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Abstract. If p is a positive Borel measure on the interval [0,1) we let
'H,. be the Hankel matrix H, = (fn,k)n k>0 With entries finx = pntr,
where, forn = 0,1,2,..., u, denotes the moment of order n of p. This
matrix induces formally the operator

Hu(F)(2) = (Z Mn,kak) 2"
n=0 \k=0

on the space of all analytic functions f(z) = 377 axz", in the unit
disc D. This is a natural generalization of the classical Hilbert operator.
In this paper we improve the results obtained in some recent papers
concerning the action of the operators H, on Hardy spaces and on
Moébius invariant spaces.
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1. Introduction and Main Results

We denote by D the unit disc in the complex plane C, and by Hol(D) the
space of all analytic functions in D. We also let H? (0 < p < o0) be the
classical Hardy spaces. We refer to [19] for the notation and results regarding
Hardy spaces.

If p is a finite positive Borel measure on [0,1) and n = 0,1,2,..., we
let p, denote the moment of order n of u, that is, u, = f[O,l) t" du(t), and
we define H,, to be the Hankel matrix (fin i )n k>0 With entries fin x = fnpi-
The matrix H,, can be viewed as an operator on spaces of analytic functions
in the following way: if f(z) =Y p—, axz" € Hol(D) we define
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Hu(f)(z) = (Z /M,k%) 2",

n=0 \k=0
whenever the right hand side makes sense and defines an analytic function
in D.

If p is the Lebesgue measure on [0,1) the matrix H, reduces to the
classical Hilbert matrix H = ((n+k + 1)*1)n7k>0, which induces the clas-
sical Hilbert operator H which has extensively studied recently (see [1,13,14,
17,27,28]). Other related generalizations of the Hilbert operator have been
considered in [20] and [32].

The question of describing the measures p for which the operator H,, is
well defined and bounded on distinct spaces of analytic functions has been
studied in a good number of papers (see [8,12,21,23,30,34,38]). Carleson
measures play a basic role in these works.

If I C D is an interval, |I] will denote the length of I. The Carleson
square S(I) is defined as S(I) = {re't: e €I, 1— % <r<1}.

If s > 0 and p is a positive Borel measure on D, we shall say that p is
an s-Carleson measure if there exists a positive constant C' such that

w(S(I)) < C|I|®, for any interval I C OD.

A 1-Carleson measure will be simply called a Carleson measure.

We recall that Carleson [11] proved that H? C LP(du) (0 < p < o0), if
and only if p is a Carleson measure. This result was extended by Duren
[18] (see also [19, Theorem9.4]) who proved that for 0 < p < ¢ < o0,
H? C L9(dp) if and only if p is a ¢/p-Carleson measure.

If X is a subspace of Hol(D), 0 < ¢ < oo, and p is a positive Borel
measure in D, p is said to be a “g-Carleson measure for the space X’ or
an “(X,q)-Carleson measure” if X C L9(du). The g-Carleson measures for
the spaces HP, 0 < p,q < oo are completely characterized. The mentioned
results of Carleson and Duren can be stated saying that if 0 < p < g < o0
then a positive Borel measure p in D is a g-Carleson measure for HP if and
only if p is a g/p-Carleson measure. Luecking [29] and Videnskii [37] solved
the remaining case 0 < ¢ < p. We mention [9] for a complete information on
Carleson measures for Hardy spaces.

Following [40], if p is a positive Borel measure on D, 0 < a < oo, and
0 < s < oo we say that p is an a-logarithmic s-Carleson measure if there
exists a positive constant C such that

u(S(D) (108 )
17]®
A positive Borel measure p on [0,1) can be seen as a Borel measure on
D by identifying it with the measure i defined by

f(A) = n(AN[0,1)), for any Borel subset A of D.

In this way a positive Borel measure p on [0, 1) is an s-Carleson measure if
and only if there exists a positive constant C' such that

p(t1))<CA—1)°, 0<t<l.

< (C, for any interval I C JD.
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We have a similar statement for a-logarithmic s-Carleson measures.

Widom [38, Theorem 3. 1] (see also [34, Theorem 3] and [33, p. 42, The-
orem 7. 2]) proved that H,, is a bounded operator from H? into itself if and
only pu is a Carleson measure. Galanopoulos and Peldez [21] studied the op-
erators ‘H,, acting on H' and Chatzifountas, Girela and Peldez [12] studied
the action of H,, on H?, 0 < p < oo.

A key ingredient in [21] and [12] is obtaining an integral representation
of H,. If ;1 is as above, we shall write throughout the paper

L)) = /[ IO g,

0,1) 1—tz

whenever the right hand side makes sense and defines an analytic function
in D. It turns out that the operators H, and I, are closely related. Indeed,
some of the results obtained in [21] and [12] are the following ones:

Theorem A ([21]). Let p be a positive Borel measure on [0,1). Then:
(i) The operator I, is well defined on H' if and only if u is a Carleson
measure.
(ii) If p is a Carleson measure, then the operator H,, is also well defined on
H' and, furthermore,

Hu(f) = 1.(f), for every f € H'.

(i) The operator I, is a bounded operator from H' into itself if and only if
w is a 1-logarithmic 1-Carleson measure.

Theorem B ([12]). Suppose that 1 < p < oo and let u be a positive Borel
measure on [0,1). Then:
(i) The operator I,, is well defined on H? if and only if 1 is a 1-Carleson
measure for HP.
(ii) If p is a 1-Carleson measure for H?, then the operator H, is also well
defined on H? and, furthermore,

Hu(f) = 1.(f), for every f € HP.

(i) The operator I, is a bounded operator from HP into itself if and only if
w is a Carleson measure.

Theorem A and Theorem B immediately yield the following.

Theorem C. Let p be a positive Borel measure on [0,1).

(i) If u is a Carleson measure, then the operator H, is a bounded opera-
tor from H' into itself if and only if p is a 1-logarithmic 1-Carleson
measure.

(ii) If 1 < p < o0 and p is a 1-Carleson measure for HP, then the opera-
tor H,, is a bounded operator from HP into itself if and only if u is a
Carleson measure.

Theorem C does not close completely the question of characterizing the
measures i for which H,, is a bounded operator from H? into itself. Indeed, in
Theorem C we only consider 1-Carleson measures for H?. In principle, there
could exist a measure p which is not a 1-Carleson measures for HP but so
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that the operator H,, is well defined and bounded on H”. Our first result in
this paper asserts that this is not the case.

Theorem 1.1. Let u be a positive Borel measure on [0,1).

(i) The operator H,, is a bounded operator from H' into itself if and only
if pis a 1-logarithmic 1-Carleson measure.

(ii) If1 < p < oo then the operator H,, is a bounded operator from HP into
itself if and only if p is a Carleson measure.

We have the following result for p = 0o, a case which was not considered
n [12].

Theorem 1.2. Let i be a positive Borel measure on [0,1). Then the following
conditions are equivalent.

. dp(t
(i) f[o 1 f‘_(t) < oo.

(11) Zn 0 Hn < oo.
(ili) The operator I, is a bounded operator from H into itself.
(iv) The operator H# is a bounded operator from H™ into itself.

In the paper [23] the authors have studied the operators H,, acting on
certain conformally invariant spaces such as the Bloch space, BMOA, the
analytic Besov spaces B? (1 < p < 00), and the Qs spaces. Let us introduce
quickly these spaces.

Tt is well known that the set of all disc automorphisms (i.e., of all one-
to-one analytic maps f of D onto itself), denoted Aut(D), coincides with the
set of all Mobius transformations of D onto itself: Aut(D) = {Ap, : |a| <
1,]A| = 1}, where ¢, (2) = (a — 2)/(1 — az).

A space X of analytic functions in D, defined via a semi-norm p, is said
to be conformally invariant or Mébius invariant if whenever f € X, then
also foyp € X for any ¢ € Aut(D) and, moreover, p(f o) < Cp(f) for some
positive constant C and all f € X. We mention [3,15,42] as references for
Mobius invariant spaces.

The Bloch space B consists of all analytic functions f in D with bounded
invariant derivative:

feB & pg(f)défsgg(l—IZI2)|f’(Z)I<O<>~

A classical reference for the Bloch space is [2]; see also [42]. Rubel and Timo-
ney [35] proved that B is the biggest “natural” conformally invariant space.
The space BMOA consists of those functions f in H' whose bound-
ary values have bounded mean oscillation on the unit circle. Alternatively,
BMOA can be characterized in the following way:
If f is an analytic function in D, then f € BMOA if and only if

def
Il = sup|[f o pa — fa)||la2 < oo
acD

The seminorm || - ||« is conformally invariant. We mention [22] as a general
reference for the space BMOA. Let us recall that

H* C BMOAC () H” and BMOAGC B.

0<p<oo
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If 0 < s < o0, we say that f € Q, if f is analytic in D and

po.(f) < (sup / |f’<z>|29<z7a>SdA<z>)l/2 < .

a€D

Here, ¢(z,a) is the Green’s function in D, given by g¢(z,a) = log

1—-az
z—a

)

while dA(z) = d"‘ﬂﬂ is the normalized area measure on D. All @, spaces
(0 < s < o0) are conformally invariant with respect to the semi-norm pq,
(see e.g., [39, p.1] or [15, p.47]).

These spaces were introduced by Aulaskari and Lappan in [5] while
looking for new characterizations of Bloch functions. They proved that for
s > 1, Qs is the Bloch space. Using one of the many characterizations of
the space BMOA (see [22, Theorem 6.2]) we have that 3y = BMOA. In
the limit case s = 0, Qs is the classical Dirichlet space D of those analytic
functions f in D satisfying [ |f'(2)|* dA(z) < oc.

Aulaskari, Xiao and Zhao proved in [7] that

DC Qs CQs, T BMOA, 0<s1<sy<1.

We mention [39] as an excellent reference for the theory of Qs-spaces.
For 1 < p < oo, the analytic Besov space BP is defined as the set of all
functions f analytic in D such that

wih) = ([0~ |z|2>”|f’<z>|pdA<z>)1/p < .

All BP spaces (1 < p < o0) are conformally invariant with respect to the
semi-norm p, (see [3, p.112] or [15, p.46]). We have that D = B?. A lot of
information on Besov spaces can be found in [3,15,16,25,41,42]. Let us recall
that

BP C BT C BMOA, 1< p<q<o.
Among others, the following results have been proved in [23].

Theorem D. Let y1 be a positive Borel measure on [0,1).
(i) For any given s > 0, the operator I,, is well defined in Qs if and only if

2
/ log du(t) < oo.
oy -t

(ii) For any given s > 0, the operator I,, is a bounded operator from Q into
BMOA if and only if v is a 1-logarithmic 1-Carleson measure.

(iil) If p is a 1-logarithmic 1-Carleson measure then H,(f) = I,(f), for all
feB.

(iv) If pis a 1-logarithmic 1-Carleson measure then H,, is a bounded operator
from Qs into BMOA for any s > 0.

It is natural to look for a characterization of those x for which I,, and/or
H,, is a bounded operator from B into itself or, more generally, from @), into
itself for any s > 0. We have the following result.

Theorem 1.3. Let p be a positive Borel measure on [0,1). Then the following
conditions are equivalent.
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) The operator I, is bounded from Q, into itself for some s > 0.
) The operator I,, is bounded from Q, into itself for all s > 0.

ii) The operator H,, is bounded from Qs into itself for some s > 0.
) The operator H,, is bounded from Qg into itself for all s > 0.
) The measure u is a 1-logarithmic 1-Carleson measure.

In [23] we also studied the operators H,, acting on Besov spaces. The-
orem 3. 8 of [23] asserts that p being a -logarithmic 1-Carleson measure for
some 7 > 1 is a sufficient condition for the boundedness of H,, from BP? into
itself, for any p > 1. On the other hand, Theorem 3.7 of [23] asserts that if
1 < p < oo and the operator H,, is bounded from BP? to itself then u is a
~-logarithmic 1-Carleson measure for any v < 1 — %. We can improve this
result as follows.

Theorem 1.4. Suppose that 1 < p < co and let pu be a positive Borel measure
on [0,1) such that the operator H,, is bounded from BP into itself. Then (i is

a (1 — %) -logarithmic 1-Carleson measure.

The paper is organized as follows. The results concerning Hardy spaces
will be proved in Sect. 2; Section 3 will be devoted to prove Theorem 1.3 and
Theorem 1.4. We close this section noticing that, as usual, we shall be us-
ing the convention that C'= C(p,a, ¢, 5,...) will denote a positive constant
which depends only upon the displayed parameters p, a, ¢, 8 ... (which some-
times will be omitted) but not necessarily the same at different occurrences.
Moreover, for two real-valued functions Ey, Es we write B < Es, or By = Fo,
if there exists a positive constant C' independent of the arguments such that
Ey < CE,, respectively Ey > CEs. If we have By < Ey and Ey 2 Es simul-
taneously then we say that E; and E5 are equivalent and we write F; < F.

2. The Operator H,, Acting on Hardy Spaces

This section is devoted to prove Theorems 1.1 and 1.2.
Proof of Theorem 1.1 (i). Suppose that H,, is a bounded operator from H*
into itself. For 0 < b < 1, set L

fb(z) = m, z € D.

We have that f, € H' and | fy||zn = 1. Since H,, is bounded on H!, this
implies that

L2 A Hu (o)l (2.1
We also have,

fb(z) = Zahbzk, with agb = (1 - b2)(k + ].)bk
k=0

Since the ay ;s are positive, it is clear that the sequence {d°77 ) pntr@rb g
of the Taylor coefficients of H,,(fs) is a decreasing sequence of non-negative
real numbers. Using this, Theorem 1.1 of [31], (2.1), and the definition of the
agp’s, we obtain
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2 ANH Fo)l 2 Z <Zﬂn+kak b)

n=1 k=0
oo 1 oo
> (1 —b? = kb* "R du(t
-9y (; /H " >>
-1y (i kb”+2ku([b,1))>
n=1 k=1
e <i kb?’“)
n=1 k=1

Then it follows that

1 ([b,1)) _o< 1*f ) as b — 1.

log 1%

Hence, p is a 1-logarithmic 1-Carleson measure.

The converse follows from Theorem C (i). O
Proof of Theorem 1.1 (ii). Suppose that 1 < p < co and that u is a positive
Borel measure on [0, 1) such that the operator H,, is a bounded operator from
HP? into itself.

For 0 <b < 1, set

1—p2 1/p
=\ 773 D.
We have that f, € H? and || fy||g» = 1. Since H,, is bounded on H?, this
implies that

12 I ()l 22)
We also have,

53
) = Zak,bzk, with pp = (1 _ b2)1/pk%,1bk.

Since the ay, s are positive, it is clear that the sequence {Zzozo Hnt kG b} g
of the Taylor coefficients of H,(fy) is a decreasing sequence of non-negative
real numbers. Using this, Theorem A of [31], (2.1), and the definition of the
app’s, we obtain

(oo}

%) p
L2 (o)l Z (Z Nn+kak,b>
k=0

[e%e) p
St (Sowa [ rohanto)
n=1 k=0 [0,1)
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an 2 (Z v ok /[M) tntk du(t))
2 (1) (Z B (b 1)))
n=1 k

= (1=t (1)) Z nP=2p"P <Z ki—lb%)

= (1=0*)u([b1)) 1_b22 nP=2pnp

» 1
= u([b,1)) =0 as b — 1.

Then it follows that
u([bal))zo(l_b)7 a‘Sb—>17

and, hence, p is a Carleson measure.
The other implication follows from Theorem C (ii). O
Proof of Theorem 1.2. The equivalence (i) < (ii) is clear because

/[Owcllu(t:/[on(Ztn)d” Z/m)tnd“ Zun

The implication (i) = (iii) is obvious.
(iii) = (i): Suppose (iii). Let f be the constant function f(z) = 1, for all
z. Then (iii) implies that there exists a positive constant C' such that

/ dp(t)
[0,1) 1—tz

Taking z = 0 in this inequality, (i) follows.

(iii) = (iv): Suppose (iii). We have seen that then (i) holds, and it is
easy to see that (i) implies that u is a Carleson measure. Using part (ii) of
Theorem A, it follows that H,, is well defined in H> and that H,(f) = I,(f)
for all f in H*. Then (iii) gives that H, is bounded from H® into itself.

(iv) = (iii): Suppose that (iv) is true and, as above, let f be the constant
function f(z) =1, for all z. Then H,(f) € H*. But H,(f)(z) = > pe g tn2"
and then it is clear that

z € D.

— )

Hu(f) e H® & Z,Un<00-

n=0
Thus we have seen that (iv) = (ii). As (ii) <> (iii), this finishes the proof. O

3. The Operator H,, Acting on Mobius Invariant Spaces

A basic ingredient in the proof of Theorem 1.3 will be to have a characteriza-
tion of the functions f(z) = Y., a,z" whose sequence of Taylor coefficients
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{an}22, is a decreasing sequence of nonnegative numbers which lie in the
Qs-spaces. This is quite simple for s > 1 (recall that Qs = B if s > 1).

Hwang and Lappan proved in [26, Theorem 1] that if {a,, } is a decreasing
sequence of nonnegative numbers then f(z) = Y7 ; a,z" is a Bloch function
if and only if a,, = O (%)

Fefferman gave a characterization of the analytic functions having non-
negative Taylor coefficients which belong to BM O A, proofs of this criterium
can be found in [10,22,24,36]. Characterizations of the analytic functions
having nonnegative Taylor coefficients which belong to Qs (0 < s < 1) were
obtained in [6, Theorem 1. 2] and [4, Theorem 2. 3]. Using the mentioned result
in [6, Theorem 1. 2], Xiao proved in [39, Corollary 3. 3.1, p. 29| the following
result.

Theorem E. Let s € (0,00) and let f(z) = >..° anz™ with {a,} being a
decreasing sequence of nonnegative numbers. Then f € Qs if and only if

a =0 (1),

Being based on Theorem 1.2 of [6], Xiao’s proof of this result is compli-
cated. We shall give next an alternative simpler proof. It will simply use the
validity of the result for the Bloch space and the simple fact that the mean
Lipschitz space A%/Q is contained in all the Qs spaces (0 < s < 00) (see [4,
Remark 4, p.427] or [39, Theorem4.2.1.]).

We recall [19, Chapter 5] that a function f € Hol(D) belongs to the
mean Lipschitz space Af /2 if and only if

1
/ —
MQ(T,f ) =0 ((1 T)1/2> .
We have the following simple result for the space A% /2

Lemma 3.1. If {a, }52 is a decreasing sequence of nonnegative numbers and
f(2) =30 g anz" (2 € D), then f € A}, if and only if a, = O (1).
Proof. If a, = O (%), then
oo o0 1
N2 _ 2| 12,.2n—2 2n—2
MQ(va) _Z:ln|an|r gg;r S 1—7"’

and, hence, f € Af/z.

Suppose now that {a, }°2 , is a decreasing sequence of nonnegative num-

bers and f € A%/z- Then, for all n

(3.1)

n oo
E2a2r2k—2 < E2a2r2k—2 — g n2 < .
1; agr _I; agT o(r, f)° 2 1—r

Taking r =1 — + in (3.1), we obtain

> k*a} <. (3.2)

k=1

n
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Since {a,} is decreasing, using (3.2) we have
n n
aZZW < Zk%ﬁ <n
k=1 k=1

and then it follows that a,, = O (%) . O
Now Theorem E follows using the result of Hwang and Lappan for the
Bloch space, Lemma 3.1, and the fact that

Al CQsCB, forall s. (3.3)
Using (3.3), it is clear that Theorem 1.3 follows from the following result.

Theorem 3.1. Let p be a positive Borel measure on [0,1) and let X be a
Banach space of analytic functions in D with A%/z C X C B. Then the
following conditions are equivalent.
(i) The operator I, is well defined in X and, furthermore, it is a bounded
operator from X into A%/z-
(ii) The operator H, is well defined in X and, furthermore, it is a bounded
operator from X into A%/z'
(iii) The measure p is a 1-logarithmic 1-Carleson measure.

(iv) f[o,1)tn log T du(t) = O ().

Proof. According to Proposition 2.5 of [23], p is a 1-logarithmic 1-Carleson
measure if and only if the measure v defined by dv(t) = log - du(t) is a
Carleson measure and, using Proposition 1 of [12], this is equivalent to (iv).
Hence, we have shown that (iii) < (iv).

Set F(z) = log -~ (z € D). We have that F € X.

(i) = (iv): Suppose (i). Then

log—llt
I,(F = —du(t
W) = [ T

is well defined for all z € D. Taking z = 0, we see that f[o 1 log ﬁdu(t) < 0.
Since F' € X we have also that I,,(F) € Af/Q, but

L(F)(2) —/ logidu(t) _ i / " log ——du(t) | =
K [0,1) 1—tz 0 [0’1) 1—t¢ H '

o0
Since the sequence { f[o 1 t" log ﬁdu(t)} is a decreasing sequence of
; e

nonnegative numbers, using Lemma 3.1 we see that (iv) holds.
(iv) = (i): Suppose (iv) and take f € X. Since X C B, it is well known
that |f(2)| < log %M’ see [2, p.13]. This and (iv) give

/m) elroln® = o). (3.

Then it follows easily that I,(f) is well defined and that

L(f)(z) = Z (/[0 ) t"f(t)d,u(t)) 2"



Vol. 89 (2017) A Hankel Matrix Acting on Spaces 591

Now (3.4) implies that fo " f(O)du(t) = O () and then it follows that

L(f) € A2 ,.
The implication (iv)=-(ii) follows using Theorem 2.3 of [23] and the
already proved equivalences (i) < (iii) < (iv).
It remains to prove (ii) = (iv). Suppose (ii), then H,(F) € A%/Q. Now

Hu(F)(z) = 3 ( ””,j’“)
k=1

Notice that the sequence {d° -, #2100  is a decreasing sequence of non-
negative numbers. Then, using Lemma 3.1 and the fact that H,(F) € A1/2’

we deduce that
S Hn+k 1
=0(—]. 3.5
>t o3 (3.5)

k=1
Now
0 X in+k
= u(t) = t" log dp(t).
Z: k [0,1) kz:l k [0,1) -t
Then (iv) follows using (3.5). O

Remark 3.1. It is clear that Theorem 3.1 actually implies the following result.

Theorem 3.2. Let p be a positive Borel measure on [0,1) and let 0 < s1, 89 <
oco. Then following conditions are equivalent.

(1) The operator I,, is well defined in Qs, and, furthermore, it is a bounded
operator from Qs, into Qs,.
(ii) The operator H,, is well defined in Q,, and, furthermore, it is a bounded
operator from Qs, into Qs,.
(iii) The measure u is a 1-logarithmic 1-Carleson measure.

Proof of Theorem 1.4. Suppose that 1 < p < oo and let u be a positive Borel
measure on [0,1) such that the operator H,, is bounded from B? into itself.
For%<b<1,set

1\ 1

We have,

, 1 —1/p b
g(2) = <10g1—192> 102 zeD

and then, using Lemma 3. 10 of [42] with ¢ = p — 2 and ¢ = 0, we have

2\p—2| ./ P - L o % -
Ja-lpr2iger e = (o5 ) [ ST aae =1

In other words, we have that

gp € B? and ||gp||pr =< 1.
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Since ‘H,, is a bounded operator from B? into itself, this implies that

12 | H,u(90) |50 - (3.6)
We have
-1/p bk

- 1
= ;Qk7bzk, with kb = <10g 1_()2> ?

Since the ayp’s are positive it follows that the sequence {chzo Pt kGl b oo
of the Taylor coefficients of H,(g) is a decreasing sequence of non-negative
real numbers. Using this, [23, Theorem 3. 10], and (3.6) we see that

L3 (), 2 znp (zwak )

:( ) an 1 <Z /Ol)tn+de >
te) ' (L o]
> <log ) lgélnp ! <; bm%)p ([b,1))
() St (S5 iy
~ (1og ) B T (1)
= <1og ) 17b 1 (b, 1))

Then it follows that  ([b, 1)) 0
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