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Abstract. Let Q be a bounded pseudoconvex domain in C? with Lipschitz
boundary or a bounded convex domain in C"” and ¢ € C () such that
the Hankel operator Hy is compact on the Bergman space A? (©). Then
¢ o f is holomorphic for any holomorphic f : D — b§2.
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Let Q be a domain in C" and A?(Q) denote the Bergman space of
), the space of square integrable holomorphic functions on . Since A2(12)
is a closed subspace of L?(Q), the space of square integrable functions on
(), there exists an orthogonal projection P : L?(Q) — A2(f), called the
Bergman projection. The Hankel operator Hy : A%(Q) — L?(Q) with symbol
¢ € L>(Q) is defined as Hyf = (I — P)(¢f) where I denotes the identity
operator. Hankel operators have been well studied on the Bergman space of
the unit disc. Sheldon Axler in [2] proved the following interesting theorem.

Theorem (Axler). Let ¢ € A%2(D). Then H is compact if and only if (1 —
|2[*)¢'(2) — 0 as |2 — 1.

The space of holomorphic functions satisfying the condition in the theo-
rem is called little Bloch space. One can check that ¢(z) = exp((z+1)/(2—1))
is bounded on I but it does not belong to the little Bloch space. Hence not
every bounded symbol that is smooth on the domain produces compact Han-
kel operator on the disc. However, Hankel operators with symbols continuous
on the closure are compact for bounded domains in C (see, for instance, [22,
Proposition 1]). We refer the reader to [26] for more information on the the-
ory of Hankel operators (as well as Toeplitz operators) on the Bergman space
of the unit disc. We note that Sheldon Axler’s result has been extended to
a small class of domains in C", such as strongly pseudoconvex domains, by
Peloso [20] and Li [17].
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The situation in C” for n > 2 is radically different. For instance, Hz,
is not compact when € is the bidisc (see, for instance, [4,5,8,16]). Hence in
higher dimensions compactness of Hankel operators is not guaranteed even
if the symbol is smooth up to the boundary. We refer the reader to [13,23]
for more information about Hankel operators in higher dimensions and their
relations to d-Neumann problem.

We are interested in studying compactness of Hankel operators on
Bergman spaces defined on domains in C". We would like to understand
compactness of Hankel operators in terms of the interaction of the symbol
with the boundary geometry. This interaction does not surface for domains
in C as the boundary has no complex geometry. However, to relate the sym-
bol to the boundary geometry we will restrict ourselves to symbols that are
at least continuous up to the boundary. The first results in this direction
are due to Zeljko Cuckovié and the third author in [6]. They obtain results
about compactness of Hankel operators in terms of the behavior of the sym-
bols along analytic discs in the boundary, on smooth bounded pseudoconvex
domains (with a restriction on the Levi form) and on smooth bounded convex
domains in C". Moreover, for convex domains in C? they obtain a charac-
terization for compactness (see [6, Corollary 2]). We note that even though
they state their results for C'*°°-smooth domains and symbols, observation of
the proofs shows that only C'-smoothness is sufficient. One of their results,
stated with C! regularity, is the following theorem.

Theorem (Cuékovié-Sahutoglu). Let Q be a C'-smooth bounded convex
domain in C* and ¢ € C*(Q). Then Hy, is compact if and only if ¢ o f
is holomorphic for any holomorphic f : D — bS).

The theorem above can be interpreted as follows: Hy is compact if
and only if ¢ is “holomorphic along” every non-trivial analytic disc in the
boundary.

The situation for symbols that are only continuous up to the boundary
is less understood. When €2 is a bounded convex domain in C™ with no non-
trivial discs in b2 (that is, any holomorphic mapping f : D — b} is constant)
all of the Hankel operators with symbols continuous on  are compact. This
follows from the following two facts: on such domains the -Neumann oper-
ator is compact (see [11]); compactness of the d-Neumann operator implies
that Hankel operators with symbols continuous on closure are compact (see
[23, Proposition 4.1]).

In case of the polydisc Trieu Le in [16] proved the following characteri-
zation.

Theorem (Le). Let ¢ be continuous on D" for n > 2. Then Hy is compact
if and only if there exist ¢1,po € C(D"™) such that ¢1 is holomorphic on
Dn7¢2 =0 on bDn, and d) = ¢1 + ¢2.

A domain © C C” is called Reinhardt if (z1,...,2,) € Q implies that
(€%121,...,e"2,) € Q for any 6y,...,60, € R. That is, Reinhardt domains
are invariant under rotation in each variable. These are generalizations of the
ball and the polydisc. Reinhardt domains are useful in describing domain of
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convergence for power series centered at the origin (see, for instance, [15,19,
21)).

Motivated by the previous results mentioned above, recently, the first
and the last authors proved the following result on convex Reinhardt domains
in C? (see [8]), generalizing the results in [6] (in terms of regularity of the
symbol but on a small class of domains) and [16] (in terms of the domain in

C2).

Theorem (Clos-Sahutoglu). Let 2 be a bounded convexr Reinhardt domain in
C? and ¢ € C(Q). Then Hy is compact if and only if ¢ o f is holomorphic
for any holomorphic f : 1D — bS).

We note that on piecewise smooth bounded convex Reinhardt domains
in C2, the first author studied compactness of Hankel operators with conju-
gate holomorphic square integrable functions in [4]. Furthermore, compact-
ness of products of two Hankel operators with symbols continuous up to the
boundary was studied by Zeljko Cuckovié¢ and the last author in [7].

In this paper we are able to partially generalize the result of Clos-
Sahutoglu to more general domains. In case the domain is in C? we have
the following result.

Theorem 1. Let 2 be a bounded pseudoconvexr domain in C? with Lipschitz
boundary and ¢ € C(Q) such that Hy is compact on A%(Q). Then ¢ o f is
holomorphic for any holomorphic f: 1D — bS2.

However, for convex domains we can prove the following result in C".

Theorem 2. Let Q be a bounded conver domain in C* and ¢ € C(Q2) such
that Hy is compact on A?(Q). Then ¢o f is holomorphic for any holomorphic
f:D— 0.

As a corollary of Theorem 2 we obtain the following result for locally
convexifiable domains in C".

Corollary 1. Let Q be a bounded locally convezifiable domain in C" and ¢ €

C(Q) such that Hy is compact on A%(Q). Then ¢ o f is holomorphic for any
holomorphic f : 1D — b§2.

A domain Q C C" is called complete Reinhardt if (z1,...,2,) € Q and
&1,..., & € Cwith |§] <1 for all j then (§121,...,&n2n) € 2. We note that
convex Reinhardt domains are complete Reinhardt but the converse is not
true.

As a second corollary we obtain the following result for pseudoconvex
complete Reinhardt domains in C2.

Corollary 2. Let 2 be a bounded pseudoconver complete Reinhardt domain
in C? and ¢ € C(Q) such that Hy is compact on A*(Q). Then ¢ o f is
holomorphic for any holomorphic f : D — bS2.

Remark 1. Peter Matheos, in his thesis [18] (see also [12, Theorem 10] and
[23, Theorem 4.25]), constructed a smooth bounded pseudoconvex complete
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Hartogs domain in C2? that has no analytic disc in its boundary, yet the 0-
Neumann operator on the domain is not compact. Furthermore, Zeytuncu
and the third author [24, Theorem 1] proved that on smooth bounded pseu-
doconvex Hartogs domains in C2, compactness of the -Neumann operator
is equivalent to compactness of all Hankel operators with symbols smooth
up to the boundary. Therefore, on Matheos’ example the condition of The-
orem 1 is trivially satisfied, yet there exists a non-compact Hankel operator
with a symbol smooth on the closure of the domain. Namely, the converse
of Theorem 1 is not true. On the other hand, the converse of Theorem 2 is
open.

The plan of the paper is as follows: First we will prove a localization
result for compactness of Hankel operators with bounded (not necessarily
continuous) symbols. Then we concentrate on the proof of Theorem 1. Finally,
we prove Theorem 2 and the corollaries.

Localization of Compactness

We note that Hg denotes the Hankel operator on A%(U) with symbol ¢ which
is an essentially bounded function on a domain U. Furthermore, we will use
the following notation: A < B means that there exists ¢ > 0 that does not
depend on quantities of interest such that A < ¢B. Also the constant ¢ might
change at every appearance. In the following lemma and the rest of the paper,
B(p,r) denotes the open ball centered at p with radius 7.

Lemma 1. Let Q be a bounded pseudoconvex domain in C", ¢ € L*(Q),
p € bQ,0 <711 < 7o, and Ry, ., : A%(B(p,r2) N Q) — A%(B(p,m1) N Q) be
the restriction operator defined as Ry, ., [ = f|(pr)na- Assume that Hq? 18
compact on A*(). Then Hf(p’”)mQer,Tl is compact on A?(B(p,r2) N ).
Proof. First we will simplify the notation and define the necessary operators.
Let U; = B(p,r;) NQ,QY =1 — PY : L2(U;) — L*(U;) for j = 1,2, and
Q% =1-P?:L*(Q) — L*). Also, in the following calculations ||.||y, and
||.|lo denote the L? norms on U; and €, respectively.

By [22, Lemma 3] we have a bounded operator E. : A%(Uy) — A%()
with the following estimate

1B, (f = Ee)llu, < ellRu, fllu,

for f € A%(Uy) where Ry, denotes the restriction onto U;. Then, Hgl Ry,g =
QY' Ry, Hyg for any g € A*(Q). Then for f € A*(Uy) we have

HHQLJIJL%TQ,TIsz1 = (Ru, (¢(f — E-)), Q" Ru, (6.)) 1,

+ (Ru, (9E. ), Q"' R, (6.))v,
S €||RU1f||%]1 + |<RU1 (¢E6f)v QUlRUl (d)(f - ng))>U1|

+ || Y Ro, (8|

2
Uy
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2
S (e +e(t+ o) Ru flE, + Q7 Ruy HYE-f||

< 22+ )| Ror FI3, + || Roy HEEA|L,

Next we will use the compactness characterization of operators in [23, Lemma
4.3] (see also [9, Proposition V.2.3]). Since H(? is compact, for every & > 0
there exists a compact operator K. : A2(2) — L?(2) such that

|Ro, HOE. £|);, < |HPEf||,, < <IIE-FI13 + | Ko Eef 3.
Therefore, we have

2
[Ru, H B f Iy, < €I ENPIFIG, + 1K B fI-

We note that K. E. : A%2(Uy) — L*(Q) is compact for any € and ¢’. Now we
choose &’ sufficiently small so that ¢'||E.||? < e. Hence, there exists C' > 0
(independent of e,¢" and f) such that

2
U
]

| < CeB+ eI, + KBS
1

Finally, [23, Lemma 4.3] implies that Hgl R,, ,, is compact on A%(Usz). O

Remark 2. We note that the third author proved a localization result pre-
viously in [22]. In [22, Theorem 1] the domain may be very irregular but
the symbol was assumed to be C'-smooth up to the boundary. In Lemma 1,
however, we assume that the symbol is only bounded on the domain.

Proof of Theorem 1

Lemma 2. Let U be a domain in C and ¢ € C(U) that is not holomorphic.
Assume that {¢r} € CH(U) such that (¢pg,h) — (¢,h) as k — oo for all
h € C§°(U). Then there exists a subsequence {¢x;},6 > 0, and h € C5°(U)

such that
olor
J >
for all 7.

Proof. We want to show that there exists h € C§°(U) such that {(¢)z, h)
does not converge to 0 as k — oo. Suppose that ((¢x)z, h) — 0 as k — oo for
all h € C5°(U). Then,

(dr, hz) — (¢, h.) as k — oo.

Hence, in the limit we have (¢, h,) = 0 for all h € C§°(U). This implies
that ¢ is in the kernel of the 0 operator (in the distribution sense) on U.
In particular, ¢ is harmonic. Then ¢ is C°°-smooth (see, for instance, [10,
Corollary 2.20]) and, in turn, it is holomorphic. This contradicts with the
assumption that ¢ is not holomorphic.

Therefore, there exists § > 0,h € Cg°(U), and a subsequence ¢y; such
that

[((Dn, )=z, h) = 6
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for all j. 0

Lemma 3. Let €y and Qs be two bounded domains in C™, F : Q1 — Qs be
a biholomorphism, and ¢ € L>(Qs). Furthermore, let Uy is an open set in
N, F(Uy) = Us, and R; : A%(Q;) — A%(U;) be the restriction operators for
j=1,2. Assume that Hg"’Rg is compact. Then Hg;FRl 18 compact.

Proof. First, we mention the following formula about Bergman projections.

Let Jp denote the determinant of (complex) Jacobian of F and g € L*(Us).
Then by [3, Theorem 1] we have

Py, (Jp-(go F)) = Jr - Py,(g) o I

(see also [14, Proof of Theorem 12.1.11]).

Next, using the equality above, we will get an equality between Hankel
operators on Uy and Us. To that end let h be a square integrable holomorphic
function on Us. Then

HY:p(ho F) =¢oF-hoF — Py, (¢oF hoF)

hoF (¢OF~hOFO

—Jn-boF -2 g p F')loF
Jp o P Jr - Py, 7n >0

h h
e (o g = (0 ) ) o7

h
Us

We need to make sure that JJ;O(S:I € A?%(Qy) for any f € A%(Qy). In
fact,

’ :/ foF~!(w)
0, Jo, |JroF H(w)
:/ foF1(F(2))
o, | Jro F=Y(F(z))

. / 1)
01 JF(Z)

- / FPAV(2)
|95

2
= £, -

So far we have shown that if {f;} is a bounded sequence in A%(2;) then
{fjo F7*/(Jp o F~1)} is a bounded sequence in A?(€;) and

2

foF~! 4V (w)

JFOF_l

2
| Tr(2)*dV (2)

2
[ Tr(2)PdV (2)

Uy _ Us fioF™!
(1) H¢OFR1(fj) =JF- H(zg Ry (J;'OF‘_1> oF.

op1
Then compactness of Hfng implies that {ngRg (%)} has a con-

vergent subsequence in L?(Uy). Using the fact that ||A||y, = ||Jr - ho F|u,
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for any h € L?(Us) together with (1), we conclude that {Hg;FRl(fj)} has a

convergent subsequence in L?(U;). Therefore, HgolFRl is compact. g
Let x € C§°(B(0,1)) such that fB(O 1y X(2)dV (2) = 1. We define

Xk(z) = kznx(kz)
for k=1,2,3,...

Proof of Theorem 1. We assume that Hy is compact and there is a holo-
morphic map f : D — bQ) such that ¢ o f is not holomorphic. Then f is a
non-constant mapping. We can use Lemma 1 to localize the compactness of

H, near a boundary point f(&) = p € b2 such that ¢ o f is not holomorphic
near &. That is, we choose 0 < r; < r such that H;MB(’)’”)R,.w.1 is compact
on A%2(QNB(p,r2)) and ¢o f is not holomorphic on f~1(B(p,r1)). To simplify
the geometry we want to straighten the disc near p yet keep compactness of
the Hankel operator locally. So, shrinking 71, r; if necessary, we use a local

holomorphic change of coordinates
F:QNB(p,ry) — C?

so that Fof maps f~'(B(p,72)) onto an open set on z;-axis and Fo f (&) = 0.

To simplify the notation, let us denote 0y = F(Q2N B(p,r1)) and Qg =
F(QNB(p,rsz)). Lemma 3 implies that H(?OlF,lR is compact on A2({)y) where
R : A%(Qq) — AZ%(Qq) is the restriction operator. Therefore, without loss of
generality, we may assume that

i. ¢ € C(C?), using Tietze extension theorem,
ii. (0,0) € T’y x {0} C bQy is a non-trivial affine disc where I'; = {z € C:
|z] < s1},
iii. Q2 C {(21,22) € C?: |arg(z2)| < 61} for some 0 < 6; <,
iv. H;hR is compact on A2(£y).

Next we will use mollifiers (approximations to the identity) and trivial
extensions to approximate ¢ on zj-axis by suitable smooth functions ¢;. We

define ¢ = ¢|{(217Z2)EC2:Z2:O} and

o = E(¢* xx)

where * and FE denote the convolution and the trivial extension from
{(21,22) € C? : 25 = 0} to C2, respectively. Then ¢, — ¢ uniformly on
compact subsets in {(z1,22) € C?: 29 = 0} as k — oo (see, for instance, [1,
2.29 Theorem]). We note that, since ¢ys are extended trivially in zo-variable,
the sequence {¢} is uniformly convergent on compact sets in C?. Hence,
{¢r} is uniformly bounded on €2;.

Lemma 2 implies that there exist 6 > 0,h € C5°(T'1), and a subsequence
{¢r,} such that

(68, )=, Br | > 6> 0
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forall j = 1,2,3,.... By passing to a subsequence, if necessary, we can assume
that

[{(¢r)z,, M)r,| =0 >0

forall k=1,2,3,....
Since 25 has Lipschitz boundary there exist so > s1, 0 < t1 < tg, and
0<6; <7/2 <6y < such that

I'y x Wt1791 CQCOQycCTIy x Wt2’92
where I'y = {z € C : |2]| < s2} and

Wt]-,Gj = {peie ceC:0< p < tj7 |9| < 9]}
for j =1,2.
We define a sequence of functions on €25 as
s
fj(ZI’ZQ) = gjj
2y’

where 3; = 1 —1/j and a; — 0 such that [|f;|z2w, ,) = 1 for all j.
One can show that {f;} is a bounded sequence in A%({2s) as 1 fillLzowe, 0,)
are uniformly bounded. Furthermore, the sequence {f;} converges to zero
uniformly on compact subsets that are away from {(z1,29) € C% : 2, =
0}. Then f; — 0 weakly in A%(2) as j — oo. Later on we will reach a
contradiction by showing that HH;hR fillo, stays away from zero.

We remind the reader that for any f € A%(€);) and k we have

(Hy'Rf)z, = (Rfér)z, — (Po,R(for))z, = R(f(r)z,)-

Using the identity above (when we pass from second to third line below) and
the Cauchy-Schwarz inequality (in z; on I'; on the second inequality below)
we get

5 = w0y < [ KOz B TV (22)

Wiy 0,

- /W (Be3)ens Wy (BT o IOV (22)

1,01
/Wt
/th,el

< /W VDR (. 20) |2, ey 2,4V (22)

1:01

(D Rf)ey b | dV (22)

1,01

* 4V (2)

<H§>21Rfj7 hay)r,

k

Q
= [[Hy! REGIT, ww, o, 1R [IF, -
Then, for all j and k, we have
J

— < ||HERf||o,.
T, = 1Hox ke
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Using the facts that ¢ — ¢ uniformly on I'y, the sequence { ¢y} is uniformly
bounded on €2, and f; — 0 uniformly on compact subsets away from z;-axis,
one can show that

IHS_ Rfjlle, < [l(¢x — @) Rfjlla, — 0 as j,k — o

Then we have

1) o 0 0
T < o Bhsllo, < 1Hg! gRijlloy +11Hy" Bfjlloy-

Then if we let j, kK — oo we get

0 < liminf||H$1Rfj\|Ql-
J]—00

< S —

thl HF1
Finally, we conclude that H;ZIR is not compact on A2(£2y) because if it
were, the sequence {H{?lR fj} would converge to zero in norm. Therefore,

using Lemma 1, we reach a contradiction with the assumption that Hg is
compact. O

Proof of Theorem 2 and Corollaries

In Lemma 4 below we will use the following notation: L, ., : D — b is
defined as L, ., (§) = 2o + {21 where 29,21 € C™.

Lemma 4. Let Q be a bounded convex domain in C™ and ¢ € C(2). Assume
that there exists a holomorphic function f : D — b so that ¢ o f is not
holomorphic. Then there exist zg € b2, z1 € C™ such that L, ., (D) C bQ and
¢o L, ., isnot holomorphic.

Proof. We first use [6, Lemma 2] (see also [11, Section 2]) to conclude that
the convex hull of f(D) is contained in an affine variety V' C b82. So ¢|y
is not holomorphic. Next we use the following fact: a continuous function is
holomorphic on an open set U if and only if it is holomorphic on every complex
line in U. Therefore, we conclude that there is a complex line L., ., (D) C V
such that ¢ o L, ,, is not holomorphic on D. O

We will need the following lemma in the proof of Theorem 2.

Lemma 5. Let Q2 be a domain in C™ with Lipschitz boundary such that 0 € bS2.
Then the function f(z) = |z,|™P is not square integrable on ) for p > n.

Proof. We can use rotation to assume that positive y,-axis is transversal to
b2 and there exists a, e > 0 such that

Wea ={(,2,) €C" I x C: |72+ 22 <a®y?,—e <y, <0} CQ

where z, = z,, + y,. In the following calculation w, o = {z, + iy, € C:
|Tn| + ayn < 0, —e <y, < 0} is a wedge in z,-axis.

/ 2|22V (2) > / 2|22V (2, 2)
Q W,

E,x
:/ / |20 | 72PdV (2')dV (2y,)
n€wea J]72<a?yR—a}
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2[Ryl v
Zn €EWe, o

€ 1
> -
N/O rlt+2(p—n) dr.

Therefore, if p > n the function f(z) = |z,| P is not square integrable on 2
as the last integral above is infinite. O

Proof of Theorem 2. Using holomorphic linear translation, if necessary, we
may assume that Q C {y,, < 0} and the origin is in the boundary of €. Fur-
thermore, by Lemma 4 we may assume that 0 ¢ ' = {z € C: (2,0,...,0) €
b0} is a non-trivial affine analytic disc such that ¢(.,0,...,0) is not holo-
morphic. Finally, since convex domains have Lipschitz boundary (see, for
instance, [25]), we may also assume that positive y,-axis is transversal to bQ2
on I'.

Let Q%1 = {2 € C" ! : (21,2") € Q} be the slice of Q perpendicular to
T at z; € T. Convexity of €2 and the fact that 0 € T x {0} C b2 imply that

21 2 1 1 .
s )y - Q
(3.2) = 560+ 500 ¢
for z; € T and 2z’ € QO. That is, Q° C 20%/2 for z; € T'. Equivalently,
00 C 20% for z; € %F. Hence,
1

(2) 5(r x Q%) c Q.

To get another inclusion, let 0 < r; such that {z1 € C: |z <™} CT
and z” € Q*'. Then, we have (z1,2"”) € Q and (—z1,0) € I'. Hence

2" 1 1
(07 2) = 5(—21,0) + 5(21,2//) e N.

That is, 3027 C QO for |z1] < r1. Namely, Q7 C 2Q° for |z1| < r1. Hence,
QN B(0,r1) C 2(I' x Q).

Therefore, combining the previous inclusion with (2) we get
1
5(r x Q)N B(0,r) c QN B(0,71) C 2(T x Q).

Next we will use Lemma 5 to produce a bounded sequence {f;} in
A2(Q) that is convergent to zero weakly but its image under a “local” Hankel
operator does not converge to zero.

Since, by Lemma 5, the function f(z) = 2, is not square integrable
on QY (an (n — 1)-dimensional slice of Q) and the L?*-norm of (2, —id) """}
on 00 continuously depends on § > 0, we can choose a positive sequence {6;}
such that §; — 0 as j — oo and [|fj[|1g0 = 1 where

1
(3) fi(z) = e
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Furthermore, |f;(42)| < |f;(z)| for all z € 20° as Q C {y, < 0} and §; > 0.
Then,

/ OV (e) = 167 / )2V (n)
200 100

< 16"‘1/ |fi()[2dV (n)
b
=16""".

Hence {f;} is a bounded sequence in A?(2) (as || fj]|2qo is uniformly bounded)
and f; — 0 weakly in A%(2) as j — oo.

The rest of the proof follows the proof of Theorem 1. Namely, we define
I''={2€C:|z] <%} and ¢ = Blrx{0y. Without loss of generality, we may
assume that ¢ € C(C™). We define

or = E(¢* xx)

where E denotes trivial extension from {(z1,z”) € C? : 2" = 0} to C",
respectively. Using Lemma 2 we can choose ¢ > 0 and h € C§°(I'1) so that,
by passing to a subsequence if necessary, we can assume that

[{(¢k)z, B)ry| 26 >0
for all k =1,2,3,.... Then for Oy = QN B(p,r1) we get

g 0
< ||H,'Rf;
T, = ot il

for all j, k where R : A%(Q)) — A%(£)) is the restriction operator. Then letting
j, k — oo we get

o : < timinf |15 25 o,

< [ —

||h21 ||F1
Hence, H(?lR is not compact and we reach a contradiction with the assump-
tion that Hy4 is compact. Therefore, the proof of Theorem 2 is complete. [

Proof of Corollary 1. Suppose 2 C C™ is a bounded locally convexifiable
domain, ¢ € C(Q) is such that Hy is compact on A%(Q), and f: D — b} is
a holomorphic function. Let p € f(D) and choose r > 0 such that B(p,r)NQ
is convexifiable. Furthermore, without loss of generality, we may assume that
the range of f is contained in B(p,r/2). Then using Lemma 1 and Lemma 3
(and shrinking r is necessary) we may assume that U = B(p,r) N is convex
and HXR is compact on A%(U) where V = B(p,r/2)NQ and R : A%>(U) —
A%(V) is the restriction from U onto V. Then the proof of Theorem 2 implies
that ¢ o f is holomorphic. O

Proof of Corollary 2. Let © C C? be a bounded pseudoconvex complete
Reinhardt domain, ¢ € C(Q), and Hy is compact on A?(€2). By [21, Theorem
3.28], Q2 is locally convexifiable away from the coordinate axes under the map
(21,22) — (log z1,log 22).
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Assume that there is a non-trivial analytic disc in the boundary away
from the coordinate axes. Then there exists a non-constant holomorphic func-
tion f: D — bQ such that f(D) C {(21,22) € C?: 21 # 0 and 22 # 0}. Using
an argument similar to the one in the proof of Corollary 1 we conclude that
¢ o f is holomorphic. Therefore, ¢ is holomorphic along any disc away from
the coordinate axis.

Next, if the disc intersects one of the coordinate axis, without loss of
generality, we assume that f(D) N {(z1,22) € C? : 20 = 0} # 0. Let f =
(f1, f2). Then f; : D — C has a zero. Since zeroes of a holomorphic function
on a planar domain are isolated, we can choose f so that f1(z) = 0 if and
only if z = 0. Therefore, we may assume that f(z) is on a coordinate axis if
and only if z = 0. Then, similarly as in the previous paragraph, we conclude
that ¢o f is holomorphic on D\ {0}. Furthermore, 0 is a removable singularity
for ¢po f as ¢ o f is continuous on D. That is, ¢ o f is holomorphic on D. O
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