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Abstract. We give an example of a scalar second order differential oper-
ator in the plane with double periodic coefficients and describe its mod-
ification, which causes an additional spectral band in the essential spec-
trum. The modified operator is obtained by applying to the coefficients a
mirror reflection with respect to a vertical or horizontal line. This change
gives rise to Rayleigh type waves localized near the line. The results are
proven using asymptotic analysis, and they are based on high contrast
of the coefficient functions.
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1. Introduction

1.1. Motivation

A satisfactory theory for spectral elliptic boundary-value problems in dou-
ble periodic media containing open waveguides does not exist yet, and the
topic contains a lot of unanswered questions. An open waveguide consists of
a semi-infinite foreign inclusion, cf. Fig. 1, and being a non-compact domain
perturbation, it can in general change the essential spectrum of the problem,
when compared to the corresponding problem on an intact domain without
perturbation. This topic was studied for example in the recent paper [1],
which contains a complete description of the essential spectrum oess(7) for
a large class of elliptic second order systems with Neumann boundary condi-
tions, satisfying a Korn inequality. The following question' has arisen in the
course of the investigation: is the formula

Oess(T) = 0o U (1.1)

€ess

IThe question has been asked by a referee of the paper [1], among others.
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FIGURE 1. Semi-infinite (a) and angular (b) open wave-
guides in double-periodic planar domains

valid for an elliptic problem in the union of two subdomains of the plane,
which are contained in the lower and upper half-planes; here, o, (respec-
tively, ot.) denotes the essential spectrum of the corresponding problem in
the lower (resp. upper) half-plane, and it is assumed that these two prob-
lems are periodic along the abscissa axis, but independently of each other?
Obviously, the interesting aspect in this problem is to find a possible compo-
nent of oe(7) which is not contained in the spectra of the problems in the
subdomains.

As additional motivation of the problem we recall the case of the one-

dimensional Schrédinger equation

— O*w(x) + V(z)w(z) = Mw(z), = €R=(—o0,+00) (1.2)
with the composite potential
V(z)=VE(@) for +a>0>0, (1.3)

where 9, = 9/0x and V* are 1-periodic positive smooth functions; smooth-
ness is assumed here for the sake of simplicity. The essential spectrum oegs
of the problem (1.2) is just the union of the spectra o, of the differential
operators —02 + V* with periodic coefficients in the whole axis R. This fact
is evident because the equation can be reformulated as s system of ordinary

differential equations
— Pwt(z) + V()wt(z) = vt (z), zeRyi={zecR:+x>0}, (1.4)
with transmission conditions
wt(+0) = w™ (=0), 9wt (+0) = dpw™ (-0). (1.5)

Indeed, according to (1.3), the essential spectrum of (1.4) with Dirichlet con-
ditions w*(0) = 0 is nothing but oX,, while the system (1.4), (1.5) differs
from the couple of the Dirichlet problems in Ry by a localized perturbation
(it can be interpreted as a compact perturbation).

Coming back to the problem (1.1), the above described argument based
on a compact perturbation works no longer, since the interface R, where
R% = {(x1,22) € R? : 21 > 0}, is infinite. However, there is no easy, satis-
factory counterexample to the relationship (1.1), if the natural requirements
like smoothness of the coefficient are to be satisfied; this prevents answering
the question directly by using classical Rayleigh waves [2,3] in elasticity and
their generalizations, see [4].

In the present paper we give examples of elliptic scalar equations with
smooth double periodic coefficients, which have the following property: if the
plane is divided along dotted lines in Fig. 2a and the left or upper half-plane
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FIGURE 2. Double-periodic planar domain (a) and compos-
ite domains (b-d) created by mirror reflections

is doubled by using mirror reflection, Fig.2b or ¢, the new elliptic problem
gains essential spectrum oes(7) with at least one additional spectral band
in comparison with the original spectrum oess(7Y) of the double periodic
problem. This main result of our paper is formulated in Theorem 3.2 in
Sect. 3. We also mention that the result of [1] is proven in two steps: the first
consists of finding a singular Weyl sequence at any point A € 0ess(7) for the
problem operator 7 and the second of the construction of a (right) parametrix
for the problem with any A\ ¢ oess(7). It has been asked, if it is possible to
avoid the quite technical and cumbersome construction of the parametrix, like
it has been done in the case of the one-dimensional Schrodinger equation. The
present paper also demonstrates the complications in this respect.

To fulfill the task, we employ an elegant formulation of [5], see also [6-8],
on the detection of spectral gaps in scalar problems, where the coefficients
of the differential operator have high contrast. However, we were not able
to apply these results directly, and modifications are presented in Sect. 3
in order to satisfy all natural assumptions. In particular, we find a way to
keep the infinite smoothness of the coefficients; note that in [5-8] the coef-
ficients have to be piecewise constant. In particular, as is drafted in Fig. 2a,
the massive hard parts of the double periodic medium are separated by thin,
soft “mortar” like in hand-made masonry (similar structure appears also in
natural quarzites). Compared with the citations, especially [8] where a simi-
lar geometric structure was employed for a different purpose, we use quite a
different scheme of asymptotic analysis, which also leads to new asymptotic
results about the purely periodic case in Sect. 2 (Theorem 2.1). In order to
clarify the proof of our main result we will accept some simplifying assump-
tions. Possible generalizations will be discussed in Sect. 4.

1.2. Purely Periodic Medium

We now describe the double periodic elliptic second order partial differential
equation which will be investigated in Sect. 2. The main example of the failure
of the equality (1.1) for the composite medium R2 UR?2 will be constructed
in Sect. 3.
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We define the period cell as the rectangle Q = (—£1,¢1) x (—f2,{3)
with ¢; > fo > 0. For € € (0,¢2) we introduce a smaller rectangle Q. =
(=l +e,by —¢e) x (—la +¢,05 —€). Let us also define a family of translated
domains

Q:(a) ={x = (71, 72) : (v1 — 20101, 72 — 20202) € Qc}
where o = (o, 0) € Z? and Z = {0, 41, +2,...}.
We consider the spectral problem
—div(a®(z)Vut(z)) = \us(z), =€ R?, (1.6)

where V, is the gradient in the variable  and A® is a spectral parameter.
The function a® is smooth and 2¢;-periodic in x; such that

a®(x) =1, € Q, a(x)=¢", r€Q\Q., (1.7)

and a®(x) € (¢27,1] if z € Q. \ Q2., where v € (1/2,1) is a fixed parameter.
The variational formulation of the problem (1.6) reads as

(a°V,us, Vov)pe = A (uf,v)r2, v € H'(R?) (1.8)

where (f, g)q stands for the usual (complex valued) inner product in L?()
for a domain 2 C R?. We denote the standard Sobolev space by H!(().
The sesquilinear form on the left of (1.8) is positive and closed in H!(R?)
and consequently (see [9, Ch. 10], [10, Thm. VIIL.5]) our problem can be
rewritten as an abstract operator equation 79(¢)u® = A\°u®, where 79(¢)
is an unbounded positive self-adjoint operator in Hilbert space L?(R?) with
domain D(T°(g)) = H?*(R?), and thus the spectrum o(7°(¢)) is a subset

of the semi-axis Ry = [0,+00). The embedding H!(R?) C L*(R?) is not
compact, hence the essential spectrum oes(7Y(g)) is not empty.

2. Asymptotic Analysis of the Spectrum of the Purely
Periodic Problem

2.1. FBG-Transform and Model Problem in the Period Cell
The Floquet—Bloch—Gelfand-(FBG-)transform, see [11] and also [12-15], con-
verts the differential equation (1.6) into the following problem with quasiperi-

odic boundary conditions in the period cell @,

—div(a®(2)V,U(z;m)) = A (U (z;m), =z €Q, (2.1)
US(@;0)|ay=t; = €U (@50)|ay=—tys |35 <la—jy  (22)
QU (@;0)ay=e; = €O U (@5 n)|ay=—0;5  |wa—j| <ls—j, (2.3)
where j = 1,2, 0; = 0/0z; and n = (n1,72) is the Floquet parameter in
the closed rectangle R = [0, 747 '] x [0, 745 !]. In the sequel we do not always

display the dependence on 7 explicitly. The problem has the variational for-
mulation

(a°VoU, Vo V) = A (n)(U°,V)q VYV € HY(Q), (2.4)

where H%(Q) is the Sobolev space of functions satisfying the conditions (2.2).
The bilinear form on the left of (2.4) is positive and closed in H*(Q). Hence,
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since the embedding H'(Q) C L*(Q) is compact, the spectrum of the prob-
lem (2.4) or (2.1)-(2.3) is discrete and turns into the monotone unbounded
sequence

0 < Af(n) SA5(n) < -+ <AR(n) < -+ — oo, (2.5)
and the corresponding eigenfunctions U5 (+;n), US(+;7), ...can be subject to
the normalization and orthogonality conditions

(U]E’ UI?)Q = 0j4.k» jv ke N7 (26)

where 0, ;. is the Kronecker symbol.

The functions R > n +— A5(n) are continuous and Wﬁjfl—periodic in
the variable n;, cf. [17, Ch.VII]. As was verified for example in [13-15], the
spectrum of the problem (1.6) or (1.8) has band-gap structure,

o(T(e) = | 87, 87 ={Ari(n)ln € R}, (2.7)
keN

where the sets 5 are closed finite intervals. Our actual objective is to describe
the sets in (2.7) asymptotically as e — 0.

2.2. Limit Model Problem and Theorem on Asymptotics

We will next study the relation of the eigenvalues (2.5) and the spectrum of
the so-called limit problem

—Ayw(z) = pw(x), =€ Q, (2.8)

Opw(z) =0, x€0Q, (2.9)

where A, is the Laplace operator in the variables x and 9, is the outward nor-
mal derivative. The problem (2.8), (2.9) can be solved explicitly. Its spectrum
consists of the eigenvalue sequence { i, }neny = {%2 (72072 + k2€§2)}

j,keNu{o}’
which is indexed taking into account multiplicities such that

0=p1 <pa<pg < <piy < oo — F00. (2.10)

To simplify forthcoming calculations we assume that £3£;2 is not rational.
This guarantees that all eigenvalues in (2.10) are simple. The corresponding
eigenfunctions

wn(x) = Cjk COS(7T(2€1)71]'(£C1 + él)) COS(7T(2€2)71(I’2 + 62)), (211)

with c?k = (1+46;,0)(1+ dk0)(¢1€2) " satisfy the normalization and orthog-
onality conditions (wp, Wm)Q = 6n,m, n,m € N.
We note that the problem (2.8)-(2.9) has the variational form

(Vow,Vav)g = plw,v)g Yo e HY(Q). (2.12)

The main result in Sect. 2 is the following assertion, the proof of which
will be completed in Sect. 2.4.

Theorem 2.1. For every n € N, there exist positive €, and ¢, such that the
eigenvalues (2.5) and (2.10) are related by

[AS(n) — pn| < c,e’ 12 for g€ (0,e,]. (2.13)
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2.3. Convergence Theorem and Identification of Spectral Gaps
Let us denote by u2 the nth eigenvalue [ordered as in (2.10)] for the Dirichlet
problem in @, consisting of the differential equation (2.8) and the boundary
condition w = 0 on 9Q instead of (2.9). By the max-min principle, see e.g.,
[9, Thm. 10.2.2], [16, Thm. XIII 1,2] we readily conclude that AS(n) < ub.
Then, for the eigenfunction UZ of the problem (2.1)—(2.3), we have
IV2Uss L2 (Q20) |1 + [Var Vo Uy L2(Q: \ Qae)II?
+e? VU LP(Q\ Qo)1 < ey, (2.14)

Denoting the coordinate dilation by A.x = ((1 — 2807 )y, (1 — 26y ) y),
the H'(Q)-norm of the function

U;, (z5n) = Uy, (Aca; ) (2.15)

is uniformly bounded with respect to € € (0,1] and € R. Hence, for some
positive sequence {e,}pen converging to 0, we have

Ay () = Ap(n), Uy — U, asp— oo, (2.16)

where the latter convergence happens weakly in H:(Q) and strongly in L?(Q).
Let v° be an arbitrary smooth function in @ and set

v (x) = X°(x)" (A ), (2.17)
where X : Q — [0,1] is a smooth cut-off function such that
X=1inQ., X°=0inQ\Q.», and |V, X°|<Cxe 'inQ. (2.18)

Since X¢ = 0 near 9@, the function (2.17) satisfies the quasiperiodicity con-
ditions (2.2) and therefore can be inserted into the integral identity (2.4):

(@*Va Uy, Var©)g = AL (n)(Uy, 0%)q- (2.19)
Here we have
AL (U5, 0%)q — An()(Up,v°)q  ase — 0, (2.20)
because, first,
(U5 0)@a. = | UL(AZ )0(AT )de
Q2e

(1 267 (1 = 26057) (U5, ) — (UD,00) (2:21)
and, second,
|(Urs v)@\@ac | < c)IUS L2@INQ\ Qeel'? < () VE,
where we take into account the normalization condition (2.6), the bound-

edness of the function v* and the area |Q \ Q2:| = O(e) of the integration
domain @ \ Q2:. A transformation similar to (2.21) shows that

(a°V,UE, V%) g,. — (VU2 V,0°)g (2.22)
because a® = 1 on Q.. Moreover,
(asvarEw vxvs)Qg\QQa = (aEVxUZ, vm(vo © AE_I))QE\ng
< WVarVoUss L2(Q: \ Qoo || [VarVa (v 0 AZN); L2(Q:\ Qo) (2.23)

< U$C7L(U)El/2'
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FIGURE 3. The division of the thin frame

Finally,
(a°VoUs, Var“)gq. < €”[[VaUss L2(Q)I I Vav™; L@\ Q:)
<\ P Cxe  eyet/? < Cp(v)e™ V2 (2.24)

Here, we have used (2.14) to estimate the norm of V,UZ and (2.17), (2.18)
for V,v°. Since vy > 1/2, formulas (2.22)—(2.24) imply

(a°V,UE, Vo) g — (V.U V,u)g ase— 0. (2.25)
We formulate the following result of our calculations.

Proposition 2.2. For every n € N, the limit A\ (n) in (2.16) is an eigenvalue
of the Neumann problem (2.8), (2.9), and U% in (2.16) is the corresponding
eigenfunction with normalization |U%; L?(Q)|| = 1.

Proof. The fact that (\2(n),U%) is the claimed eigenpair follows from the
variational formulation (2.12), the arbitrariness of the choice of v, the density
of smooth functions in the Sobolev space, the property (2.19), and the proven
convergence in (2.20), (2.25).

It suffices to verify the normalization of UY. To this end, we use the
inequality

105 L2(Q\ Qa2)|I” < ele®[[VaUss LH(Q N\ Q2e)|* + || U L*(9Q20)|IP)
(2.26)

which can be derived by covering the thin frame @ \ Q2. with sets of diam-
eter O(e), see Fig.3a, b, stretching local coordinate systems by a factor of
magnitude e ~! and applying standard trace inequalities in two kinds of sets,
see Fig. 3c. For the right hand side of (2.26) we use the inequalities
U7 L2(0Q2:)[1* < CIVaUs; L2(Q2e)IIP + U7 L2 (Q22) %)
< C(AL () + DU LA@Q)II* < C,
vaUrEz;LQ(Q \ Q26)H2 < E_Q’YH\/a»EszfL;LQ(Q)HQ < Cre™?,

which are based on the estimate (2.14) and the definition of a®. As a conse-
quence of (2.6), (2.26) and v < 1 we get the desired normalization

1= U L@ = U5 L2(Qeo)|* + 02177 ) — UL L2(Q))*. D
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Formula (2.15) passes the strong convergence in L?(Q), see (2.16), from
U¢, to the eigenfunction U;; itself.

Since the limits of the eigenvalues in (2.5) belong to the set {iy, }nen of
isolated points, one finds any prescribed number of open gaps in the spec-
trum (2.7) by assuming the parameter ¢ to be sufficiently small (a similar
conclusion on the number of spectral bands is made in [7] for the problem
introduced in [5], and the same conclusion can be made in [8], too).

2.4. Asymptotics and Estimates for Spectral Bands
In the Hilbert space H® = H,)(Q) we introduce the scalar product
(u,v)e = (a°Vyu, Vav)g + (u,v)g (2.27)

and the positive, symmetric, continuous (consequently, self-adjoint) operator
]CE

’ (Kfu,v)e = (u,v)g Yu,v € H. (2.28)
Comparing (2.27), (2.28) with (2.4), we see that the variational formulation
of the problem (2.1)—(2.3) is equivalent to the abstract equation

Kfu® = ku® in ‘H®
with the new spectral parameter
kS = (1+A%)"L (2.29)
The well-known formula
dist(k®, 0 (K%)) = ||(K° — k%) 1 HE — HE|| 7L, (2.30)

follows from the spectral decomposition of the resolvent (K¢ — k%)~ e.g, [9,
Ch 6, §3], [18, Thm. 12.23]. To estimate the operator norm of the resolvent at
the “interesting” point k€ = (1 + u,) 71, we set W® = ||w®; H®||~tw®, where
w(z) = X (2)w, (A1), 1, is an eigenvalue of the problem (2.8), (2.9), and
the corresponding eigenfunction w, is extended to the exterior of @ by its
formula (2.11). We have

IICEWE — ESWE HE || = sup [(KEW® — ESWE, v)|
= (1 + pn) HwHE|| 7 sup [(a°Vew®, V) g — pn(w®,v)g|, (2.31)

where the supremum is computed over the unit ball in H®. The expression
inside the modulus signs in (2.31) equals the sum of the following terms:

IT = (Va(wyn 0 A;l)’ V) Qae — Hn(wn 0 A;I,U)Q267
I = (VarVa(wy, 0 A7), VaE V) g\ qa.
— pn(wi, 0 A1, 0) g\ » (2.32)
I5 = (Vo (Xewp 0 AZY), Vav)or@. — fin(Xewn 0 AZH0)\q.
Stretching variables and taking (2.12) into account yield
15| = |26l (02, w5, Oy (v 0 Al))q + 2687 (02w, Dy (v 0 Al))g| < cre.
Since w,, is a smooth function, we have

|I2€‘ < C7L|Qs \Q25| ||U§HEH < Cn€1/2.
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In the same way, taking into account the bound for V, X in (2.18), we obtain
|15 < Cu(7e™ e 27V L2QN\ Qe)l| + 2]l LA(Q)]) < e V2.

These estimates for the terms in (2.32) and (2.31) show that the norm
of the resolvent (K¢ — k°)~1 exceeds cne~ (=12 for some constant ¢, > 0.
Thus, in view of the relation (2.30), the interval

[k — a2 kE 4 cns:”*l/z]

contains an eigenvalue of K¢. Furthermore, the identity (2.29) shows that
at least one eigenvalue in (2.5) falls into the short segment Y,, = [u, —
Cne? 12, iy + Cpe?’=1/?] with some C,, > 0 (recall that v > 1/2). To con-
clude that this eigenvalue is unique and coincides with A¢ (n), we use Propo-
sition 2.2. If one of the segments T1,Ts,..., T, includes two eigenvalues,
then A%, (n) does not exceed ju, + C,eY~1/? and, therefore, converges to
AV 1(n) < pn, while the limit UJ,; of the corresponding eigenfunction is
orthogonal to wy, we, ..., w, in L?(Q). Of course this is impossible because
the eigenvalues p1, po,..., p, are simple, due to our assumption on irra-
tionality of E%Z;Q. This completes the proof of Theorem 2.1.

3. Asymptotic Analysis of the Spectrum for Composite
Medium

3.1. Problem with Periodic Coefficients in Half-Planes

Let us define the new coefficient function

e/ Jaf(x1 —h,x2), x1 >0,
a®(z) = {ae(xl +hyao), a1 <0, (3.1)
where h € (0,4;) and the numbers ¢; are rescaled as fo =1/2 and ¢, > 1/2.
Here, we realize the reflection on Fig. 2b. The geometric setting is simple
enough so that the function (3.1) can be made smooth by a proper choice of
the old one (1.7) inside the thin frame Q2. \ Q. (for example, a® is independent
of z1 € (—€1+3¢,¢1+3¢)). The difference between (1.6) and the new equation

—div(a®(z)V,u'(z)) = A°u(x), z€R? (3.2)

is the loss of the periodicity in the z;-direction due to the coefficient (3.1):
as indicated in Fig.2b, the two half-planes, which are paved with identical
rectangles of size 2¢; x 2¢5, are now separated by a column of rectangles of
size 2(¢1 + h) x 24s.

Let us denote by 7 (g) the self-adjoint operator of the problem (3.2),
defined in the same way as in Sect. 1.2.

3.2. Partial FBG-Transform and Model Problem in the Unit Strip

Let us examine the spectrum of the problem (3.2). To this end, we apply the
partial FBG-transform

u®(z) — U (z;¢) = \/% Ze_ickug(xl,xg +k), ¢e€l0,2n]
kEZ
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and arrive at the model problem in the horizontal unit strip II = R x
(=1/2,1/2)
—div(a®(z)V,U*(z;¢)) = A°U°(2,(), =z €ll,
¢

1 . 1
U* (Ih 5 ) = eZCUE (I‘]_, _a<> ) Ty € R7
2 2
€ 1 ¢ e 1
0, U wl,i;c =¢e"0,,U $1,—§;C , x1 €R. (3.3)

Tt is known, see [19, Thm. 5], that for any fixed ¢ the essential spectrum
of the problem (3.3) is the union of the spectral bands

B;(¢) = {A5(m,¢) : m € [-m, 7]}, keN.

Moreover, there holds the relations B (() C 8%, k € N.
The variational formulation of the problem (3.3) is

(a°V,U*, V., V) = A°()(U%, V) VV € H(TI),
where H(IT) is the space of functions in H'(IT) satisfying the first quasiperi-
odicity condition in (3.3).

3.3. Asymptotics of Eigenvalues and Trapped Modes in the Strip

The appearance of the longer rectangle Q = Qi = (—¢; — h,¢1 + h) X
(—=1/2,1/2) in the paving of II leads to the new limit problem

—Ayw(z) =pw(zr)in Q, Jdyw(x)=0Iin 0Q. (3.4)

The first positive eigenvalue of this problem is p, = 7ﬁ(ﬁl + h)~2, corre-

4
sponding to the eigenfunction wy(z) = (¢4 + k)~ ?sin(r(f; + h)"'21/2).
Notice that (2.10) implies

Mo € (p1; 2)- (3.5)

Theorem 3.1. For any ¢ € [—m,w| there exist positive €5 and co such that the
problem (3.3) has an eigenvalue A5(C) satisfying the inequality

|AS(C) — po] < 267 Y2 Ve € (0,e5). (3.6)

Proof. We set W (z) = X¢(z)w(A-1z), where X is a smooth cut-off func-
tion such that

X =1in QE7 X®=01in Q \ QE/Za IVIXE‘ < CX€_1 in Q7
and Az = ((1 —2e(6y +h) =Yy, (1 — 2el; 1)) Tt is enough to estimate
sup [(a°V,w, Vv — p(W,v)| =sup [(a°V, W, V,v)q — (W, v)q|

where the supremum is computed over the unit ball of the Hilbert space
H% (IT) with the scalar product

(w, Ve = (a°Vyu, Vv + (u, v).

This can be done repeating word by word our arguments in the second part
of the proof of Theorem 2.1 in Sect. 2.4. d
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Comparing formulas (3.6), (3.5) and (2.13), we see that if € is small
enough, the spectrum o (7 (¢)) of the problem (3.2) contains, in addition to
the spectral bands 3% of the spectrum o(7°(g)), at least one spectral band

By = {A5(¢) : ¢ € [-m, 7]} (3.7)

which does not intersect the set o(79(g)). This observation gives a negative
answer to the question (1.1) in Sect. 1.1.

Theorem 3.2. There exists positive €9 such that, for any ¢ € (0,eq), the
spectrum oess(7 (€)) of the problem (3.2) contains the spectral band (3.7)
which does not intersect the spectrum cess(T°(€)) of the problem (1.6).

It is quite obvious that using the techniques presented above one could
prove more comprehensive results than Theorem 3.1. Indeed, many of the
open spectral gaps between bands 3; apparently contain eigenvalues of the
limit problem (3.4). Each of these isolated eigenvalues gives rise again for a
small € to an eigenvalue of the problem (3.3) and thus also to an additional
spectral band of the problem (3.2). However, for the sake of the shortness of
the paper we refrain from going into the detailed proofs, although we are con-
vinced that a more complete asymptotic description of the eigenvalues of the
problem (3.3) would not require new ideas in addition to those given above.

4. Concluding Remarks

The existence of Rayleigh waves [2] travelling along interfaces in piecewise
homogeneous elastic solids is well-known, cf. [3,4] and others. Such waves do
not exist in the case of scalar differential equations, the piecewise constant
coeflicients of which have jumps at a straight line of the plane. However, the
example constructed above shows that scalar second order equations with
periodic coefficients may have propagating waves localized near infinite rows
and columns of foreign inclusions. This was already predicted in [1].

Of course, changing the roles of coordinate axis as indicated in Fig. 2c
provides a row of bigger rectangles Q2 and also new spectral bands in the
same way as in Sect. 3. Moreover, according to [1], these bands are preserved
in the spectra, if the open waveguides containing a full row or column of
rectangles are replaced by the corresponding semi-infinite open waveguides.
Combining both of these constructions, we can create X-, T- and Y-shaped
waveguides, which support propagating localized waves, cf. [1]. We also men-
tion the papers [20-22] with other examples of localized propagating waves.

Let us consider the X-shaped open waveguide in Fig. 2d, which contains
the rectangle Q2 = {x : |z1| < €1 + hy,|2xa] < fo 4+ ho}. The numbers
hj € (0,4;) can be chosen such that the smallest positive eigenvalues of the
Neumann problems (3.4) in Q;, j = 1,2, and that of the problem (2.8), (2.9)
in @ can be ordered as follows:

2 2 2

™ ™ s
<z (4.1)
1

0< <
(b1 +h1)?2  (ly+ he)?
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In addition, if £; < v/3(¢3 + hy), then h; can still be adjusted to obtain
2 2 2 2

T T
(ly + ha)?

<y = <Z. 42
M = 0 e et he)? ~ B (4.2)

where p, 5 is the Neumann eigenvalue for —A in Q2 corresponding to the

eigenfunction
. < X, ) . < TXo >
S1n S1n .
0+ hy Uy + hy

Now consider the spectral problem (3.2), where the coefficient a® is related
to the X-shaped open waveguide of Fig.2d. According to [1] and the con-
clusions in Sects. 2 and 3, the first four spectral bands of this problem lie in
the ce7~1/2-neighbourhood of the points (4.1), although I1 o is not contained
in these bands. Thus, our previous asymptotic constructions, estimates and
arguments prove that there exists an isolated eigenvalue in the vicinity of the

point p; o.

Proposition 4.1. Let ¢; and h;, j = 1,2, be fized to fulfil the relations (4.1)
and (4.2). There exists €4 > 0 such that, for any € € (0,e4), the discrete
spectrum of the problem corresponding to the X-shaped open waveguide in
Fig. 2d, contains at least one eigenvalue Aq(e) = py 5 + O(e771/2).

Recall that if € is small, we have shown the existence of many open
spectral gaps, cf. for example the end of Sect. 2.3. It might be possible to
find also other eigenvalues (of the problem related to Fig.2d) inside these
gaps, just by using the above scheme to locate them near suitable Neumann
eigenvalues of the problem in Q2. However, the first couple of the positive
eigenvalues p; = 72(¢; + h;)~2, j = 1,2, coincides with the numbers in
(4.1) and therefore we do not know if they are included in the corresponding
spectral bands or not. In other words, to prove or disprove the existence of
isolated eigenvalues near p; one would need to construct higher order terms
in the asymptotic expansions.

An example of an eigenvalue embedded into the continuous spectrum
of an open waveguide in a double periodic medium does not yet exist in the
literature. We conjecture that this could be done using the concept of enforced
stability of embedded eigenvalues, [23,24], although it would require a much
more delicate asymptotic analysis.
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