),
Or2(r)—r2() (1),

OLZ —>H1 )(k)
OL?(F —L2(T) log k),

YER (L)Xt (|k ™' D)y = {

YERo(D)x (| D) L*y* = {

(
_ Opa(ry—mm ) (k)
+ 1 * _ L2(I)—HI(D)
YFLRo(1)x¥(|k™ " D))y" =
Or2(r) HL2(F)(10g k).

Hence,
vRo(k)x(1 = ([~ D[))v*
= yRo(L)x(1 = (k"' D))y* + B = Opa_grr((logk)'/?).
Furthermore, since Ro(k)x(1 — ¥(|k~'D|)) € k~2¥~2(R%), and we have
(2.53),
YRo(k)x(1 = »([k~ D))v* = Oz 2 (k7). (2.55)
Next, observe that

F5 7 Ro(k)x(1 v (K~ D)Ly

1
=¥+ 7 Ro(L)x (L = w(|k™ D)Ly + Ci

_ O gmi(k) (2.56)
OLQHLZ (log k’),

5 9 LRo(R)x(1 — $(k D))

1
=45+ YELRo(1)x(1 — ¢ (kD))" + Cy,

_ OLQHF(I{:)
N {OL2~>L2(Ing))' (257)

Since 0f2 is piecewise smooth, 00 = Zfil T';. Applying (2.55)—(2.57) with
I' = T, summing over ¢, and then using the result (2.4) we obtain (2.50)-
(2.52). O

Proof of Parts (a) and (b) of Theorem 2.10. This follows from combining
the low-frequency estimates (2.35)—(2.37) in Lemma 2.17 with the high-
frequency estimates (2.50)—(2.52) in Lemma 2.20, recalling the decomposi-
tions (2.13) and (2.18). O
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2.5. Proof of Part (c) of Theorem 2.10

Proof of Part (¢) of Theorem 2.10. Observe that [24, Theorems 4.29, 4.32]
imply that for ¢ € C°(R) with ¢ =1 on [-2, 2],

Y(kTID)Sk = Opap (k72%), (k™' D) Dy = Opa g (1).

Then [24, Lemma 4.25] shows that (1 — ¢(|k=1D’|))S, € k=10 ~1(0Q) and
(1 —(|k~1D'|))Dy € k=1 ~1(99) and hence

1=k ' D)8k = Opagn (k71), (1= (|k™ D) Dk=0r2_g3 (k7).
An identical analysis shows that

2.6. Proof of Corollary 1.9

This follows in exactly same way as [29, Proof of Corollary 1.2, p. 193]. The
two ideas are that (i) the relationships

/ngSkwds:/FwSkqﬁds, and /F¢Dkqus:/rwpg¢ds,

for ¢, € L*(09Q) (see, e.g., [7, Equation 2.37]), and the duality of H'(dQ)
and H~1(0Q) (see, e.g., [39, p. 98]) allow us to convert bounds on Sy, Dy,
and D}, as mappings from L?(99Q) — H'(99) into bounds on these operators
as mappings from H~1(9Q) — L?(99Q); and

(ii) interpolation then allows us to obtain bounds from H*~'/2(9Q) —
HT1Y2(9Q) for |s| < 1/2.

Remark 2.22. (Using the triangle inequality on || D}, —inSk||r200)— 1 (90))-
As explained in Sect. 1.2, the motivation for proving the L?(9Q) — H'(99)
bounds on Sy, Dy, and Dj is so that they can be used to estimate (in
a k-explicit way) the smoothing power of Dj — inSy in the analysis of
the Galerkin method via the classic compact-perturbation argument (see
[25, Proof of Theorem 1.10]). We now show that we do not lose anything,
from the point of view of k-dependence, by using the triangle inequality
| Dy, —inSkllL200)—~m1(09) < 1Dgllz2(80)— 1 (00) T 119k | L2 (00)— H1 (00)- As
a consequence, therefore, the bounds on || D;, —inSk||£2(90)— 1 (90) Obtained
from using the bounds on || Dy || 12(90)— m1 (90) and ||Sk||L2a0)— H1 (90) in The-
orem 1.5 are sharp.

First, recall that D) and Sj have wavefront set relation given by the
billiard ball relation (see for example [24, Chapter 4]). Let B*9Q and S*9
denote respectively the unit coball and cosphere bundles in 0. That is,

B*OY := {(z,6)€T™0Q : || g(z) < 1}, S0 := {(2,€)€T 0N : |€|g(z) = 1}.
Denote the relation by Cg C B*9€Q x B*0N2 i.e.

Cp = {(x,&y.n) : (x,€) = By, n) }
where (3 is the billiard ball map (see Fig. 1). To see that the optimal bound

in terms of powers of k for ||Dj — inSkl|r200)—H1(00) is equal to that for
D%l 2 00)—mr (00) + [0IIISk] L2 (00)— H1 (89, Observe that the largest norm
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for Sy corresponds microlocally to points (gi1,g2) € Cg N (S*0N x S*9Q)
(i.e. “glancing” to “glancing”). On the other hand, these points are damped
(relative to the worst bounds) for D). In particular, microlocally near such
points, one expects that

Ck'/2, 09 flat,

||D;chzl|H1(8§2) < Ok‘, ‘|Squz||H1(8Q) z {Ckl/S 00 curved

where || fg,||22a0) = 1 and f,, is microlocalized near go.

The norm for Dj, is maximized microlocally near (pi, p2) € CgN(S*0Q %
B*0Q) (i.e. “transversal” to “glancing”), but near these points, the norm of
Sy is damped relative to its worst bound. In particular, microlocally near
(p1,p2), one expects

Ck5/4, 90 flat
D! — ’ 7
| D f |l o1 09) = {0k7/6, 00 curved,

B4 90 flat
T
(09) CkY% 99 curved,

where || fp, |l 2(90) = 1 and f,, is microlocalized near py. Therefore, even if
[n| is chosen so that || D} ||L2a00)— a1 00) ~ 1llSkllL2(00)— 1 (90), this anal-
ysis shows that there cannot be cancellation since the worst norms occur at
different points of phase space.

3. Sharpness of the Bounds in Theorem 1.5

We now prove that the powers of k in the [[Sk||z2(00)—H1(90) bounds in
Theorem 2.10 are optimal. The analysis in [31, §A.3] proves that the powers
of k in the || Dxllz2(90)—12(90) bounds are optimal, but can be adapted in
a similar way to below to prove the sharpness of the || Dgll1200)— a1 (00)
bounds.

In this section we write z € R? as = (2/,24) for 2/ € R4, and
2’ = (x1,2") (in the case d = 2, the x’” variable is superfluous).

Lemma 3.1. (Lower bound on ||Sk| 1200)—H1(90) when O contains a line
segment). If O contains the set

{(1’1,0) | < 5}

for some § > 0 and is C? in a neighborhood thereof (i.e. OQ contains a line
segment), then there exists kg > 0 and C' > 0 independent of k), such that,
for all k > ko,

1Skll 2001200y = CE™2 and 1Skl 12 (o0)— 1 90y = CkY2.

Lemma 3.1 shows that the bound (1.4), when 02 is piecewise smooth,
is sharp up to a factor of log k.
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00

Rd

FIGURE 1. A recap of the billiard ball map. Let ¢ = (z,¢) €
B*0Q (the unit ball in the cotangent bundle of 9€). The
solid black arrow on the left denotes the covector £ € B;0€Q,
with the dashed arrow denoting the unique inward-pointing
unit vector whose tangential component is £. The dashed
arrow on the right is the continuation of the dashed arrow on
the left, and the solid black arrow on the right is £(3(q)) €
B:m(ﬁ(q))aﬂ The center of the left circle is  and that of
the right is 7, (8(q)). If this process is repeated, then the
dashed arrow on the right is reflected in the tangent plane
at m,(0(q)): the standard “angle of incidence equals angle of
reflection” rule

Lemma 3.2. (General lower bound on ||Sk||r2(00)— 1 09))) If 02 is C? in a
neighborhood of a point then there exists kg > 0 and C > 0 (independent of
k), such that, for all k > ko,

1Skl 200y r2(00) = CK 22 and  ||Skll 290y m1 a0y = Ck'>.

Lemma 3.2 shows that the bound (1.5), when 90X is piecewise curved,
is sharp up to a factor of log k and that the bound (1.6), when 9 is smooth
and curved, is sharp.

Remark 3.3. The lower bound || Sk || grap) . grot1(ry = Ck/? when T is a flat

screen (i.e. a bounded and relatively open subset of {z € R?: x4 = 0}) and
s € R is proved in [8, Remark 4.2] (recall that H*(T") is defined in Definition
2.5).

Proof of Lemma 3.1. By assumption I' C 02, where
ri={(e,2", () s o'] < 6}

for some (') with v(xz1,0) = 0 for |z1] < ¢ (since the line segment {(z1,0) :
|z1] < 6} C T).

By the definition of the operator norm, it is sufficient to prove that there
exists up € L2(0Q) with suppuy C T, kg > 0, and C > 0 (independent of k),
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such that, for all k£ > kg,

||SkUk||L2(F) > Ck71/2||u||L2(p) and Hal-lskukHLz(F) > Ck1/2||u||L2(F).
(3.1)
We begin by observing that the definition of ®x(z,y) (1.1) and the asymp-
totics of Hankel functions for large argument and fixed order (see, e.g., [46,
§10.17]) imply that

‘bk(ﬁ?,y) — Cdkd72eik\zfy\ <(k|£l? _ yl)*<d71)/2 + O((k|£t _ y‘)f(Cl%*l)/Q))7 (32)

V,x — ; —(d—
(V.0:) 04 (a,y) = Cypi—1 28 y>e"“'2‘y‘<(k|m—y\) e

|z =yl
+0((kla - y|)*<‘””/2)>. (3.3)
Let x € C°(R) with suppx C [—2,2], x(0) =1 on [—1, 1] and define
Xe,’h/}’z (1‘/) = X(Eilk’”l'l))((eilk’y2 |1‘H|), (34)

In what follows, we suppress the dependence of u on k for convenience. Let
u(z’,y(2)) == e*®1x, o1/2(2’). The definition of y implies that

suppu = { (', 7(2")) : || < 2e, || < 262},

and thus suppu C I for e sufficiently small and k sufficiently large (say
€ < (2v/2)718 and k > 1); for the rest of the proof we assume that e and k
are such that this is the case. Observe also that

lullzary ~ Ceks™ (274, (3.5)
Let
U= {('7(") s Me <y <2Me, o] < k™2, M> 1)

the motivation for this choice comes from the analysis in Remark 2.22 below.
Indeed, we know that Sy, is largest microlocally near points that are glancing
in both the incoming and outgoing variables. Since u concentrates microlo-
cally at z = 0, £ = (1,0) up to scale k~1/2, the billiard trajectory emanating
from this point is {¢(1,0) : ¢ > 0}. This ray is always glancing since T is flat.
Therefore, we choose U to contain this ray up to scale k=1/2.

Then for x € U, y € suppu,

(@, (") = (' AP = (21— 90)* + 2" =y P + Iy(@) =2 ()
Then, observe that by Taylor’s formula

(') = (') =v(x1,0) —v(y1,0) + pry(z1,0) (2" —y")
+ 4" (0 (21,0) = oy (y1,0)) + O (|2 | + |y 7).

Since y(z1,0) = 0 for |z1] < 4,

(@) =P = O(a" —y"|*) + O(|a"* + [y"?).-
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In particular,
(2", 7 (") = (s v (W) = (21— 31)
+0((1a" =/ P+ 1" 415 ler = )
=z -y + Ok~ M ), (3.6)
:x1<1+(’)(M1) +(9(k1M2)). (3.7)

We have from the Hankel-function asymptotics (3.2) and the definition of u
that, for x € U,

Spu(x) = Cgk?=2 /

oiklz—y|+iky: <k(d1)/2|x _y|ta-ny2
T

+ (’)((Hx — y|)_(d+1)/2)>Xs,0,1.2(y')d5(y)7

and then using the asymptotics (3.6) in the exponent of the integrand and
the asymptotics (3.7) in the rest of the integrand, we have, for x € U,

eikml

}(d=1)/2] g, [(d-1)/2

></F (1+ O(M_le)) (1 +O(M™) + OC,M(k_1)> Xe,0,1/2(y")ds(y).

Therefore, with M large enough, € small enough, and then ky large enough,
the contribution from the integral over I' is determined by the cutoff x. 1,2,
yielding £~ (4=2)/2 and thus

Spu(x) = Cqkd=2

1
@D /2[5, @ D/2’

In the step of taking e sufficiently small, we can also take e small enough to
ensure that U C T for all k& > 1. Using (3.8), along with the fact that the
measure of U ~ k= (4=2)/2 we have that

||Sku||L2(U) > Ok~ Y2 d=2)/4, (3.9)

Since we have ensured that U C T, (3.9) and (3.5) imply that the first bound
in (3.1) holds. It easy to see that if we repeat the argument above but with
(3.3) instead of (3.2), then we obtain the second bound in (3.1). O

Proof of Lemma 3.2. Let xo € 952 be a point so that 9Q is C? in a neighbor-
hood of g and let 2’ be coordinates near xg so that

= {(:c’,’y(:z:’)) 2] < 5} COQ, with v e C2, 7(0) = 9(0) = 0.

|Spu(z’)| > Ckld=2/2 ¥ eU k>k. (3.8)

Similar to the proof of Lemma 3.1, it is sufficient to prove that there exists
uy € L?(09) with suppuy, C T, kg > 0, and C > 0 (independent of k), such
that

||Skuk||L2(p) Z Ck_1/2||uk||L2(p) and ||8$15ku||L2(F) Z Ck)l/QHU,HLz(F)
(3.10)
for all & > k.
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The idea in the curved case is the same as in the flat case: choose u
concentrating as close as possible to a glancing point and measure near the
point given by the billiard map. More practically, this amounts to ensuring
that |z — y| looks like 21 — y; modulo terms that are much smaller than k1.
The fact that I' may be curved will force us to choose u differently and cause
our estimates to be worse than in the flat case (leading to the weaker but
still sharp lower bound).

With Xeq, 4, defined by (3.4), let u(a’,y(2)) = ey 1/30/3(2")
where, as in the proof of Lemma 3.1, we have 2’ = (21, 2”) and as in Lemma
3.1, suppu C T for e sufficiently small and k sufficiently large, and for the
rest of the proof we assume that this is the case. Then

lullz2(ry < Cek™ /0K (=203, (3.11)
Define
U:= {(x',’y(x’)) s Mek™V3 <@y <2Mek™V3) |2 < kT3, M > 1}.
Then, for y € suppu and x € U,

(@, v(@") = (v, v ()]
= (1 —y) +O((|12'> + [y'1*)?|er — a|71) + O (|2 — " Plar — ] 77)
=x1—y1 + Ok M33) + Ok ' MY) (3.12)

= <1 +O(M™) +O(k™23M%) + o(k2/3M2)>. (3.13)
From (3.2) and the definition of u, we have for 2’ € U,

Spu(z) = Cgk?=2 /

oikla—yl+ikys (k—<d—1>/2|x |tz
T

+0((ae = )™)Y sjsan)aso)

and then, using (3.12) in the exponent of the integrand and (3.13) in the rest,
we have, for 2’ € U,
eik}:ﬂl

K d=1)/2[;,|[@-D/2

Sku(ac) = Cdkd_2

« /F (1+ 007 + 01 1)

x (14 O + Ot (7)) 173,254 ) ().

Thus, fixing M large enough, then e small enough, then kq large enough, we
have

1 k_—l/3

’ (d—2)/3
[Spu(z’)] = Ck ] (=1 /2|, |(d=1)/2 )

¥ €U, k> ko (3.14)

In the step of taking e sufficiently small, we can also take e small enough so
that when 2’ € U, |2'| < §, and thus 2’ € T'. Using the lower bound (3.14),
and the fact that the measure of U ~ k~1/3k=2(d=2)/3 e have that

[Skull 2y > |Skull g2y > Ck=2/371/6=(d=2)/3
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and so using (3.11) we obtain the first bound in (3.10). Similar to before, if
we repeat this argument with (3.3) instead of (3.2), we find the second bound
in (3.10). 0
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