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1. Introduction

Reproducing kernel Hilbert space theory is an interdisciplinary subject that
arises from the interaction between function theory, system theory and op-
erator theory. The main aim of this paper is to investigate the structure of
factors of a kernel function and to relate it with reproducing kernel Hilbert
spaces and operators acting on them.

The precise definition of reproducing kernels is given in Sect. 2; they
may be either scalar or operator valued (the latter type being less familiar
to operator theorists). Let £ be a Hilbert space and let B(E) be the set of
all bounded linear operators on £. If ky is a scalar-valued kernel and K»
is a B(&)-valued kernel on A, then K = K; K5, where K; = ki1, is also
a B(&)-valued kernel on A. We intend to study in the sequel factorizations
of reproducing kernels of the above type and relate function and operator
theoretic results on Hx with those of on Hy, and Hr,.

The paper is organized as follows. In Sects. 2 and 3 we recall basic facts
concerning reproducing kernel Hilbert spaces, multipliers, and modules over
the polynomials. Section 4 is devoted to a presentation of tensor products
of reproducing kernel spaces, which are intrinsically related to products of
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kernels. This part is generally known, but we did not find a suitable reference
that would gather all the results we needed.

New results start with Sect. 5, in which we prove that for a large class of
reproducing kernel Hilbert spaces H g isometric multipliers are trivial. This
in particular implies that the reproducing kernel Hilbert spaces with proper
isometrically isomorphic shift invariant subspaces are rare.

In Sect. 6, we prove that a reproducing kernel Hilbert module Hx (see
the definition in Sect. 6) defined over a domain 2 in C™ dilates to Hy, ® &,
for some Hilbert space &, if and only if K = k1 L for some B(E)-valued kernel
L on Q. Finally, in Sect. 7 we obtain a complete classification of Brehmer
type submodules of a large class of reproducing kernel Hilbert modules; in
particular, we prove that the Brehmer submodules and doubly commuting
submodules of the Hardy module H?(D") ® £ are the same.

2. Preliminaries

In this section we briefly recall some basic facts concerning kernels and repro-
ducing kernel Hilbert spaces. As a general reference for reproducing kernel
Hilbert spaces, see [1,3]. For vector-valued reproducing kernel Hilbert spaces,
see [12, Chapter 10].

Let A be a set and £ be a Hilbert space. An operator-valued function K :
Ax A — B(E) is called a kernel (cf. [1,12]) and is denoted by K (A, u) > 0, if

m
Z (K (p, 2q)ng: Mp)e = 0, (2.1)
P,q=1
for all {z;}"; C A and {n;}72; C £ and m € N. In this case there exists a
Hilbert space Hy of E-valued functions on A such that {K(-,\)p: A€ A,n €
£} is a total set in Hgx and

<f()‘)777>5 = <f7 K(a A)U)HK (77 € 57 A€ A) (22)
In particular, we have
1K (G Ml = (KOS Nmym)e = (KON 21le (2.3)

Remark 2.1. It @ : A — B(&,, E) for some Hilbert spaces &, &,, then it is easy
to see that K(\, p) := ®(N)P(p)* is a kernel with values in B(E). Conversely,
it K:AxA— B(€) is a kernel, then we may write K(\, u) = @(u)P(N)*,
with & = Hg and ®(\) = K (-, \).

Let € be a Hilbert space and K; and Ky be two B(E)-valued kernel on
A. We will write this sometimes as K (A, u) = 0; then K; < Ky will mean
that (K2 — Kl)()\,,u) > 0.

The following lemma is known, but for lack of an appropriate reference
we supply a proof for completeness.

Lemma 2.2. If K1(A\, p) < Ko(XA, p) and Li(A\, ) < La(\, 1), then
Ki(A 1) @ Li(A, 1) < Ko (A, p) @ Lo (A, ).
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Proof. Using (2.1), we have to prove that for nonnegative matrices Ay, Az, By,
By, if A < Ay and By < Bs, then A; ® B1 < A5 ® Bs. One can suppose that
Bi, By are invertible (otherwise one adds a small multiple of the identity and
pass to the limit). Therefore

Bl_l/2AlBl_1/2 <1 B2—1/2A232—1/2 <1
whence (since the tensor product of two contractions is a contraction)
B2 g Bol/? A ® Ay B V2o <1l
1 2 1 2

(the identities acting on the corresponding spaces). It remains to multiply on

the right and on the left with 311/2 ® B;m. O

The proof of the following simple lemma is left to the reader.

Lemma 2.3. Let K be a B(E)-valued kernel on A and Hic the corresponding
reproducing kernel Hilbert space. Suppose p : ' — A is a bijection. Then
H :={fop:[f€H} endowed with the scalar product

(fop,gop)n = {f,9)n,

is a reproducing kernel Hilbert space of functions on A, with the B(E)-valued
kernel

K'(N, ') = K(p(X), p(1)).
Moreover, the map f — f o p is unitary from H to H'.

Let & and & be two Hilbert spaces and K; : A x A — B(E;), j = 1,2,
be two kernels. A function ¢ : A — B(&1, &) is said to be a multiplier if

of € Hi, forevery f € Hg,.
We will denote by M(Hg,,Hk,) the space of all multipliers from Hg, into
Hr,. When K; = Ko, we will simply denote it by M(Hf, ). From the closed

graph theorem it follows that each multiplier ¢ € M(Hg,, Hx,) induces a
bounded multiplication operator M, from Hg, to Hg,, where

(Mo f)A) = (f)A) =N F(A) (f € Hi,, A€ D).
For each ¢ € M(Hk,,Hk,), A € A and 1 € & we have
M (K (-, A)n) = Ki(- A)p(A) . (2.4)

We shall call a multiplier ¢ € M(Hgk,,Hk,) partially isometric or i-
sometric if the induced multiplication operator M, has the corresponding
property.

It will be the case sometimes below that the same function ¢ : A — B(E)
will be a multiplier for different reproducing kernel Hilbert spaces with B(E)-
valued kernels. In this case we will write the multiplier M ff to make the
kernel (and the space) explicit.

A criterion for multipliers is given in [12, Theorem 10.22]: ¢ : A —
B(&1,&2) is a multiplier if and only if there exists ¢ > 0 such that

SN, ()" < ¢ Ka(A, ), (2.5)
and the smallest such c is precisely the norm of M.



228 R. Kumari et al. IEOT

An important particular case are the quasiscalar kernels. These are

B(E)-valued kernels of the form
K(Aa,u’) = k‘(}\,/i)]g ()‘7[1’ € A)v

where k is a scalar-valued kernel on A and £ is a Hilbert space. It follows
then from (2.3) that

I C Ml = ES N Inlle- (2.6)
We also note that as Hilbert spaces, one has
Hx =Hip®E.
Therefore, for a fixed orthonormal basis {e; } in £, the general form of F' € H
is given by
F=> fi®e,
J

with fj € Hy and Zj Hf]”g-lk < o0.
Now let k be a scalar kernel and A € A. By virtue of (2.2), it follows
that the functions in Hj vanishing at A are given by

Hi 0 {k( A} ={f € Hi : f(A) = 0}
For quasiscalar kernels, we have the following:
Lemma 2.4. Let k be a scalar kernel, £ o Hilbert space, {e;} an orthonormal

basis in £, and K = klg¢ the corresponding quasiscalar kernel. If X € A, then
Hix ©{k(-\\)z :x € E} is given by

ng®ej fi € Hi f3(0) =0, Z||f]||Hk<oo

Proof. Let us denote by X the space in the right hand side of the equality.
If F € X, then it is immediate that F' is orthogonal to any function k(-, A)x.
Conversely, suppose g = Y ;95 ®ejis orthogonal to X, that is,

0= <g,F> = Z<gjafj>v
J
for all F = Zj fi ®e; € X. In particular, each g; is orthogonal to the space

{f € Hr : f(A) = 0}, and is thus a scalar multiple of k(-,\). Therefore
g = k(-, Az for some x € €. O

3. Kernels and Modules

We now consider a bounded domain 2 in C" and a B(&)-valued kernel K on

Q. In what follows, z will denote the element (z1,...,z,) in C™.
Let K(z,w) be holomorphic in {z1,...,2,} and anti-holomorphic in
{wy ..., w,} and Hx be the corresponding reproducing kernel Hilbert space.

Then Hg is a set of £-valued holomorphic functions on 2 and
{K(7w)n Tw e Qﬂ? € 5}7
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is a total set in Hg, that is,
Hi =spa{K(,w)n:w e Qnel} CON,E).

In what follows, we always assume that for any A € A the function
K(-,A) : Q — B(€) is not identically zero.
We say that Hg is a reproducing kernel Hilbert module if

Mk CHkg (G=1,...,n).
In this case the multiplication operator tuple (M,,,..., M., ), defined by
(M., ) (w) = w; f(w) (w e, f €M),
induces a C[z]-module action on Hg as follows (cf. [6]):
p-h=pM,,....M, )h (p€Clz1,...,2n],h € Hk).

A closed subspace S of H is said to be a submodule if S is M, -invariant,
j=1,...,n. Here the C[z]-module action on S is induced by the restriction
of the multiplication operator tuple M, |s = (M,,|s,..., M, |s).

Note also that a submodule of a reproducing kernel Hilbert module is
also a reproducing kernel Hilbert module.

If Hx is a reproducing kernel Hilbert module over C[z], and the constant
functions n € £ belong to H, then of course C[z]E C Hg. The following
lemma is often used in concrete cases.

Lemma 3.1. Suppose Hx, C O(,&;), i = 1,2 are reproducing kernel Hilbert
modules over Cz], and T : Hx, — Hk, satisfies

TM., =M, T (j=1,...,n).
If C[z)€ C Hk, and is dense therein, then T is a multiplier.

Proof. Define @ : Q — B(&1,&) by ®(2)n = T(n), where T'(n) is the action
of T on the constant function z — 7 € &;. The intertwining assumption in
the statement implies that T'(p(z)n) = Mg P(2)n for any polynomial p and
n € E. If C[z]€ is dense in H,, it follows that T = M. O

Let Hg, C O(Q,&:), i = 1,2, be reproducing kernel Hilbert modules
over C[z]. We say that they are unitarily equivalent if there exists a unitary
U :Hg, — Hg, that satisfies

UM, =M, U (j=1,...,n).

Corollary 3.2. Suppose Hi, C O(,&;), i = 1,2 are reproducing kernel
Hilbert modules over Clz], and C[z]€ C Hk, and is dense therein. Then
Hr, and Hg, are unitarily equivalent if and only if there exists a unitary
multiplier Mg such that U = Mg.
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4. Tensor Products of Kernels

Our purpose in this section is to explore the relationship between kernels and
functions defined on a set A and associated objects defined on the diagonal
of A x A. In the scalar case one can use as references [3,6,8].

Let &; are Hilbert spaces and K; are B(&;)-valued kernels on A, i = 1,2.
Then the Hilbert tensor product Hy, ® Hi, is a reproducing kernel Hilbert
space on A x A, with the B(&; ® &)-valued kernel

(K1 @ Ka)((A1, A2), (1, p2)) = K1 (A1, 1) @ K2 (g, pi2).

More precisely, the map defined on simple tensors by f ® g — f(A1)g(A2)
extends to a unitary operator from Hy, ® Hy, onto Hx, oKk,, which allows
the identification of these two spaces.

For clarity, it is useful to make apparent the argument of functions,
typically A € A and (A1, A2) € A x A. So, for instance, we will write K (\, )
rather than K (-, 1) in order to denote the function A\ — K (A, u).

Now let A = {(X\,\) : A € A} be the diagonal of A x A and let N be the
set of all functions in Hx, ® Hk, vanishing on A, that is,

N ={g € Hr, @Hg, : g(\,A) =0, A€ A}.
Define also § : A — A to be the bijection
(A =\ A) (AeA).
The scalar case of the next lemma appears in [3, 1.8]; we include the proof of
the vector case for completion.

Lemma 4.1. With the above notations,
(K1 * Ka)(A, ) := Ki(A, p) @ Ka (A, ).

is a B(&1 ® &)-valued reproducing kernel for the Hilbert space of functions
on A defined by {f 0§ : f € N*}, endowed with the scalar product

<f067go(5>71 = <f,g>/\/’l-
The map f + f o0 is unitary from Nt to Hr,«x., -

Proof. Note first that A" is spanned by the set
Si={K1(M\,pu)r1 @ Ko(Ao, ) : € Ay € E,29 € E}
Indeed, for any F' € N we have
(F, K1(A1, p)zn @ Ko (Ao, p)z) = (F(p, p)y o1 @ 22) =0, (4.1)

whence S C Nt. On the other hand, if F € S*, then (4.1) is true for all
w€ Aand xy € &, 29 € E. By linearity we may deduce that (F'(u, n), &) =0
for all £ € &1 ® &, whence F € N.

It follows then easily that the restrictions of the functions in N+ to
A form a reproducing kernel Hilbert space, with kernel given by Ki(\, 1) ®
Ks(\, ). The proof is finished by applying Lemma 2.3, with p = 4. O
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The proof of the above lemma yields the following useful result:

Corollary 4.2. The formula (7F)(A\) := F(\,\) defines a coisometry from
Hi, @ Hi, to Hi,wk,, with kerm = N. Also,

(K % Ko) (A p) (21 @ x2) = K1 (A1, p)z1 @ Ka(Aa, p)2a.
Proof. We observe that, for any z;,y; € £, j = 1,2 and p,v € A,
(K1 (A1, p)z1 @ Ka(Ag, p) T, Ki(A1, v)y1 @ Ka(Ae2, v)y2)
= (K1(v, w1, y1) (K2 (v, p)z2, y2)
= (K1(A, )71 @ Ko (A, p)wa, Ki(A, v)y1 @ K2\, v)y2).
Then X : Hi,«k, — Hk, ® Hg, defined by
T (K% K2) (A, p) (21 © 22) = K1 (A1, p)on @ Ko (Ao, p)aa,

for z; € &, j = 1,2, and p € A, is an isometry. By the proof of the previ-
ous lemma we have ker X* = (ran L)+ = A and the result now follows by
defining m = X*. O

In the scalar case, the previous result is [8, Theorem 1.1].

Suppose now that Fy : A — B(&;) is a multiplier on Hg, and F» :
A — B(&;) is a multiplier on H,. Then the F; @ Fo : A®@ A — B(& ® &)
is a multiplier on Hy,gK,, and Mpr gr, = Mp, @ Mpg,. The space N is
invariant to multipliers on H, g x,, and therefore N1 is invariant to adjoints
of multipliers.

Lemma 4.3. If F} is a multiplier on Hy, and Fs is a multiplier on Hy,, then
the function FyxFy : A — B(E1®E&2), defined by (F1+F3)(A) = F1(A)@Fa(X),
15 a multiplier on Hg, «k,. Moreover
MR = r (M @ M) 7. (4.2)
Proof. The assumption implies that (2.5) is satisfied for the two multipliers,
SO
FLOVE (N ) Fi ()" < KA p), BN K2\ 0) Fa()" < K (X, p).
By Lemma 2.2, we have
(F1(A) ® Fa(N)) (K1(A, 1) @ Ko (A, p)) (Fi(p) @ Fa(p))*
< cics (KA p) @ Ka(A, ),
which means precisely that
(F1# Fp)(A) (K1 * K2) (A, p)(Fy * F2)(n) < cic3(Kq * Ka)(A, ).

Again using (2.5) it follows that F; % F5 is a multiplier on Hg, <k, (of norm
at most c¢jcg).

To obtain Formula (4.2), we will check its adjoint on the reproducing
kernels (K7 x Ko)(A, p)(z1 ® x2), where p € A,xy € E,x0 € & are fixed,
while A € A is the variable. According to (2.4), we have

(Mlé{l{r}};z)* (K1 % Ko)(A, ) (w1 @ 22) K1 (A, )
= K1(\ 0) Fy () 1 @ Ko (A, ) Fa(p)* 1.
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On the other hand, by Corollary 4.2
T (K * Ko) (A, p) (21 @ 22) = Ki(Ar, p)zr @ Ko (A2, p)ze.
Then, applying again (2.4),
((M{«“{ll)* ® (Mgz’)*) T (K x K2) (A, p) (21 © 22)
= (K1(A1, ) Fi(p)*z1) @ (Ko(Ao.p) Fo(p) @2),

Therefore
x ((M;f) ® (Mgf)) 7 (K % Ko) O\, ) (1 © 72)
= (Ki(\ ) Fi () z) @ (Ka(\, p) Fa(p) @2),
and (4.2) is thus proved. O

If one of the kernels is scalar-valued, say dim & = 1, the kernel K; * ko
becomes simply the product ko K;. Then Lemma 4.3 says that foFj is a
multiplier on Hg, x, -

5. Isometric Multipliers

In this section, we study the isometric multipliers of reproducing kernel
Hilbert spaces corresponding to quasiscalar kernels, generalizing results known
about certain concrete kernels. It is an open problem to extend them to
non-quasiscalar kernels, for which the methods used here do not seem to be
appropriate.

Let k be a scalar-valued kernel on a set A and let Hj, be the correspond-
ing reproducing kernel Hilbert space. For each A and p in A, define a relation
~r as follows: A ~p p if there exist m € N and {\1,...,\;,} € A such that

M=XNAm=p, and k(Aj, A1) #0 for 1<j<m—1.

Then ~j is an equivalence relation on A. In particular, if A, u are in two
different equivalence classes, then k(\, u) = 0.

Suppose ki, ko are two scalar-valued reproducing kernels on A, K; =
kilg,, Ko = kolg,. If ¢ is a multiplier on Hg,, it follows from Lemma 4.3,
applied for Fi = ¢ and F» = I, that ¢ * I is also a multiplier of Hx,.x,, and

HMKl*IQ

<]

K1
M¢

Theorem 5.1. Let kq, ko be two scalar-valued reproducing kernels on A, and
Ky = kilg,, Ko = kalg,. Denote k = kiks, K = Ky * Ko, and suppose the
following conditions are satisfied:

1. the map Mfl — Mdfil from M(Hg,) to M(Hk) preserves the norm;

2. Hy, N'Hy, is dense in Hy, .
If M;il is an isometric multiplier in M(H), then it is a constant isometry
on each of the equivalence classes of ~, .

In particular, if ky(A\, 1) # 0 for any A, u, then ~y, has a single equiv-

alence class, and the conclusion becomes that ¢ is a constant isometry.
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Proof. We use the notation of the previous section; so A = {(A\,\) : A € A},
N ={F € Hig, ® Hg, : F(\,\) = 0, A € A}, and (7F)(\) = F(\,\)
defines a coisometry from Hy, ® Hg, to Hx with kerm = N. Then Mfl is
a contraction by assumption (1), and we have by Lemma 4.3

My, =m (M @ I, ) 77, (5.2)
whence

ME m=m(MS @Iy, m'r =n (MS ® In,,) Py
Now for F € N+ and using the fact that M(f® ; is an isometry, we have
I (ME* @ B, ) Fl| = | MZrP| = lnF|l = ||,
1

where the last equality follows from the fact that 7 is an isometry on (ker 7).
Hence, since Mfl ® Ik, is a contraction, we have

1E > [[(MZ™ @ D, ) F| = || (MZ™ @ Iy, ) F| = 1P
and hence
I (M @ Dy, ) F| = || (M @ Ingie,) F |-
Consequently, (M5 @ Iy, )F € (kerm)™ = Nt that is,
(M @ Iy ) N - C N
In particular, since ki(A1, u)z1 @ ka(Ag, pt)re € N+ for u € A, 2y € &,
29 € & (here A\, \y are the argument variables), we have
M5k (A, )z @ koMo, p)ze € NT (€A, 21 € &1, @3 € &).
Now, if f,g € Hi, N Hi,, y1 € &1, Y2 € &, then
FOy @ g(A2)y2 — g(M)y1 @ f(A2)y2 €N,
and therefore
0= ((ME k(M p)ay @ ka(Xe, 1)) 22, F(A)y1 © g(A2)y2
—9(A)y1 ® F(A2)v2)n, on,
= (p(M)k1 (A1, p)z1, f()\l)y1>HK1 (k2(A2, )2, g(>\2)y2>HK2
— (p(A)k1 (A1, 1) 9N Y1) r e, (R2(A2s )2, f(A2)Y2) 4,
= (e(A)kr (A1, )21, F )1 )7, 9(10) (22, y2)—
— (e(A)k1 (A1, 1), 9 Y1) 2, [ (1) (2, ).

Applying assumption (2), the above formula is valid by continuity for any
f7 g € Hkl .

Fix p € A. Take f L k(A p) (so f(u) = 0) and g = ki(-, ) (so
g(p) # 0); also, assume (zq,y2) # 0. It follows from the preceding equation
that

(e(A)k1 (A1, )1, F(A)Y1) 1, =0

for all x1,y; € &1. Therefore the function ¢ (A1 )ki (A1, p)z1 = Mf;lkl()\l, 1)y
is orthogonal to the space spanned by the functions f(A1)y1 € Hg, with
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f € Hiy, f(r) =0, and y; € &. If we identify Hy, with Hy, ® &, this
space becomes the space spanned by f ® y1, f(i) = 0. We may then apply
Lemma 2.4 to conclude that

(M)l (A1, p)zr = ki (A, p)zh

for some 2 € &. But we have, for all y € &,

(k1 (A1, )t by (A, p)y) = (ME k(A g, by (A, p)y)
= (k1M1 e, (ME) kr (A, w)y)
= (k1(A1, )z, () "k (A1, 1)y)
= (p(Wki (A1, W1, ki (A1, 1)y).

Therefore

kr (A1, )t = @A)k (M, p)zy = o)k (A, p)zy

for all 1 € &;. In this relation A is still the argument of the functions in
the two sides of the equality, but we may deduce from here the pointwise
equality

P(A)k1 (A1, 1) = @(p)ki (A1, ).

for all Ay, € A. So, if k1 (A1, p) # 0, then (A1) = ¢(u). From the definition
of ~, it follows that on each of its equivalence classes the multiplier ¢ on
Hx, is a constant operator. Regarding again Hy, as Hy, ® &1, it follows that
Mfl = I, @ ® for some ® € B(&1). Therefore, in order for Mfl to be an
isometry, ® must be an isometry; this finishes the proof of the theorem. [

Corollary 5.2. Let ki, ko be two scalar-valued reproducing kernels on A, and
Ky =kilg, K = kikolg, . Suppose the following conditions are satisfied:
1. the map Mfl — MJS from M(Hg,) to M(Hk) is surjective and pre-
serves the norm;
2. Hy, N'Hy, is dense in Hy, .

Then any isometric multiplier in M(Hk) is a constant isometry on each of
the equivalence classes of ~y, .

There is an important case in which condition (1) in the above corollary
is satisfied, which we will present as a separate statement.

Corollary 5.3. Let A = Q be a domain in C" and ki, ks are analytic in the
first variable, Ky = kilg,, K = k1kalg,. Suppose the following conditions are
satisfied:
1. M(Hg,) coincides with the uniformly bounded B(E1)-valued analytic
functions and for any ¢ € M(Hg,) we have

1M1, = Sng(A)H; (5.3)

2. Hy, N'Hy, is dense in Hy, .

Then any isometric multiplier in M(Hg) is a constant isometry on each of
the equivalence classes of ~y, .
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Proof. Let ¢ € M(Hg). Then by (2.4), we have
s 6OV < 1M s

Hence condition (1) imply that Mfl € M(Hg,). From (5.1) it follows that
||M(f1 I = ||Mf ||. We may then apply Corollary 5.2 to conclude the proof. [J

Remark 5.4. Under the same assumptions and notations as in Corollary 5.3,
suppose also that polynomials are in Hy, as well as in Hy,. Then a sufficient
condition for (2) is that they are dense in Hy, .

Using now Corollary 3.2, it is easy to derive the following result.

Theorem 5.5. Let £ be a Hilbert space, ) be a domain in C* and Hy,, Hi, C
O(Q) are reproducing kernel Hilbert spaces. Let K1 = k1l and K = kikols.
Suppose the following conditions are satisfied:

1. Hy, is a reproducing kernel Hilbert module over C[z].
2. Clz] C Hi, NHy, and Clz] is dense in Hy, .
3. M(Hg,) = Hg)(Q) and for each ¢ € M(Hk,) we have

[Moll7e,c, = sup [[@(A)]-
AEQ

4. zy ~op, 22 for any z1, zo € Q. In particular, this is true if ki(z1,22) # 0
for any z1, 20 € Q.

Let ¢ € M(Hg) be a multiplier and S be a submodule of Hy. Then

(i) M, is an isometric multiplier if and only if there exists an isometry
V€ B(E) such that My = Iy, , @ V.

(ii) S € Hx is unitarily equivalent to Hy if and only if there exists a closed
subspace € of € such that S = My, @ E.

Ezxample. Let n > 1, a > —1, and consider the space
AZ(B") := {/ holomorphic in B" : |[f]l. = / £ A2 dV (=) < oo}
]Bn

(5.4)
where dV is the volume measure on B™. It is usually called the weighted
Bergman space. Moreover, A2(B") = H,, where the reproducing kernel g is
given by the formula

n —a—n—1
Jo(z,w) = (1 - Z zzwz> , z,weEeB" (5.5)
i=1

(see, for instance, [17, Ch. 2]).
We may apply Theorem 5.5 to the reproducing kernel module A2 (B™).
We take

k‘l(Z, 'w) = (1 — Z ziwi> s k‘l(Z, ’lU) = (1 — Z ziwi>

Then k; is the reproducing kernel of the Hardy space on the unit ball, while
ko is a kernel by the binomial formula. The hypotheses of the theorem are

a—1
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easily checked; the only nonobvious one, (3), is a consequence of the usual
formula for the Hardy space norm (see [17, Ch. 4]). Therefore:
(i) M, is an isometry if and only if M, = I42 n) ® V for some isometry
Ve B(€).
(ii) S is unitarily equivalent to A2 (B") ® & if and only if S = A2(B") ® £
for some closed subspace & of &.
In particular, (i) generalizes Proposition 4.2 in [11], which proves the result
for the case a = 0 (the usual Bergman space). Part (ii) is related to the
rigidity of submodules of weighted Bergman modules (see [7,10,13,14]).

6. Factorizations of Kernels and Dilations

Suppose 2 is a domain in C™. A scalar-valued reproducing kernel g : Q2 xQ —
C is said to be a good kernel if:

1. g is analytic in the first variable;

2. Hg4 is a reproducing kernel Hilbert module;

3.

J
4. there exists a wg € €2 such that

: ker(MZ, —w;ly,) = Cyg(-,w) (w € Q);

g(-,wy) = 1.

We say then that H, € O(Q2,C) is a good reproducing kernel Hilbert
module.

The definition of a good kernel is motivated by the study of sharp kernels
introduced by Agrawal and Salinas [2] (see also Cowen and Douglas [4]).

Note that if g is a scalar valued kernel on a set A and the function g(-, Ag)
is non-vanishing for some Ay € A then one can assume, after renormalizing,
that g(-, Ao) = 1.

Let H, be a good reproducing kernel Hilbert module over Q2 and Hx C
0(Q, &) be a reproducing kernel Hilbert module over C[z]. We say that M, =
(M,,...,M, ) on Hg dilates (cf. [5,15]) to (M., ® Ig,..., M, ® Ig) on
Hy®E, or Hi dilates to Hy ® &, for some Hilbert space &, if there exists an
isometry II : H — H, ® £ such that

(Mf @ [T =TIM;, (i=1,...,n).

Our main result in this section is the following theorem which relates
dilation of a reproducing kernel Hilbert module to a good reproducing Hilbert
module with the factorization of the kernel.

Theorem 6.1. Let £ and £, be two Hilbert spaces and Hy be a good reproducing
kernel Hilbert module on Q and Hx C O(,E) be a reproducing kernel Hilbert
module over C[z]. Then the following conditions are equivalent:

1. Hi dilates to Hg ® E,.

2. There exists a holomorphic function ® : Q — B(E.,E) such that

K(zw) = g(z,w)d(2)8(w)" (2w € Q).
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Proof. Assume (2) holds. Then for each z,w € Q and 7, € &,, we have
(K, w)n, K(, )01, = (K(z,w)n, Qe
= (9(z, w)2(2)®(w)"n, (e,
= 9(z, w)(2(2)®(w)"n, (e,
= (9, w),g(, 2))2, (P ( )1, ®(2)"C)e.
= (g(w) @ ®(w)"n, g, 2) @ ©(2)" O, ce. -
This allows us to define an isometry Il : Hxg — H, ® &, by
(K (-, w)n) = g(-,w) @ (w)™n  (w €€ E,).
Using this, on one hand, we have
(IIMZ ) (K (-, w)n) = (@, K (-, w)n)
= w;II(K (-, w)n)
= w;(g(-, w) © ®(w)"n),
and on the other hand, by (2.4), we have

(M, @ Ie, ) IUE (-, w)n) = (M, @ Ie. )" (9(+, w) @ ©(w)™n)
= w;(g(, w) ® ®(w)"n),
where 77 € £ and w € Q. Therefore
(M., @ Ig, ) U =TIM; (j=1,...,n), (6.1)

and hence Hy dilates to Hy ® &,. This proves (1).
Assume now (1) holds. Then there exists an isometry IT : Hxg — Hy®¢E,
such that (6.1) holds. Then for w € Q and n € £ and j =1,...,n, we have

(M, @ Ie, ) (LK (-, w)n) = (M, ® Ie, ) ) (K (-, w)n)
= IMZ (K (-, w)n)
= w; (ILK (-, w)n).
In particular,

(K (- w)n) € 0 ker (ML, @ Ie)" = @58, ce. ) = 9 w) @ &

Then for each w € Q) there exists a linear map ®(w) : &, — & such that

(K (- w)n) = g(-,w) @ @(w)™n (1 € E).
Observe that if w € Q2 and n € £ we have

[90) Dlle. = oy MO Cwmlee.
1
< m||(K('aw)77)HHK

1 1
< | K (w,w) || Inle,
l9Cw) [, ©
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where the last inequality follows from the fact that
(K (- w)n)ll3,, = (K (,w)n, K wn)s,  (by(2:2)
= (K(w,w)n, n)e
= || K (w, w) 3.

Therefore ®(w)*, w € Q, is a bounded linear operator. For 7, € £ we now
have

and hence

Finally, since
(@(w)(,me = (¢, 2(w) n)e,
(9(-;wo0) @ ¢, g(+, w) @ P(w) " M), ze.
(9(-;wo) ® CINK (-, w)n))w,ce.
= (IT"(g(-,wo) @ (), K(-, w)n)n,ze.

for each n € &€ and ¢ € &, and since w — K(-,w) is anti-holomorphic,
we conclude that w +— ®(w) is holomorphic. This shows that (3) holds and
completes the proof of the theorem. O

The next corollary follows by taking into account Remark 2.1.

Corollary 6.2. Let £ be a Hilbert spaces and H, be a good reproducing kernel
Hilbert module on Q and Hx C O(Q,&) be a reproducing kernel Hilbert
module over C[z]. Then the following conditions are equivalent:

1. There exists a Hilbert space £, such that the equivalent conditions in the
statement of Theorem 6.1 hold.

2. There exists a B(E)-valued kernel L on Q, holomorphic in the first and
anti-holomorphic in the second variable, such that K = gL.

Theorem 6.1 and Corollary 6.2 represent a generalization of the dilation
results of quasi-free Hilbert modules (see Theorems 1 and 2 in [9]) to repro-
ducing kernel Hilbert modules. Let us also note that, moreover, our argument
does not rely on localizations of Hilbert modules.

7. Submodules of Reproducing Kernel Hilbert Modules

Suppose p(z,w) = > ey agiz®w! is a polynomial in (z1,...,2,) and

(@01, ...,Wy,). For a commuting tuple T' = (T4,...,T,) on a Hilbert space
H, we define p(T', T*) by
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p(T, T*) = Z aTrT*.
k,leNn
Note the order of the factors, which is important since we have not assumed
that the tuple T is doubly commuting.
We will often consider in this section a good kernel g with the property
that g~! is a polynomial. We will then write

9 (zw) = Z a2t w',

having always in mind that the sum is finite.

The following standard relationship between factorized kernels and oper-
ator positivity of multiplication tuples on reproducing kernel Hilbert modules
is well known (cf. Theorem 4 in [9]).

Proposition 7.1. Let Hx C O(Q,E) be a reproducing kernel Hilbert module
and g be a good kernel on Q with g~ a polynomial. Then g=1(M,, M) >0
on Hx if and only if there exists a kernel L on Q such that K = gL.

Proof. Tt is enough to prove that g='(M,, M) > 0 if and only if g7 'K is
positive definite. Indeed, for {w;}72; C Q, {n;}7L; C € and m € N, we have

m

> (g™ K (wi, wy)ng, mi)
i,j=1
- Z wl)w] K(“’m“’j)”jﬂi)
i,j=1
= Z Z arww! (K (-, w;)n;, K (-, wi)m)
i,j=1k,l
= Z Z w])njaM;kK(7w’L)nl>
JeN
= > auMEM? K(-,wj)nj,K(-,wi)m>
i,j= 1 k:lEN"
= _1 MZ7M )K('7wj)77j7K('7wi)77i>'
i,j= 1
This completes the proof. O

This and Theorem 6.1 immediately yield the following generalization of
Theorem 6 in [9].

Theorem 7.2. Let Hx C O(2, &) be a reproducing kernel Hilbert module and
g be a good kernel on Q with g~ a polynomial. Then the following assertions
are equivalent:

1. go'(M,,M}) >0 on H.

2. There exists a kernel L on € such that K = gL.
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3. There exists a Hilbert space £, such that Hy dilates to Hy ® E,.

We now turn to the study of submodules of good reproducing kernel
Hilbert modules. To this end, we first need the following simple lemma.

Lemma 7.3. Let H, on Q be a good reproducing kernel Hilbert module over
Clz], with g~ (z,w) = Zk,leN" apz®w a polynomial. Let Py wy) be the
orthogonal projection of Hy onto the one dimensional subspace generated by
g(-,wo) =1. Then

§ /‘ k *l
CLMMZMZ = Lg(-,wp)-
k,leN™

Proof. For each z,w € {2 we compute

< Z akleM:lg('vw)7g('7z)>: Z akl<MfM:lG('7w)7g("z)>

k,leNn k.leN™

= Z Akl <M;lg(7w)aM;kg(az)>
k,leNn

k
Z zk’IIJlakl (g(-, w), g(-, z)>

i,j=0
= g ' (z,w)g(z,w) =1
= (Py(wn9(w), g(:, 2)).
This completes the proof of the lemma. O
Let ‘H, be as in the previous lemma and &£ be a Hilbert space. Let S be
a submodule of H,®¢&; that is, S is a joint (M, ®I¢, ..., M, ®I¢) invariant

subspace of Hy®€&. Then S is a module over C[z] with module multiplication
operators R, = (R,,,..., R, ), where

R, =M,

S (’i=1,...7n).

We say that S is a Brehmer submodule if

g (R.,R})= > auRERZ >0.
k,leN"

In the following we characterize Brehmer submodules in terms of partial
isometric multipliers. The idea of the proof is to invoke the dilation result,
Theorem 7.2, to submodules of good reproducing kernel Hilbert modules

(cf. [15]).

Theorem 7.4. Let £ be a Hilbert space and g be a good kernel with g~ a

polynomial. Let S be a submodule of Hy®E. Then S is a Brehmer submodule
of Hy @& if and only if there exists a Hilbert space £, and a partial isometric
multiplier © € M(Hy ® £, Hg @ E) such that

S=0(H,®E,).
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Proof. Let S be a Brehmer submodule, that is,
g Y(R..R;)>0.

By Theorem 7.2, there exists a Hilbert space £, such that S dilates to Hy®E..
Therefore there exists an isometry 7 : § — Hy ® &, such that

TR, = (M, ®@I¢g)'nr (i=1,...,n).
Let i : S — Hy®E& be the inclusion map and II = ¢on*. Then IT: Hy ®E, —
Hy, ® £ is a partial isometry with
ran I1 = S,
and
(M, @ Ic,) = (M, @ Ig)Il (i=1,...,n).

This yields that IT = Mg for some partial isometric multiplier OM(H, ®
EHy®E) and S = O(H, ® E,).
Conversely, let S = O(H, ® &) for some partial isometric multiplier
O MH;®EHyg®E). Then
Ps = Mo Mg,
Hence
9 '(R.,R:)= Y auR‘R}
kleNn
= Y auMFPsM:!
k,leNn
= > auMFMeMyM;!
k.leNn

Mo [ > awMEM*| Mg
k,leNn

= M@Pg(.7w0)Mé (by Lemma 73)

> 0.

This completes the proof of the theorem. O

Example. The weighted Bergman spaces A% (B") defined by (5.4) are repro-
ducing kernel Hilbert spaces defined on 2 = D™. The corresponding kernel
Jo is given by (5.5) and is easily seen to be a good kernel. Moreover,

n a+n+1
g;I(z,’w)*l — (1221.152.) . z,weB"
=1

is a polynomial for a € N. Therefore Theorem 7.4 yields a characterization of
Brehmer submodules of A%(B") ® £ for nonegative integers a. In particular,
for a = 0 one obtains the case of the classical Bergman space.



242 R. Kumari et al. IEOT

Now we consider the important case when = D™ and H, = H*(D")
and n > 2. A submodule S of H?(D") ® & is said to be doubly commuting
(ct. [16)) if

[R.,,R.,] == R, R., — R, R, =0,
forall 1 <i#j<mn.

The next theorem is proved in [16].

Theorem 7.5. A submodule S of H*(D") ®& is doubly commuting if and only

if there exists a Hilbert space & and an inner multiplier © € M(H?*(D") ®
Ee, H*(D") @ €) = Hgle ¢(D") such that

S=0(H*D")®E,).

In the following, we prove that the class of doubly commuting submod-
ules and the class of Brehmer submodules of H?(D") ® £ are the same.

Theorem 7.6. Let £ be a Hilbert space. Then S is a Brehmer submodule of
H?(D") ® € if and only if S is a doubly commuting submodule.

Proof. If S is a doubly commuting submodule, it follows from Theorems 7.4
and 7.5 that it is a Brehmer submodule.

Conversely, suppose S is a Brehmer submodule. By Theorem 7.4, there
exists a Hilbert space &, and a partial isometry Mg : H?(D") ® &, —
H?(D") ® &, for some multiplier © € Hie, ¢)(D"), such that

S=0(H*D")®¢&,).

It is easy to see that the closed subspace ker Mg is a submodule of H?(D") ®
.. We claim that the orthogonal of ker Mg is also a submodule of H?(D")®
&.. Indeed, if f € (ker Mg)*, then

Il = 1Mz Mo f|| = |Me M, f|| < [IM, fI| = | f];
and hence the inequality becomes an equality. But then
[Me M-, fI| = [[M=, f],
yields z; f € (ker Mg)* foralli = 1,...,n, and hence (ker Mg)" is a submod-
ule of H2(D") ® &, or equivalently that (ker Mg)t is a joint (M., ,..., M., )-
reducing subspace of H2(D")®¢&,. Now the reducing subspaces of H?(D")®€&,
are known to be of the form H?(D") ® &, for some &, C E,. Then S is the
image of the isometric multiplier Mg| 2 (DM)®E,» SO S is doubly commuting
by the result quoted above. This completes the proof of the theorem. O
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