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1. Introduction

For a real number p € (1,00) and a bounded domain © C R", the eigenvalue
problem for the p-Laplacian

A, (u) = div (\WH Vu) (1.1)

is given by
—Ap(u) = Au|P~2u. (1.2)
Aside from being a generalization of the eigenvalue problem for the Lapla-

cian, problem (1.2) can be viewed as the Euler-Lagrange equation for the
optimization problem

17l 1.3
ozuewgr @) lullp
indeed, the Fréchet derivative of the norm
u— [[[Vull[ (1.4)
on the Sobolev space W, (Q) is given by
[f(2)[P~% f (=)
(grad || f[|,)(z) = —=—=—- (L.5)

-1
1F15

The reader is referred to [3] for a more general treatment of such problems.
With the introduction of variable exponents Lebesgue spaces by Kovacik
and Rékosnik ([11]) a frenzy of generalizations to the new setting ensued.
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The tempting natural extension that results from the mere replacement of
p with p(x) in problem (1.2) gives raise to what is best described as the
modular version of the eigenvalue problem. However, due to the lack of ho-
mogeneity in the setting of variable p, the modular version is not even related
to the optimization problem (1.3). The Euler-Lagrange equation for (1.3) in
the variable exponent case relies on Theorem 3.2 (see also [6-8]). In [10],
this alternative eigenvalue problem is presented. In this paper we prove that
the eigenfunctions are stable with respect to the variable exponent p. For
constant p, the question of stability was introduced and answered in [15]:
The methods therein are not suitable for the treatment of the variable expo-
nent case. Corresponding problems for the modular eigenvalue problem were
studied in [12,14].

2. Modulars and Generalized Lebesgue Spaces

Throughout this paper 2 C R™, n > 1 will stand for a bounded Lipschitz
domain. In the sequel we will exclusively consider exponents

p: Q=R , peC(Q)
satisfying
1<p_=infp(z), py=supp(z)< oo;
Q Q

functions in this class will be referred to as admissible exponents. Denote by
LPO)(Q) the set of all real-valued, Borel measurable functions on 2 for which

poio (f) = / (@) P di < oo.

The function p, is a convex monotone modular on LPO)(Q) and
. U
l[ull Lrer (o) == lnf{A >0 py() (X> < 1}

defines a norm under which LP()(Q) is a Banach, reflexive, uniformly con-
vex space (see [17]). It is apparent that the latter coincides with the usual
Lebesgue LP(£2) norm when p is constant; accordingly the family (L”(')(Q))
for varying p will be referred to as the generalized Lebesgue class in €. The
generalized Sobolev class in £ can be defined analogously, namely

WP (Q) = {u e LP(Q) : |Vu| € LP<~>(Q)}
endowed with the norm
HUHWLP(')(Q) = ”uHLP(')(Q) + |||vu|||LP<'>(Q)-

The closure of C§°(Q) in W1P()(Q) will be denoted by Wol’p(')(Q) and will
be furnished with the norm

. (Vo)
HU”W&’”')(Q) = 1Ilf{A>0./S\2 ()\ dajg 15.
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Theorem 2.1. Let p(-) be an admissible exponent. Then the embedding
E: Wy (Q) = L (@)
is compact.

Corollary 2.2. (Poincaré’s inequality) There exists a positive constant C' such
o]

that for all u eW'P) (Q),
[ullpey < CllIValllp)-

Proof. We refer the reader to [5,8,11] for the details of Theorem 2.1 and its
Corollary. O

We highlight the inequalities
1 1 1 1
min {35 (.o, ) | < ey < mx {8y sy ) ) 21

valid for any w € LP()(Q) (see [12]). The estimate of the norm of the embed-
ding L10) (Q) — LP0)(Q) resulting from the application of Hélder’s inequality
turns out to be too coarse for the present analysis; we accordingly include
the following version of a more refined estimate first observed in [9, Lemma
4.1], (see also [12]):

Lemma 2.3. For admissible exponents p(-) and q(-) withp < ¢ < p+e€ a.e. in
Q and a Borel-measurable function f : Q2 — R, one has the inequality:

/ F@)P® da < el + e / (@) da.
@ Q

Corollary 2.4. If p(-) and q(-) are as above, then estimate
[Ep,qll < e+ €]
holds for the norm ||Ep 4| of the embedding
Epq: L1O(Q) — LPO(Q).

3. Smoothness Properties of the Variable-Exponent Lebesgue
Norms

In this section we state without proof the smoothness properties of the Lebe-
segue spaces with variable exponents.

Theorem 3.1. Let p(-) be an admissible exponent. The following statements
are equivalent:
(i) LPO(Q) is reflezive;
(i) LPO(Q) and L' O(Q) have absolutely continuous norms;
(iii) LPO(Q) is uniformly conver;
Proof. See [8,17]. O

It is well known (see [8, Lemma 1.1, Theorem 1.2]) that the conditions
in Theorem 3.1 imply that the norm || - ||, is Fréchet differentiable. The
next result was first obtained in [6,7].
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Theorem 3.2. Let ) be a bounded open subset of R™ and let p(-) be admissible.
Then for every f € LPC)(Q)\{0},

@) [ £ 1 @) sen f ()

(grad || £, (x) = — -
v [p@) 171,57 7@ do

(3.1)

Proof. Put

(@I B [ RO | ) )
A = (M) %,ﬂ%B—!M)ﬂw> @) do.

Thus the right-hand side of (3.1) equals p(z) Hf||;(%) A(z)/B. Note that

p— - B
e wmfﬂﬁ”hﬁﬁ

p(z)
A
p”“‘!@um) dr =1

Hence the right-hand side of (3.1) represents an element of L' () () (% + pfll =

1) and so can be identified with an element of the dual of LP(") (), the value
of which at f is [|f]|,. The result follows. O

o _Pr
(A

Moreover,

An immediate consequence of Theorem 3.2 is the following:
Corollary 3.3. The norm on W) Lp( )( Q),
u—[[[Vulllpey = llullpe)
is Fréchet differentiable with derivative given by
p(@) [V 11,857 11V £ (@) 1" sgn V1 (2)
Joyp(z) Mmegﬁ” NV F@)PS de

As it transpires from Theorem 2.1 and Corollary 2.2, there exists (at
least) a function ug that minimizes the Rayleigh quotient, that is

Vollpey _ IIVuolllpe)

(grad [I]]1 ,))(@) =

inf

= (3.2)
7 V|lp(- g || .
0F£VEW} () ol wollp(.)

Notice that ug can be chosen satisfying [|[Vuol[|,.) = 1. As shown in [3] (see
also [8]), each such extremal function satisfies the Euler-Lagrange equation

/ grad (||u0||17p(,)) (2)Vh(z)dx = )\p/ grad (||u0||p(,)) (x)h(x)dz, (3.3)
Q Q

with A\, = HITH’
where E is the embedding given in Theorem 2.1. In what follows we denote
by &,y the eigenvalue problem (that follows from 3.3)

— div (|vu|i"<'>*2 vu) = [ufPO "2y (3.4)
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which generalizes the well-known eigenvalue problem for the p-Laplacian.

4. Stability of the Eigenfunctions

In this section we turn to the stability of the eigenvalue problem (3.4) under
perturbation of the exponent p.

Theorem 4.1. Let Q2 C R" be a bounded domain with a Lipschitz boundary.
Consider a non-decreasing sequence (p;); € C(Q) converging uniformly in
to its supremum q € C(Q). Assume further that n < q_ < q < oo. For each
J € N let uj be the extremal function chosen in (3.2), with |||Vu;l|, ) = 1.
Then there exists a subsequence of (p;); (still denoted by (p;);) and a function

u € Wol’q(')(ﬂ) with
[Vulllgy =1
that minimizes the Rayleigh quotient (3.2), such that u; — u in Wol’pl(')(Q).

Moreover, if A\; and \, denote the first eigenvalues of the problems &, .y and
Eq( (see 3.3), respectively one has in addition:

Ai = Ag as i — o0. (4.1)
In particular, if q— > 2, the following strong convergence holds:
IVu; — Vulllgy = 0 as j — oc. (4.2)

Proof. In view of Lemma 2.3, for j <4 it holds that
11903l 00 < (s = pall 7720 4 llps = pillocl2l) . (4:3)

Remark. The condition g=n in the above theorem cannot be removed, even
in the case of constant exponent p. In [16] the author constructs a specific
domain for which the theorem fails for a constant exponent p: 1 < p < n.

It follows that the sequence (u;);>; is bounded in W()l’pj(') (). By virtue
of the compactness result in Theorem 2.1, the sequence (u;);>; can be as-

sumed to be weakly convergent in WO1 P j(')(Q). A straightforward argument
yields the validity of the assumption that (u;); is weakly convergent (in
wirit)(Q)) to

ue(YWhrit(Q).
1

Next, we show that actually
u € WHO(Q) and [|[Vull,) < 1; (4.4)

in fact, by definition and in view of the inequalities given in (2.1), assertion
(4.4) is an automatic consequence the next Lemma:

Lemma 4.2. For u as in the previous paragraph,

/ IVul? < 1 (4.5)
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Proof. For any admissible exponent r, the functional

F: Wy"(Q) — [0, 00) (4.6)
Fo(v) = /Q Vol (4.7)

is weakly-lower semicontinuous; this fact in conjunction with Fatou’s Lemma
and Lemma 2.3 yields

/ [Vu|? < 1iminf/ |Vu|Pr < liminflim.inf/ |V, |Px (4.8)
Q ko Ja k J Q

< timinf i inf (([pi — py |27 71 4+ lpi =yl /1)

from which (4.5) is an immediate consequence, since p; — ¢ uniformly in
Q. O

Next, we address the minimality of the Rayleigh quotient for w. Let
v e Wol’q(')(Q) with |||[Vol|q¢) < 1; furthermore take (vg), C C§°(2) with

vp — v and Vo, — Vo in LIO(Q).

For each fixed k € N, we underline the convergence statements (which follow
directly from Lebesgue’s dominated convergence theorem) for fixed k, one

has
[ = [l
Q Q

pi —>/ [Vug|? as i — oc. (4.9)
Q

as 1 — 0o and

|Voy,
Q
A straightforward calculation shows that this implies

lvkllp: ) = Nvrllgc

and

V|

pi) = Vol

as ¢ — 00.

On the other hand, the sequence (u;); C LP()(Q) can be considered to con-
verge to u a.e.; accordingly and using the fact that ¢_ > n, which in particular
implies

[uilloe < C

for some positive constant C, independent of 7, it follows that

/ |Uz'
Q

which immediately yields

pi —>/ |u|? as i — oo, (4.10)
Q

[Jwi
As a byproduct of (4.11) one has assertion (4.1):
1 1

fry e d
lwillpscy  Mullgc)

pi() = [[ullgq) as i — oo (4.11)

as 1 — 00.

g
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Hence, for fixed ¢ > 0 and ¢ € N large enough, the minimal character of u;
yields

lvkllqe) vk llp, )

< + e < |Jugllp, ) + € (4.12)
1Vklllacy = V0l Pt
Letting ¢ — oo in (4.12) it follows that
v llqc)
e < Jull g (4.13)
NS )
and letting & — oo in (4.13)
vllq()
e < lullgy- (4.14)
INZIS )

In particular, since [||[Vul[4.) < 1, one can set u = v in the preceding in-
equality to get

IVulllgey = 15

in all
[Vullly) = 1. (4.15)

We now turn to the proof of (4.2). Invoking the weak-lower semiconti-
nuity of the functional (4.6) it is clear that

/ |Vu|P* < lim inf /
Q 7 Q 2
<timot (Ipypy e [ [T0
J 0 5

Convexity yields

/ Y <1/ |VU|PJ+1/|VU.‘PJ'_1/ \Vu|p1+1 (4 17)
Q ~ 2 g 2 J)q 2 Ja 27

Lebesgue’s dominated convergence theorem implies furthermore

lim / |VulPi :/ |Vul? < 1. (4.18)
I Ja Q
V(u+ uj)

Pj
lim inf /
J Q 2

For an arbitrary § > 0, let I be so large that the conditions j7 > I,k > 1
imply

Vit u) ™ (4.16)

Pj
o —pj||oo|9|) .

V(u+ uy)
2

In all

<1 (4.19)

and

Ilpr — pjl| P77 Prlle <146, |lpk — pillol < 8
V(u + uy) "

P;
lim inf/ <d+ inf/
J O 2 iz Jq

then, by virtue of (4.16), if 5,k > I:

V(u+ uy)

5 , (4.20)
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[wur < (a+9) +9) (421)

1 1
g(y+®<2lﬂvmm+2lﬂvwm>+&

The precedding inequality together with (4.19) yields
7 JQ

2
Using Clarkson’s inequality one gets

B2 _ . 1 1
P A e N LCCRE Y ML ATED
o 2 o 2 2 Ja 2 Ja

in conjunction with (4.22) | inequality (4.23) yields
hm/ Vu — Vuj Pi
J Ja 2

which by virtue of (2.1) implies (4.2). O

’V@+W)
o 2

Dj

=1. (4.22)

pj

:O7

We next investigate the spectral variation under the assumption of a
non-increasing sequence of variable exponents.

Theorem 4.3. Let Q C R", be a bounded, Lipschitz domain. Consider a non-
increasing sequence (p;) C C(Q) uniformly convergent in Q to its infimum
p =inf; p;; assume 1 <p_ < py < oo. Let \; and A, denote respectively the
first eigenvalues of the problems &,y and Ey.y. Let u; be an eigenfunction

corresponding to A\;. Then, there exists u € Wol’p(')(Q) such that
u; = u in Wol’p(')(Q) and uj — u strongly in LPO)(Q).
In addition, it holds that
Ai = Ap, as i — o0. (4.24)
In particular, if p_ > 2, the following strong convergence holds:
IVu; — Vulllgy — 0 as j — oc. (4.25)

Proof. As was shown above (see 3.2), for each i € N the function u; €

WO1 P z'(')(Q) that minimizes the ith-Rayleigh quotient can be chosen so that
l|lwillp, .y = 1, that is:

V|, . Voll|p; -
IVl e IVl (4.26)

[vllp: )

Hul pi(+) 0761,6“;;1_(_)(9)
We distinguish three mutually exclusive cases, namely n <p_, p_ <n < p4
and pL < n.

To address the case p; < n, we observe than under this condition, one

2

. P>
has in Q, & > )
n—p n—py

It follows that uniformly in €,

2
ul n
P < P .
n—Dp+ n—p
P>
n—p4

P+

Select I € N such that ¢ > I implies p; < p +

uniformly in €.
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Sobolev’s embedding theorem yields the existence of u € L7~ (Q) such
that u; — w in Wol’p(')(Q) and u; — u strongly in L7-7 (Q); moreover, since
the unit ball is weakly compact in W, ” (')(Q),

IVulllpey < 1.

A straightforward application of Lebesgue’s dominated convergence theorem

yields
/|upiﬂ/ lu|P as i — oo,
Q Q

”uHPz() - ”u”p() as ¢ — 00.

For I <i € N it holds the inclusion

n

L75 (Q) — LP(Q).

which readily implies

Thus, provided i > I:
llwillps(y < llwi = ullps ) + llullp,)- (4.27)

Select v € Wol’p(')(Q) with [[|[Vv]|,.) = 1 and a sequence (vi), C Cg°(£2) with
v, — v in LPO)(Q) and Vv, — Vo in LPO)(Q). Tt is clear from Lebesgue’s
dominated convergence theorem that as i — oo,

/ o P — / o P
Q Q
/|Vuk|’” —>/ |Vvk|p.
Q Q

It is readily concluded that as i — oo,

and

[0k llp.) = lorllpe)
and
IVUkllp ) = IVoRllpe
Therefore, for a given € > 0 and k large enough,
Vol o NVoRlloey o Ve

pi(")

lvllpey = Nokllpe = vkl
V’U,i (- 1
I [0 —€= — € (4.28)
”ul”Ih() ”ul”Ih()

the latter in conjunction with (4.27) implies

Vol
11Vl llpcy < 1

[ollpey  — llwi = ullpy + llu

+ € (4.29)

pi(*)
in all

Vol o 1

Ivllpey  — llullpey”

(4.30)
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In particular, (4.30) holds for v = w, which immediately yields
IVaulllp) = 1.

In all, the limit function v minimizes the Rayleigh quotient, i.e, (3.2) is valid
taking u = ug.

Consider now the second case, namely n € (p_, p4]. As in the previous
instance, a straightforward application of Sobolev’s embedding theorem yields
u € Wol’p(')(Q) and a subsequence (u;); convergent to u weakly in Wol’p(')(ﬂ)
and strongly in LP()(Q). Our first order of business will be to show that
u € LPI(Q) for some I € N. To that effect we start by considering the
function

S:[l,n)—>{ 1 oo) . S(a) = &

n—1 n—x
Select positive numbers 4, € satisfying the conditions
P>
n—1"n—p_

e<min{ },p—§>1 andn+5<M. (4.31)

)

Set 1 = pp — 0, 1 = ST (S(q1) +¢)), choose g2 € (q1,71) and 7y =
S=1(S(gq2) +€)). For j > 3, let q; € (rj_2,7j—1) and

ri=5"1(8(q) + ).
It is clear that
T; —n as j — 00;

let rps be the first term in the sequence that exceeds n — d. The collection

{p_l ((Qj?rj)) ’j:1’27"'>M}U (4'32)
{7 ) ot (=0 9) 7 (04 5,00, )}

is an open covering of €2; for the sake of notational uniformity let’s establish
the following convention:

quyr1=mn—0 , Ty =n+06 QM+2:”+§ , TM42 = 00

and
Qe =p ((qr, 7))

Let (¢r)1<k<m+2 be a (smooth) partition of unity subordinated to the cov-
ering ()r. For each j = 1,2,..., M + 2 the sequence (u;p;); converges in
LPO)(Q) to ugp;. Moreover,

(wiy)i € Wy (Q)

and

[uiejllig.0 <C
for a positive constant C' independent of i. Because of the compactness of the

embedding

Wy (9) < L™ ()
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it follows that without loss of generality that for each j =1,2,..., M,
(uip;)i

can be considered to be convergent in L%J (Q), say to v. Clearly, v is sup-

ported in §2; and denoting by x the indicator function of €2, one has
TLQj

n—gq;

pX; < (4.33)

Thus, v € LP() (), since

/ |v|? :/ v|PXi < (||v||pxj)a <C (|v||an> < 00 (4.34)
Q Q n=q

for some « independent of 7, hence

/Qiuisoj — P = /Q fuitp = v < (fuitps = vllon,)™ < Clluispy = vll 2o .
v J

ng;

It follows that v = up; € Lﬁ(Q)
Likewise, since for any w € Wol’p(')(Q) one has

= [ [ | Ve
o lIV(wenm+1)llp) ol [IV(werr+1)pe)
and
nrar ngnr
Qrrs1 < PXM41 < Tapr < — e = M
n—7TmM+1 n—q4gm+1

it follows that
IV(werm+1)llgnar () < CIVwWorM+1) xarap) < ClIV(wor+1)llp()-

Thus, for some positive constant C' independent of ¢,

1,n—4,Q < Ca

l[wiprs1l
whence (u;©nrr41); can be considered to converge strongly in
(Q) = L"(Q).
As in (4.34), a straightforward calculation shows that
v e LPO(Q);

n(n—5)
5

L

consequently

V= UPpM41 € L#(Q)

Along the same lines it can be readily shown that
upr2 € C().

Let I € N be large enough so that uniformly in €2,

1
p1<p+min{ —pxj,j=1,2,...M+1}.

2 n—q;
Then, for i =1,2,..., M + 2
up; € LP1O(Q),
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in all:
M+2

u= Z up; € LP1O)(Q).
j=1

Next, we observe that for ¢ > I,

lwillp.y < N = wllp, ¢y + wllp, - (4.35)
Since
lui —ullp,) — 0 as i — oo

and

wllp, ) — llullpey as @ — oo,

letting ¢ — oo in (4.35) one has
llwillp, .y — llullp) as @ — oo. (4.36)

Next, the argument following (4.27) shows that u satisfies the required min-
imization property and that

[IVaulllpe) = 1.

Finally, (4.36) is obviously valid if one assumes n < p_, for then the inclusion
WP () — C(Q) is compact and in this setting, convergence statements refer
to uniform convergence in Q2. The strong convergence (4.25) is obtained along
the same lines as the corresponding part of Theorem 4.1. This last observation
ends the proof of Theorem 4.3. 0
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