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Abstract. Let €2 be an open set in a complete, smooth, non-compact,
m-dimensional Riemannian manifold M without boundary, where M
satisfies a two-sided Li-Yau gaussian heat kernel bound. It is shown
that if Q has infinite measure, and if {2 has finite heat content Hq(T')
for some T' > 0, then Hq(t) < oo for all ¢ > 0. Comparable two-sided
bounds for Hq(t) are obtained for such .
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1. Introduction

Let (M, g) be a complete, smooth, non-compact, m-dimensional Riemannian
manifold without boundary, and let A be the Laplace-Beltrami operator
acting in L?(M). It is well known (see [1-4]) that the heat equation

o Ou(wst)
Au(z;t) = 5
has a unique, minimal, positive fundamental solution pys(x,y;t) where = €
M,y e M, t> 0. This solution, the heat kernel for M, is symmetric in x,y,
strictly positive, jointly smooth in =,y € M and t > 0, and it satisfies the
semigroup property

xeM, t>0, (1.1)

pu(x,yss+t) = [ dz pu(e, z;s)pv(z,y5t), (1.2)
M

for all z,y € M and all t,s > 0, where dz is the Riemannian measure on M.
We define the heat content of an open set 2 in M with boundary OS2
at t by

Holt) = /Qda: [ dypastaio).

It was shown ([5]) that if Q is non-empty, bounded, and 99 is of class
C*, and if (M, g) satisfies exactly one of the following three conditions: (i)
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M is compact and without boundary, (ii) (M, g) = (R™, g.) where g, is the
usual Euclidean metric on R™, (iii) M is a compact submanifold of R™ with
smooth boundary and g = g.|n, then there exists a complete asymptotic

series such that
J—1

Ho(t) =Y Bit"* +0(t"?), t | 0, (1.3)
j=0
where J € N is arbitrary, and where the 3; : j = 0,1,2,... are locally
computable geometric invariants. In particular, we have that

Bo =19, 61 = —7~/?Per(Q), B2 = 0,

where |Q] is the measure of €, and Per(2) is the perimeter of .

For earlier results in the Euclidean setting we refer to [6-8], and subse-
quently to [9,10], and [11].

Define ug : 2 x (0,00) — R by

un(eit) = [ dypar(o. i) (14)
Q
Then ug, is a solution of the heat equation (1.1) and satisfies

1tilr51uQ(x;t) =1q(x), € M —0Q, (1.5)

where 1o : M +— {0,1} is the characteristic function of €2, and where the
convergence in (1.5) is locally uniform. It can be shown that if [Q] < oo, then
the convergence is also in L'(M). If  has infinite measure and |9€2] = 0,
then the convergence is also in L{ (M) (Section 7.4 in [12]).

In this paper we obtain bounds for the heat content in the case where
Q has possibly infinite measure or infinite perimeter, and where M satisfies
the following condition.

There exists C' € [2,00) such that for all z € M,y € M, ¢t >0, R > 0,
o—Cd(w.)?/t Ce—dl@p)?/(Ct)

< z,y;t) < , 1.6
BB ) S Usaamsgen Y
and

|B(x;2R)| < C|B(x; R, (L.7)
where B(z;R) = {y € M : d(z,y) < R}, and d(x,y) denotes the geodesic
distance between x and y.

It was shown independently in [13] and [14] that M satisfying a volume
doubling property and a Poincaré inequality is equivalent to M satisfying
a parabolic Harnack principle, and is also equivalent to the Li-Yau bound
(1.6) above. See for example Theorem 5.4.12 in [3]. We included (1.7) in the
definition of the constant C', even though the volume doubling property is
implied by (1.6).

We recall a few basic facts
(i) Volume doubling implies that for € M,ry > 0,

/00 drr(log |B(z;7)|) ™! = 400.

7o
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Hence ugq, defined by (1.4), is the unique, bounded solution of (1.1) with ini-
tial condition (1.5) in the sense of L. .(M). Moreover stochastic completeness
holds. That is for all x € M, t > 0,

/ dypum(z,y;t) = 1. (1.8)
M
We refer to Chapter 9 in [2].

(ii) If Hqo(t) < oo for all ¢ > 0, then for all ¢ > 0, s > 0 we have by Cauchy—
Schwarz’s inequality, (1.2) and (1.4) that

HQ((t+s)/2):/Mdz/Qdy/QdxpM(m,z;t/2)pM(y,z;s/2)
:/ drug(x;t/2)ug(x; s/2)
M

< [ dzud(z;t/2) v da uy(z;5/2) -
M M

= (Ha(t)Ha(s))'"/*.
Hence ¢t — Hq(t) is mid-point log-convex, log-convex, convex, and hence

continuous on (0, co).
(iii) If (1.7) holds for all x € M, R > 0 then

og C)/log2
Baira)| _ (2"
— 2L (O = >rq. 1.9
B(.’I],Tl)‘ = " T2 2T ( )

We refer to (2.2) in [14].
(iv) t — Hgq(t) is decreasing: if Ho(t) < oo for some ¢ > 0, then for s > 0,

Hg(t—i—s):/ dmu?l(x;(t—i—s)ﬂ)
M
:/ dac/ dyr pa (z,y158/2)uq(y1;t/2)
M M
< [ dys a5 2ualsst2)
M
=/ dy1/ dya par (Y1, yo; s)ua (Y13 t/2)ua(ya; t/2)
M M
1
Si/ dy1/ dyo par (Y1, Y23 8) (ud (Y13 t/2) + ud (Y23 t/2))
M M
Z/ dyl/ dya par (Y1, Y23 8)ud (y1:/2)
M M

< /M dy ud(y;t/2)
— Ho(t). (1.10)

We make the following.
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Definition 1.1. For z € M, Q C M, and R > 0,
pa(x; R) = |B(x; R) N QY
vo(z; R) = |B(z; R) — Q.
Our main result is the following.
Theorem 1.2. Let M be a complete, smooth, non-compact, m-dimensional

Riemannian manifold without boundary, and let Q@ C M be open. Suppose
that (1.6), (1.7) holds for some C € [2,00). Then

(i) If Ho(T) < oo for some T > 0, then

po(z;t'/?)
do—F——75+ < 00, 1.11
/Q x|B(:c;t1/2)| o (1.11)
for allt > 0.
(i) If (1.11) holds for somet =T >0, then
pa (x5 t1/2) pio (5 t1/2)

6, ) < 0 <Ko | gy 012

for all t > 0, where

K, =C"%¢,

(1.13)

Ky = 201/ (C log (gc<7/2>+<<logC>/<log2>>>)(3l°g @) @les2)

If © has finite Lebesgue measure, then we define the heat loss of Q2 in
M at t by

Fa(t) = 1] - Hal). (1.14)
We have that the heat loss ¢t — Fq(t) of Q in M is increasing, concave,
subadditive, and continuous. If € is bounded and 92 is smooth, then, by
(1.3), there exists an asymptotic series of which the first few coefficients are
known explicitly. Theorem 1.3 below concerns the general situation || < oo,
and gives bounds in non-classical geometries where e.g. either €2 has infinite
perimeter, and/or 92 is not smooth.

Theorem 1.3. Let M be a complete, smooth, non-compact, m-dimensional
Riemannian manifold without boundary, and let Q@ C M be open with finite
Lebesgue measure. Suppose that (1.6), (1.7) holds for some C' € [2,00). Then

VQ (z;t1/?) va(x;t1/?)
Ll/ dx t1/2 |_FQ <L2/d W for allt>0, (115)
where

L1 = C_ze_c,

Ly = 4C15/4 (C log (2c7+((10g0)/10g2)

1+((31log C)/(410g 2))
)) . (1.16)

This paper is organised as follows. In Sect. 2 we give the proofs of
Theorems 1.2 and 1.3. In Sect. 3 we analyse an example of 2 in R™ where
precise analysis of Hq(t) is possible.
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2. Proofs

The main idea in the proof of Theorem 1.2 is to use the Li-Yau bound
(1.6), and (1.9) to bootstrap f{ €M—Qiint, cq d(z yyser/zy 4T uq(x;t) in terms

of Hq(t). This is possible for ¢ sufficiently large (in terms of C). A similar
bootstrap argument features in the proof of Theorem 1.3. There, the stochas-
tic completeness of M, (1.8), is also exploited.

Proof of Theorem 1.2. (i) Let t > T > 0, and suppose that Hq(T') < co. Let
R > 0. By (1.6) and (1.10) we have that

Ho(T) > Ho(t)
/dw/ dypu (z,y;t)
QNB(z;R)

>0l [an [ () Bl )
QNB(z;R

(2.1)
For d(x,y) < R, B(y;t'/?) C B(z; R+ t/?), so that by (1.9),
(log C)/log2
R + t1/2

Bt <o (THE5) Bl (22)

The choice R = t'/2 implies, by (2.1) and (2.2), that

pa(z;t'/?)
Ho(T) > Hq(t) > K d7t>T 2.3
oT) = Holt) > K [ def2 s 1> (23)

with K given in (1.13).
Next suppose that 0 < ¢t < T. By (1.9), and (2.3) for t = T, we have

that
log C)/log4
/ " /Lg(x;tl/z) s z (log )/ log / i MQ(I';TI/Q)
o [Bzt/2)] =\t o |B(x;TV?)]

C T (log C)/log 4
<— | = Hq(T).
~ K, <t> o)

This completes the proof of the assertion in part (i).

(ii) Let n > 0, p € Q,R > 0, and Q,, = QN B(p;n), and suppose that
(1.11) holds for some t = T > 0. Then |2,| < |B(p;n)| < co. Reversing the
roles of z and y in (2.2) we have that for d(z,y) < R,

t1/2 (log C)/log2
) B ) (24)

41/2 -1
B 2 07 (4

We have that
/ dz dy pr (2, y;t)
Q.

=/ dw/ dpr(x,y;t)Jr/ dm/ dypa(x, y;t).
Qn QnﬁB(m;R) Qn Qn—B(z;R)
(2.5)
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Using (1.6) and (2.4), we see that

/ dx/ dy pa(z,y;t)
Q,NB(z;R)

172y 12
< C/ da:|B(g;;t1/2)\—1/ dy (|B(“/)> e~ dx)?/(C1)
- Ja, Q0B (x;R) | B(y; t1/2)]

(log C)/log4
< o (RO e i R) (2.6)
: 72 [B(z; 0172)] |

To bound the second term in the right-hand side of (2.5), we note that
d(z,y)*/(Ct) > R*/(20t) + d(z,y)*/(2Ct) ,y € U — B(x; R).  (2.7)

Hence,

/ dw/ dy par (@, y; t)
Q. Q. —B(z;R)
<O [ do [ dy (Bt )| Bl e/ e e e ey
Qp Qn

—1/2
< Omresonn | ag [y (1B 20201 Bs (202"
Q, JQ,
we~(@A(@v)*+R?)/(2C1)
<c<7/2)+<<l°g°’>/1°g2>e—R2/(2Ct>/ dm/ dy par(x,y; 20%t)
< 0(7/2)+((logC’)/10g2)6—R2/(2Ct)HQ (20215)
< CT/D+(og C)/1082) =R/ (200 g (), (2.8)

where we have used (2.7), (1.9), the lower bound in (1.6), and (1.10). We now
choose R? such that the coefficient of Hq, (¢) in the right-hand side of (2.8)
is equal to % That is

R2 = 2Ctlog (20(7/2>+<<1°g0>/ 10%2)) . (2.9)

Rearranging and bootstrapping gives, by (2.5)-(2.9), and the fact that t1/2 <
R, that

(log C)/log4
R +t1/2 M, (1’ R*)
Hq (t) <20%/% | =2 /d Lyt
Qn,()_ C 11/2 |B( t1/2)|
log C)/log4
< o0 R, +t1/2 (log C)/ log & (logC)/log2/ i p(z; Ry
S 172 t1/2 |B(z; Rx)|
log C)/(41og
<203 R2 (3log C)/( 82)/d pie, (z; Ry
t |B(x; Ry))|
. (3log C)/(410g2) (x; R«)
< 9203 (90 1oe (20(7/2)+ (108 O/ 105 2) / pa, (@ Re)
< 207 (2C10g (20 ) o 1B(w: Bu)]

(2.10)
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We choose t = ¢ such that R, = T, and take the limit n — oo in the right-
hand side of (2.10). This limit is finite by the hypothesis at the beginning of
the proof. We conclude that

(3log C)/(41og 2)
HQn (tT) < 203 (20 lOg (20(7/2)+((10g C)/ log 2))) & &

/d rg(f 11:)| (2.11)

By monotone convergence,

Hoftr) < 2C° (2C log (207/2)+ (o5 102)) )

/ d M (2.12)

(3log C)/(41log 2)

By (i) we obtain that
HQ(t) < 203 (QCIOg (20(7/2)+((10g0)/10g2)>)

d po(z; R.)

| B(x; R.)|

for all t > 0 with R, given by (2.9). Since Hq(t) is decreasing in ¢, and since
R. > t'/2 we conclude from (2.10) that

(3log C)/(41log 2)

(2.13)

Ho(R?) < 2C"/% (Clog (20/2+(ox )/ (ox2) ) ) (8log @)/ (tlog2)

po(z; Ry)
dg B ) (2.14)

/ |B(z; R.)|
Rescaling t gives the upper bound in (1.12) with K5 given in (1.13). This
completes the proof of the assertion in part (ii). O

Proof of Theorem 1.3. To prove the lower bound in (1.15), we have by defi-
nition of Fq(t) in (1.14), and by (1.8) that

Fo(t) = /dw dy pu (@, y;t) — /dw/dprxy,t)
/dx/M Qdpr z,y;t). (2.15)

Hence by (1.6) we have for R > 0 that

/d:v/ dy par (2, y; 1)
B(z;R)—Q
et [ [ ay (1B ) B )
Q B(a;R)—Q
Since B(y;t'/?) € B(x; R+t'/?), for y € B(x; R), we have by (2.2) that

t1/2 (log C)/log4 ) Vo (.’L’ R)
Fot)>C0 32— —CR /t/d St LAk ke
olt) 2 Ry LM B o)

The choice R = t'/? gives the lower bound in (1.15), with L; given in (1.16).
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To prove the upper bound in (1.15), we let R > 0, and write (2.15) as

FQ(t)Z/dx/ dypu(z,y3t)
Q (M—-Q)NB(x;R)

+/dx/ dy par(,y;t). (2.16)
(M—-Q)N(M—B(xz;R))

By (1.6) and (2.4),

/dm/ dy pa(z,y;t)
M — QﬁBzR

-1/2
<c [ | dy (1B /)| Bly: 1))
Q (M—Q)NB(z;R)
1/2 (log C)/log4 .
< C3/? R+t7/7 d M (2.17)
+1/2 |B(z;t1/2)|

Furthermore, by (1.6),

/dm/ dy prr(z,y;t)
Q (M—Q)N(M—B(z;R))
cofa o—(d(z,y)?+R?)/(2Ct)
/ I/M o " (IB(; t72)||B(y; t'/2)])1/2

< C(s/2>+(<logc>/log2>/ dm/
- Q M

. e~ (d@y)*+R)/(2C1)
—o (1B (20201 72)[[B(y; (2C20) 1 /2)])1/2
< C(1/2)+((10g ©)/ log 2) o~ R*/(201) / d:c/ dy p (z, y;2C%t)
Q —Q

< C(7/2)+((10g C)/ 108 2) .= R*/(2CY) ) (902¢). (2.18)
Since F' is subadditive with F'(0) = 0 and C' > 2, we have that

Fo(20%t) < Fo(([2C% + 1)t) < ([2C%] + 1) Fa(t) < C7/2Fq(1).
Hence, by (2.18),

/ dx / dpr(.’t, y; t) < C7+((log C)/10g2)67R2/(2Ct)FQ(t).
M—Q)N(M—B(x;R))

(2.19)

We choose R? such that the coefficient of Fo(t) in (2.19) is equal to 1. That
is

R? = 2Ctlog (20”“10g )/ 1°g2>) . (2.20)
Rearranging and bootstrapping gives, by (2.16)—(2.19), that

R+ t1/2 (log C)/log4
t1/2 >

R, + t1/2
5/2 *

| B(x; t1/2)|

& (logC)/logQ/ " VQ(I';R*)
t1/2 o |B(x;R.)|

(3log C)/(410g2)
R vo(z; Ry)
<203 dx 2.21
<20 (%) R ] (221)

Fo(t) < 20°%/? ( d

(log C)/log4
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Since t — F(t) is concave, with Fq(t) > 0, we see that

F(ﬂ>§ﬂhm) (2.22)

Combining (2.20)—(2.22), gives that
FQ(Ri) < 4015/4 (Clog (207+((10g0)/10g2)
I/Q €, R
dz
/ |B(x; R.)|
This gives, after rescaling ¢, the upper bound in (1.15) with L2 given in (1.16).
This completes the proof of Theorem 1.3. 0

))1+((3logC)/(4log 2))

3. Analysis of an Example

In this section we present the asymptotic analysis of Hq(t) as ¢t | 0, of an
open set 2 in M = R™ consisting of disjoint balls with centres in Z™, and
decreasing radii. Recall that prm (z,y;t) = (drt)~™/2e~|2=vI*/(40) et

Q = UjenB(zi;74), (3.1)
where (z;);en i an enumeration of Z™, and where 71 > ro > .... Further-
more, let

§=1-2r >0. (3.2)

Theorem 3.1 (ii) below asserts that if Hq(t) < oo for all ¢ > 0, and if
(3.2) holds then the balls loose heat independently as ¢ | 0 up to a term
exponentially small in ¢.

Theorem 3.1. (i) If 6 > 0, then Hq(t) < oo for all t > 0 if and only if

Zr?m < 0. (3.3)
i=1

(i1) If 6 > 0 and (3.3) holds, then

N 2 oy (V2 1) N em
;HB(Zi;Ti)(t) Swpe (5 + (47Tt)1/2 Zrz )

i=1

(3.4)

where wy, = |B(0;1)].
Below we consider four main regimes: 5 i <a< i % <a< ﬁ,
ﬁ <a< ml and —— < «. The latter reglme is absent for m = 2. In the

first regime 2 has mﬁmte measure, and Theorem 1.2 (iii) gives the order of
magnitude as ¢ | 0. This has been refined in (3.5)—(3.6) below. In the second
regime () has infinite perimeter, and Theorem 1.3 gives the order of magnitude
as t | 0. This has been refined in (3.12)—(3.13) below. In the third and
fourth regimes 2 has finite perimeter. Theorem 1.3 gives two-sided bounds
of order /2. In (3.9) and (3.11) below we show that the perimeter term
appears with the usual numerical constant. The remainder estimates depend

on whether 3, r7""? is infinite or finite. Furthermore there are several
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borderline cases: o« =

Lol 1 5. They all involve logarithmic correctlons
m’m—17 m—

in the heat content. We only analyse, as an example, the case o = m. The
latter case is again absent for m = 2.

Theorem 3.2. Let 0 < a < %,m >2 andletr; =ai™%, i € N.
If 5 < a < = then

Hq(t) = comt ™ D/C9 L 0(1), t |0, (3.5)
where

Com = 2" 1w 207D ((2ma — 1)/(20))a /@

(3.6) X / dx/ dy |z — y|(A72me)/e,
B(0;1) B(0;1)

If £ <a< L5 then
Fo(t) = do mt ™D/ L Ot1/%), ¢ | 0, (3.7)
where

Ao = 27 o 20710 ((2ma — 1)/(2a))a*/®

(3.8) X / dm/ dy |z — y|(t—2me)/e,
B(0;1) m_B(0;1)
If m>2 andﬁ<a<ﬁ orifm=2 andﬁ<a, then

Fo(t) = 77/ 2Per(Q)tY/2 4 O(tme=1/C2) ¢ | 0. (3.9)

Ifm>2anda:ﬁ then

1
Fo(t) = m~Y/2Per(Q)tY/? + O (t log t) , t10. (3.10)
If m > 2 and — < « then
Fo(t) = 77 Y2Per(Q)tY2 + O(t), t | 0. (3.11)

Proof of Theorem 3.1. To prove part (i) we first suppose that Hq(t) < oo for
some t > 0. Then

d m (T, ,t
Zz/(zun /B(ZJ?T‘J‘) o (x ! )

i=1 j=1
> / / dy prr (z,y; 1)
Z B(zi;ri) B(zi;ri)
> (47Tt)_m/26_"%/tw,2n Zr?m. (3.12)

i=1
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Next suppose that ZZGN 2™ < 00. Then

po(r;6/2) po(r;6/2)
/ a2 < Z / /B<>d |B(x:6/2)|

ri>6/4} Z““) {z:ri<6/4}
2 m
< Z / da(4r;/6)™ + wm (5) Z rim
i /4 Y B(zisTi) {ir;<6/4}
A\™ 9
< w, (5> ieZNrim, (3.13)

which implies the reverse implication by Theorem 1.2 (ii). This proves the
assertion under (i).

To prove part (ii) we note that the lower bound in (3.4) follows from
the first inequality in (3.12). To prove the upper bound we observe that if
x € B(z;1;),y € B(zj;75),1 # j, then

|z =yl > [2i — 2] = [2i =2 = |y — 25| > |2 — 25| + 0 = 1 > 0]z — .
Hence

>y / da / dy pem (2, y; 1)
B(zi;ri) B(zj;r;)

i=1 {jEN:j#i}

W2 (4mt) T2 DN N gyl z P08

i=1 {jeN-#i}

(47Tt) m/2 —5%/(8t) Z Z (T?m+7"]2m) 67|zifzj|252/(8t)

i=1 {jeN:j#i}

< W2, (dmt) 20 /(St)z 2m Z —|2[262/

zZEL™

(47rt)_m/2 —62/(8t)zr2m (1+2/ dz e 171 (52/(8t)>

i=1

l\JM—A

which gives the bound in (3.4). O

Proof of Theorem 3.2. We first consider the case ﬁ <a< % By (3.4), it
suffices to consider the sum in the left-hand side of (3.8). Since r +— Hpg (g, (t)
is increasing, i +— Hp(0;qi-o)(t) is decreasing. Hence

ZHB(Z, rt) ZHB(O ai~

i=1

/ di HB(O sai— "‘)( )

= dz(a 2m/ dx/ dy prm (axi™%, ayi™;t).
0 B(0;1) B(0:1)

(3.14)
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A straightforward application of Tonelli’s theorem gives the formulae under
(3.5) and (3.6). To obtain a lower bound for the left-hand side of (3.14), we
use the monotonicity of i — Hp(g;qi—«)(t) once more, and obtain that

Z HB(Zi;m)(t) > / di HB(O;ara)(t)
i=1 1

1
:ca,mﬂma—l)/@a)—/ di Hp(0.0i-)(t).  (3.15)
0

The last term in the right-hand side of (3.15) is bounded in absolute value
by

1 1
/ di Hp(0;0i-=)(t) < / di |B(0;ai™%)| = wpa™(1 —am) ™t
0
This completes the proof of the assertion under (3.5) and (3.6). O

Consider the case -~ < a < —. By (3.4), and scaling we have that

2
ZFB 0;ai— ) +O( -5/ 16t))

—Z )" Fpo (a7 %) + 07 0M). - (3.16)

In a similar way to the proof of (3.5),(3.6), we approximate the sum with re-
spect to ¢ by an integral. However, i — Fp(g;1)(a”2i*t) is increasing, whereas
i+ (ai™®)™ is decreasing.

Lemma 3.3. Let f : RT — RT be increasing, and let g : RT — R be
decreasz'ng. If fg is summable, then

/ dz f(x
Proof, We have that

1+1
/ dx f(x)g(z) = f(i)g(i+ 1) = f(i)g(i) — f(i) (9(i) —g(i + 1)),

and so

gi F+1) (gl - gl + 1) (317)

> s < [ de o +Zf gi+1).  (3.19)

Similarly
/Z+ da f(z)g(x) < fi+1)g(i) = fi+1)gli +1) + f(i + 1)) (9()) — g(i + 1)),

and

Zf(iJrl)g(iJrl)Z/l dz f(x Zferl i) —g(i+1)).
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So

S Fgli) > /1 dz f(m)g(x) — 3 FG+1) (g6) —gli+1).  (3.19)
i=1 i=1
Inequality (3.17) follows from (3.18), (3.19) and f(i) < f(i + 1).

Let f(z) = Fp1)(a™22?*t), and g(z) = a™a~™*. Using g(z) — g(x +
1) < a™maz~™*"1 we obtain that

0< Y fli+1)(g(i) —gi+ 1)) < a™ma Yy i ™ Fry(a (i + 1))

i=1 i=1

< a"ma Z i Fp o,y (a%(20)%)
i=1

)
< am71m2wma2aﬂ,fl/2 E ifma+a71t1/2
i=1

= O(t'/?), (3.20)

where we have used that (Proposition 8 in [8]) Fp(g,1)(t) < mwp,m~/2t1/2,
This gives that

/ dz f(x)g(z) < mwpm 1/ 2a™™ 1t1/2/ dz z7mete = O(tY2).  (3.21)
By (3.16),(3.17),(3.20), and (3.21) we conclude that

)
FQ(t) = / dx amx_maFB(o;l)(a_QxQQt) + O(tl/Q)
0
_ da7mt(ma71)/(2a) + O(tl/Q),

where dg ., is given by (3.8). This completes the proof of (3.7).
Consider the cases m > 2 and ﬁ <a< ﬁ or m = 2 and ﬁ <
a. Then Q has finite measure, and finite perimeter. Let I € N, and apply

Theorem 2 from [10] to a ball of radius :
|Hpo:r) — |B(0;7)] + 7V 2Per(B(0;r)tY?| < cpr™ 72, t >0, (3.22)

where ¢, = 2™2m3w,,. Then
I
> Z Hp(0;ai-)(t)
i=1
I

> Q| — 7 V2Per(Q)t/? — Z Wma™i " — ey Z(aifa)m”t.
i=I+1 =1

(3.23)

The third term in the right-hand side of (3.23) is O(I'~2™). The fourth
term is O(I'=*(m=2))¢, The choice I = [t~/ gives the O(t(ma—1)/(22))
remainder in the lower bound.

To obtain an upper bound, we let J € N, and note that by (3.4),
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Ho(t) <> Hp(oai-o)(t) + O™ /16D)

i=1
J

< ZHB(O;ai a Z |B 0 al” |+O( -5 /( 16t))
i=1 i=J+1
J
Z <|B (0;ai=)| — 7 Y/2Per(B(0; ai~®))tY/2 + ¢ (ai™)™ Qt)
i=1
+Z |B(0;ai~ )| + O(e _5/16t))

i=J+1
< 10| — 7 Y2Per(Q)t2 + 1Y 2muw, Z (ai=®)m—141/2
i=J+1

“mz )2 O(e70/ 1) ¢ |0, (3.24)

The third term in the right-hand side of (3.24) is O(J'~*(m=1)¢1/2 The
fourth term in the right-hand side of (3.24) is O(J'~2(m=2))¢. The choice
J = [t~ | gives a remainder O(t("*~1/(22) for the upper bound, and
completes the proof of (3.9).

Next consider the case a = ﬁ The sum of the third and fourth terms

in the right-hand side of (3.23) equals, up to constants, I=2/(m=2) L t1og I. We
now choose I = [t~(™~2)/2| and obtain the remainder in (3.10). Similarly,
the sum of the third and fourth terms in the right-hand side of (3.24) is of
order J~1/(m=2)t1/2 4 t1og.J. We now choose J = |t~(™=2)/2] to obtain the
same remainder.

Finally, consider the case m > 2,a > (m — 2)~!. Then the uniform
remainder in the right-hand side of (3.22) is summable. Hence by (3.4),

|Ha(t) — Q] + 7/ ?Per(Q)t"/2| < ¢y Y (ai™ )" 2t + O(e~0°/060y ¢ | 0,
1€EN
and we obtain (3.11). O
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