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Integral Equations on Multi-Screens
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Abstract. In the present article, we develop a new functional framework
for the study of scalar wave scattering by objects, called multi-screens,
that are arbitrary arrangements of thin panels of impenetrable materials.
From a geometric point of view, multi-screens are a priori non-orientable
non-Lipschitz surfaces. We use our new framework to study boundary
integral formulations of the scattering by such objects.
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1. Introduction

Numerical computation of acoustic wave scattering by complex arrangements
of panels made of some sound-soft material is of great interest in applications.
It often occurs that some of the pieces composing such an arrangement have
a thickness much smaller than the wavelength, whereas they are large in the
other directions; such pieces of material may then be considered infinitely
thin, and we call them “screens”.

In this article we aim to study integral equation formulations for
strongly elliptic boundary value problems with particular focus on the scalar
Helmholtz equation when a boundary condition is perscribed on a screen-like
object that may consist of several panels. We call such an object a “multi-
screen” and a typical representative is shown in Fig. 2.

Integral equations for acoustic scattering by screens have already been
considered in numerous works, such as [1-3,10-15,22,23]. These references
provide full description of integral formulation for wave scattering by screens
for the case where they can be described, from a geometrical point of view,
as smooth manifolds with (smooth) boundary. In [4], the authors extended
these results to the case where only Lipschitz regularity was assumed for
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FIGURE 1. A two-dimensional screen structure (black) can
be inflated to domain, whose boundary (blue) corresponds
to the original screen. Obviously, each point on the screen is
associated with two points on the new surface (color figure
online)

the surface describing the screen. So far though, to our knowledge, it has
always been assumed that the screens where represented by surfaces that
are everywhere locally orientable i.e. the surface posseses two sides in the
neighbourhood of any of its point. Unfortunately this assumption excludes a
number of cases, certainly relevant for applications, where the surface would
have three or more branches joining along a curve on the surface, see, for
example, Fig. 2.

In the geometrical configurations represented in this figure, important
theoretical difficulties arise from the presence of junction points located at
the border of three or more panels. Such a geometrical feature has already
been studied in the litterature on boundary integral equations for transmis-
sion problems with penetrable scatterers, see [7,18] and references therein,
although this is a different context compared to scattering by screens.

Because of junction points, the surfaces represented in Fig. 2 do not
belong to the class of Lipschitz manifolds. As a consequence the result pre-
sented in [4,8] are not directly reusable here. Adapting the results of [4,8] to
this type of geometry is the main purpose of the present document. Here we
focus on Helmholtz equation. We will adress the case of Maxwell’s equations
in a forthcoming work.

For multi-screen we are going to recover results very similar to what is
already known in simpler situations: Green’s formula, representation theorem,
etc. ... In many respects the conventional theory can be adapted by treating
the screens as objects of finite thickness, with one exception however: the
jump formulas do not hold in the same form as in Lemma 4.1 of [8].

In order to establish these results, we need to construct a new functional
framework, that allows to talk about traces on the surface of multi-screens.
Buffa and Christiansen [4], also introduced a new functional framework
adapted to the study of scattering by standard Lipschitz screens. The present
approach is much different, though. The intuition behind it is to treat multi-
screens as if they had an (infinitesimal) thickness so that, crudely speaking,
they can be viewed as orientable Lipschitz manifolds without boundary, see
Fig. 1.
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The outline of this article is as follows. In the next section, we pro-
vide a precise definition of a multi-screen. In Sect. 3, we recall well known
results concerning Sobolev spaces and trace spaces. In Sect. 4, we intro-
duce Sobolev spaces of functions adapted to multi-screens. These functions
may admit jump across the screens. In Sect. 5, we define trace spaces on
multi-screens. These new trace spaces, called multi-trace spaces, generalize
standard traces, and their definition guarantees that Green’s formula holds.
In Sect. 6, we introduce remarkable subspaces of the multi-trace spaces. We
also exhibit close relationship between these remarkable subspaces, and stan-
dard trace spaces. In Sect. 7, we study boundary value problems set around
a multi-screen, with boundary values prescribed at the multi-screen, and we
also provide two useful density results. In Sect. 8, we introduce and study
layer potentials adapted to multi-screens. We prove an analogue of the rep-
resentation theorem, jump formulas, and show that the Dirichlet trace of the
single layer potential, and the Neumann trace of the double layer potentials
are isomorphisms.

Remark. Throughout this article, we systematically restrict the analysis to
R? with d = 2 or 3 only.

2. Geometry

Before providing a detailed definition for the geometries that we wish to con-
sider, let us first recall the definition of a Lipschitz screen in R? as proposed
by Buffa and Christiansen [4].

Definition 2.1 (Lipschitz screen). A Lipschitz screen (in the sense of Buffa—
Christiansen) is a subset I' C R? that satisfies the following properties:

e the set I' is a compact Lipschitz two-dimensional sub-manifold with
boundary,
e denoting OT' the boundary of T', we have I' = T'\ T,
e there exists a finite covering of I' with cubes such that, for each such
cube C, denoting by a the length of its sides, we have
* if C contains a point of 9T, there exists an orthonormal basis of R?
in which C' can be identified with (0,a)® and there are Lipschitz
continuous functions 7 : R — R and ¢ : R? — R with values in
(0,a) such that

LNC={(z,y,2) €C | y<i(x), z=d(x,y)},
OrNC ={(z,y,2) €C | y=v(x), z=d(z,y)},

* if C contains no boundary point, there exists a Lipschitz open set
Q C R? such that we have TN C = 00N C.

(2.1)

The definition of a Lipschitz screen in R? is very similar, but simpler. The
only difference compared to Definition 2.1 is that Condition (2.1) should be
replaced by: there is a Lipschitz continuous function ¢ : R — R with values
in (0,a) and a constant ag € (0,a) such that
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FIGURE 2. Two examples of multi-screen geometries

I'nC=A{(z,y) cC | z<apy=¢(x)}
and II'NC={(z,y) €C | z=ag, y=o(z)}.

Now let us focus on potentially more complicated surfaces. In order to propose
a convenient definition for surfaces shaped like screen with several branches,
we first introduce an intermediary definition.

Definition 2.2 (Lipschitz partition). A Lipschitz partition of R? is a finite
collection of Lipschitz open sets (£2;)j—o..» such that R? = U782 and

Definition 2.3 (Multi-screen). A multi-screen is a subset I' C R? such that
there exists a Lipschitz partition of R? denoted (£;);j—o. , satisfying T' C

i—008Y; and such that, for each j = 0...n, we have TN o0 = fj where
I'; C 09, is some Lipschitz screen (in the sense of Buffa—Christiansen).

Note that a Lipschitz screen, in the sense of Definition 2.1, is a multi-
screen. The surfaces represented in Fig. 2 represent multi-screens that are not
Lipschitz screens. Besides, the skeleton U;j—g.. ,0€; of a Lipschitz partition
(€5)=0...n of R? is a multi-screen.

A multi-screen is not a priori orientable which makes it more delicate
to analyze compared to a more standard surface such as the boundary of a
C*°—domain. For example, a Mobius strip is a Lipschitz screen in the sense of
Buffa and Christiansen, as was pointed out in [4], although it is not globally
orientable (Fig. 3).

Of course, the Mébius strip fits the definition of a multi-screen: as is
shown in Fig. 4, one can find a Lipshitz partition that contains the Mobius
strip in its skeleton.

Remark 2.4. A multi-screen according to Definition 2.3 may contain points
where three or more “branches” meet so that, at these points, the multi-
screen is not two-sided. This situation compounds difficulties and forces us
to adopt an abstract point of view for concepts such as trace operators and
trace spaces that are more straightforward in other contexts. Hence part of
the present paper will focus on properly defining objects and results that are
already very well known in other classical situations.
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FIGURE 3. Mobius strip

X

FIGURE 4. Lipschitz partition with M&bius strip in its skele-
ton

We end this section by stating precisely what we mean by “the boundary
of a multi-screen”. If T' is multi-screen, define int(I") as the set of points
x € I' such that there exists a ball Bx centered at x and a Lipschitz partition
R? = U?:()ﬁj satisfying BNI" = BN7_, 0;. We set

o0 =T\ int(T).

This definition matches the classical definition of OI" in the case where I' is a
Lipschitz screen (in the sense of Buffa—Christiansen).

3. Standard Functional Framework

A significant part of the present article is devoted to extending already well
established results related to Sobolev spaces and their traces to the case
where the domain of definition of the functions under consideration excludes
objects whose geometry may be as complex as in the previous section. Before
deriving this extended functional setting though, let us recall precisely what
we regard as “standard functional framework”, at least in the context of
integral equations for strongly elliptic operators. For further details about
the content of this section, we refer the reader to [16, Chapter 3] or [20,
Chapter 2].

In this section, we consider an arbitrary open bounded Lipschitz domain
Q C R4, and consider any Lipschitz screen I' C 052, see Definition 2.1.
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3.1. Standard Dirichlet Traces
With the conventional notation H!(Q) = {v € L%(Q) | ||UH12{1(Q) = [ |v]* +
[Vu[? dx < o0 }, as usual we define Hj () as the closure of C3%(Q) := {¢ €

C>(Q2) | ¢ = 0 in a neighbourhood of T' } with respect to the norm || ||g1 (0.

The point trace operator 7, r : v — v|r induces a continuous map from
H(Q) into L2(T'), see [20, Thm. 2.6.8] and [16, Thm. 3.37]. The following
definitions of Hilbert spaces are standard:

H%(F) = {u|p |u e Hl(Q)} =Range(mr),
. 1)
3 (1) = {ulr | ue HY 5o (@),

where Hé,aQ\T(Q) is defined in the same manner as H(l)r(Q) (as O\ T is a

Lipschitz screen as well). Customarily, definitions of these spaces are given
based on local charts mapping functions from their respective parameter
domains [20, Def. 2.4.1]. This yields “proper function spaces”.

There is an alternative angle from which to view Hz (I'). It relies on
the (a priori non-trivial) result that Hj -(Q) = Ker(m r), see [16, Chap. 3],
so that the trace operator 7, r induces an isomorphism from H'(€2) /Hg ()
onto HY/2(T'). Through this isomorphism we can identify both spaces in the
sequel and write

H: (D) = HY(Q)/H} (). (3.2)

In fact thanks to the Lipschitz property of I and Sobolev extension theorems
this definition is intrinsic in the sense that Hl(R\ﬁ)/H(l))F(R\ﬁ) yields a
Hilbert space with equivalent norm. Summing, up it is possible to introduce
trace spaces as quotient spaces and this is the approach we are going to pursue
in the sequel, because it can cope with multi-screens, which pose a challenge
to chart based techniques.

3.2. Standard Neumann Traces
Similar results and definitions hold for Neumann traces. We recall H(div, Q) =
{a € L2 | ”q”%-](diva) = fQ lq|? + |div(q)|?dx < +oo}, and define
Ho,r(div, ©2) as the closure of C§% ()4 with respect to || |1 (div,0)-
Denoting by n the normal vector to 92 pointing toward the exterior of
(2, the normal component trace operator 7y,sq : q — n - qlao induces a con-
tinuous and surjective mapping from H(div, Q) onto H~/2(9Q) := H/2(9Q)’
(the dual space to H/2(992)), see [20, Thm. 2.7.7] and [16, Thm. 4.3]. In the
usual way we introduce

H™2(I') := {q|r | ¢ € H™2(09)},
_ (3.3)
H7z(I') == {n - ploa | p € Hy yo\r(div, 2)}.

where the symbol “|p” in the definition of H~/2(I") should be understood
as the restriction operator in the sense of distributions on 0. Again, these
are “proper function spaces”. As above, quotient spaces offer an alternative,
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as we have Hy p(div,?) = Ker(ryr), so that the normal trace allows the
following identification
H~Y2(T) = H(div, Q) /Ho r(div, Q)
= H(div,R%\ Q) /Hp r(div,R?\ Q). (3.4)
For the remainder of this article we use the quotient space norms induced by
(3.2) and (3.4) as norms on H2 (I') and H~/2(T'), respectively.

4. Domain Based Function Spaces

We now consider the situation where the domain of definition of functions
contains a multi-screen I' C R?, see Definition 2.3. We aim at adapting the
result of the previous section to domains of the form R?\T'. As the geometry
is non-standard, we elaborate many details in order to avoid any ambiguity.
First, we focus on domain based functions.

The space H!(R?\T') will stand for the set of functions u € L2(R?) such
that there exists p € L2(R9)? satisfying

/ udiv(q)dx = — / p-qdx VYqe 2(R\T)?,
RAT RI\T
where, for any open set w C R? the space Z(w) comprises functions ¢ €
C*(w) such that supp(¢) C w. By definition, we may write p = Vu|ga\r (in
the sense of distributions on R4\T). A priori, and this is a crucial observation,

we have p # Vu in the sense of distributions on R?. We shall equip this space
with the scalar product

(1, V) g1 (ravT) = / uv dx + / (Vulga\r) - (VU[ga\r) dx
RI\T RI\T
Yu,v € H/(RY\T). (4.1)

With this scalar product, it is routine calculus to check that H!(R?\T) is a
Hilbert space. We equip this space with the norm defined by

||uH§Il(Rd\f) = ||UH12Jz(Rd) + ||p||i2(Rd)
where p = Vulga\p.

The space H! (R?\T') strictly contains H! (R?) as a non-trivial closed subspace.
Indeed the elements of H!(R?\ T') may “jump” across I' (a precise definition
of “jumps” will be provided in Sect. 6.2) whereas this is not possible for
elements of H!(R?). In the sequel we shall also denote

HioeRU\T) = {u € Li,.(RY) | pu € H'(R'\T) Vi € 2(RT)},

loc
equipping this space with its classical Frechet topology induced by the semi-
norms || || (k) for all compact sets K C R? see [19, Chap. 1].
In addition, we consider similar definitions for H(div, R\ T') and Hi,.
(div, R4\ T). For the scalar product, the operator div replaces the operator
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V. Once again H(div,R?\T) contains H(div, R?) as a strict non-trivial closed
subspace.

It is clear how to generalize the previous definitions to the case of func-
tions defined over Q\ T (instead of R?\ T') where 2 is any bounded Lipschitz
open set containing I.

Proposition 4.1 (Rellich embedding theorem). Consider any bounded Lip-
schitz open set Q@ C R? such that T C Q. Then HY(Q \ T) is compactly
embedded into L2().

Proof. Take a sequence u, € H'(Q\T),n > 0 such that (||u,||g ga\r))n>0
is bounded. Consider an open neighbourhood wy of I' such that I' C wy C
Wo C Q. Consider another open set w; C R? such that T N@w; = § and
R? C woUw;. Take two smooth cut-off functions v, 1; that form a partition
of unity subordinated to woUws . Clearly vy u,, € HY(Q) for all n so, extracting
a subsequence if necessary, it may be assumed that (1u,,),>0 converges in
L2().

There remains to show that, up to some extraction, the sequence
(Youn)n>o0 converges in L2(£2). Since vy vanishes in the neighbourhood of
09, 1ou, can be considered as defined over all of R?. Like in Definition 2.3,
there exists a Lipschitz partition R? = U_o€2; such that T' C UJ_,9Q;. For
each j = 0...n, we have tou,|o, € H'(€;) and the sequence (¢otn|q,)n>0
admits a subsequence that converges in L?(£2;). Since (Q;);j—o...» is a finite
family, this concludes the proof. O

We also need to introduce spaces of functions that vanish in the neighborhood
of T' (such functions, in particular, do not jump across I).

Definition 4.2. We define H(l)’r(]Rd) to be the closure in H!(R?\ T') of the set
2(R4\T). We also define Hy r(div, R?) as the closure in H(div, R?\T) of the
set Z(R4\T).

We do not rely on any trace operator for defining H(l)’F(Rd) and Hy r(div, R?).
Indeed I is not (a priori) a Lipschitz manifold, hence the trace operator has
not been properly defined yet. By construction H}LF (R?) and Hg r(div, R?)

are closed subspaces of H!(R? \ T') and H(div, R? \ T') respectively.

5. Multi-Trace Spaces

In the sequel, we shall introduce several types of trace spaces. The first one
is a counterpart of the trace spaces we already introduced in a previous arti-
cle dedicated to boundary integral formulations for the scattering by multi-
subdomain objects, see [6]. With these spaces, traces at the boundary of the
screen may admit different values depending on which side of the screen is
considered. Taking the cue from (3.2) and (3.4), to construct such traces, we
use quotient spaces. We set
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H*2(T) := H'(R*\ T)/Hj p(RY),
(5.1)
H~ = (T) := H(div, R\ T')/Hy r(div, RY).

The spaces H'/?(T") and H~/2(I") will be called Dirichlet and Neumann
multi-trace spaces, respectively. Their elements will be tagged by ', for instance
,p, and they are equipped with the usual quotient space norms || [[g1/2(py.

In Definition (5.1), it is very important to keep in mind that H*(R?\T') #
HY(R?). In the sequel, we introduce “trace like” operators as the canonical
surjections

m  H(RI\T) > H'2(I')  and  my : H(div,R*\ T) — H™2(I).

For two elements u,v € H'(R?\ T') such that u and v coincide on a bounded
neighbourhood of T', we have mp(u) = 7 (v). This allows to extend 7, as a
continuous map from HL. (R%\ T) to H'/?(T). Similarly 7y can be extended

loc o
as a continuous map from Hj,.(div, R% \ T') to H~*/2(T").

5.1. Duality Pairing

Note that Green’s Formula in R? does not hold for elements of H!(R?\T) and
H(div,R?\ T). Indeed, pick any u € H'(R?\ T') and any p € H(div,R?\ T),
which, in general, will yield fRd\fp - Vu + udiv(p) dx # 0. However, note
that

/ (p+4q) - V(iu+v)+ (u+v)divip+q)dx = / p- Vu+udiv(p) dx
RI\T RI\T
Vv € Hy r(RY), Vq € Hor(div,R?).

This suggests a bilinear pairing between H'/?(T) and H~1/2(T). Indeed, for
w € HY?(T) and p € H-Y/2(T), choose u € HY(R?\T) and p € H(div, R*\T)
such that 7, (u) = @ and my(p) = p, and set

/up do = / p - Vu + udiv(p) dx. (5.2)

1] RI\T

Please be aware that the integral in the left hand side above should not be
read as an integral with respect to the Lebesgue measure on I'. It is merely a
notational convention hinting at the relationship of (5.2) with Green’s For-
mula. Similarly to HE/2(99) in the case of a smooth boundary, see Sect. 3,
H*'/2(T") are dual to each other via this pairing.

Proposition 5.1. The pairing < , >: HTY/2(T) x H-Y/2(T') — C defined by
< 1')7(j>>=/(j1'1d0 Vo € H2 (), Vg€ H (), (5.3)
(]

induces an isometric duality between HT/2(T) and H~'/2(T).
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Proof. Pick any @ € HY/2(T) and write < 1, > for the linear form
P =< 0, p > on H-Y2(T). We find

H < 1.1/, S>> ||]HI_1/2(F) = sup W
per3 ) Ple—3(r)
G7#0
fRd\fp - Vu + udiv(p) dx
- Sup - < lullg gayry -
pEH(div,R\T) ||pHH(div,]Rd\F)
p#0

The above inequality holds for any u € H!(R?\ T') such that m,(u) = .
Hence, < 1, >€ (H™Y2(I")). Let v € H'(RY\ T') be the minimal norm
representative of 4, which fulfills

/ Vu-Vo+uvdx=0 Yve H(l),F(Rd). (5.4)
RI\T
This implies [uly ga\ry = [@llg/2(ry- Set p := Vu. Since (5.4) means that

—Au+u=0in R¥\ T, we infer p € H(div,R?\ T), div(p) = u, and, finally,
[Pl (i re\F) = 1l rayF)- As a consequence

fRd\f p - Vu + udiv(p) dx

| <ty > g-1/2m) 2 2 ||U||H1(Rd\f)‘

”pHH(div,]Rd\f)

We conclude that 1 —< 1, - >> is an isometry H+1/2(T") s (H~Y/%(T))". By
similar arguments, one establishes that also p —< -, p > spawns an isometry
H-/2(T) — (H*/2(I"))’, which concludes the proof. a

As an immediate consequence of the duality between Hz (T") and H~2 () we
obtain that H'(R?\ T') and Hg r(div, R?) are polar to each other, as well as
H(l)’F(Rd) and H(div,R?\T).

Corollary 5.2. Let u € HY(R?\ T) and p € H(div,RY \ T). We have the
following characterizations,

ueHyr(RY) < / q-Vu+udiv(q)dx =0 Vq € H(div,RY\T)
RI\T
p € Hyr(div,R?) <= / p-Vu+udiv(p)dx =0 Yo HY(R?\T)
RA\T
5.2. Interpretation of Multi-Traces in Terms of Functions

In this paragraph we describe as explicitly as possible the spaces H*!/ 2(T) for
particular situations, relating these spaces to the more standard functional
framework recalled in Sect. 3.

The skeleton of a Lipschitz partition. We first illustrate the concepts intro-
duced at the beginning of Sect. 5 by applying them to the particular case
where I' = U}L:O@Qj for some Lipschitz partition (£2;);—o..n of R%, see Def-
inition 2.2. In this situation, depicted in Fig. 5, simple localization provides
an isometric isomorphism
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Qo

FIGURE 5. Multi-screens obtained from sub-domain bound-
aries

Loc: HY(RI\T) — H'(Q) x --- x H'(Q,,).
Writing Ext; : Hz (09Q;) — HY(Q;) for some right inverse of the point trace
operator, obviously
7p o Loc™ ' o(Exty x - - - x Exty,) : H2 () x - - - x H2(09,,) — H*2 (I).

(5.5)

is a well-defined isometric isomorphism. A similar isomorphism can be

obtained for Neumann traces. Casually speaking, this permits us to iden-

tify

H*2 () = Ht2(09) x --- x HT2(99,),

1

L . (5.6)
HH (D) = H3(90) x - x H-}(92,).

There is a clear interpretation of (5.2) in this case: take u € H'(R?\ T) and
p € H(div,R*\ T). Let u; = ulg, and p; = plo,, and set v; = ujlaq, €
H'/2(09;) and q; = n; - pjlaq, € H™1/2(09;) where n; is the normal to 0€);
directed toward the exterior of €2;. Identity (5.2) then reads

<<a7?>>:/u]5d02 / p - Vu+ udiv(p) dx
(] RI\T

= Z/pj -Vu; + u; div(p;) dx = Z / vipjdo  (5.7)
i=0¢, =090,
Identity (5.7) is consistent with the usual Green formula.
Standard Lipschitz screens. Next, we illustrate the concepts of this section
by applying them to another special situation shown in Fig. 6. Let Q; be
a bounded Lipschitz domain, and let I' C 9€2; be a Lipschitz screen in the
sense of Definition 2.1. Let us denote s = R?\ ;. We have H'(R?\ T) C
HY(R?\ 0€) which induces a natural injection
H? () = H'(RY\T)/Hj p(RY) — H'(R\ 0Q)/Hj p(RY).

From the natural identification H' (R4 \ 9€2;) = H*(Q;) x H'(£2,) that asso-
clates u with (ulq,, u|o,) we obtain an isomorphism that we may express as
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FIGURE 6. Lipschitz screen contained in the boundary of a
domain

H (R 00u)/HE p(RY) 2 [ H(0)/H (1) | x | (©2)/Hp +(2) |
~ H2(T) x H2 (T).

Here, in the spirit of (3.2), we have linked H2 (I') with quotient spaces. From
this discussion we can conclude an injection

H*z(T) — H2(T)x Hz(T). (5.8)
Now let us show how the injection (5.8) can be constructed in detail. Consider

an element @ € H'/2(T"). Take any u € H'(R? \ T') such that m,(u) = @, and
make the following identification

@ < (u1|p,uz2lr) where uj =ulg,, j =1,2.

In this construction, the traces ui,us actually satisfy a compatibility con-
dition. Indeed consider a function @ € H!(R?) such that i|g, = ug (Which
exists thanks to Sobolev extension theorems), and set @4, = |q,. Observe
that @ |r = us|r, and we have

U — ’17,1 S H(I)BQ\T(Q) = U1|F — ’L~L1|F = ul‘p — U2|F S INI%(F) (59)

A thorough inspection of the above arguments shows that (5.9) is a necessary
and sufficient condition to ensure that there exists v € H!(R?\ T') such that
ui|r, uz|r are the traces of ulg, and u|g, on I'. Thus, localization to ; and
Qs together with local traces yield an isomorphism

H*2(T) 2 {(v1,05) € HE(T)? | v — vy € HE(T)}. (5.10)
Similarly we can prove
H ()2 {(q1.) €H (1) | g+ eH (D)} (5.11)

The “+” sign coming into play in Definition (5.11) is related to the change
in the normal direction depending on wich side of I" is involved, see Fig. 1.

In addition, it is possible to give an explicit expression of the duality pairing
<, > defined in (5.2)-(5.3) by means of Identifications (5.10) and (5.11).
Indeed consider any @ € HY2(T) and p € H-Y/?(T). Pick u € H' (R \T)
and p € H(div,R?\ T) such that m(u) = @ and 7y(p) = p. For j = 1,2,
set u; = ulg; and p; = pla,, and let n; refer to the normal vector to €
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directed toward the exterior of ;. Statement (5.10) and (5.11) is based on
the following identifications

i < (v,v2) and p < (q1,q2),
U1 = U1|F7 Vg = u2|F7
where
q1 =mn1-pilr, g2 =n2-p2r.
According to Green’s formula, we have
/up do = / p- Vu+ udiv(p) dx
(] RI\T

= Z /p~Vu+udiV(p) dx
i=12g,

Z / qj v; do.

7=12p0,

The boundary terms in the identity above can be simplified further. Indeed,
since u € HY(RNT) we have v; = vy on dQ\I'. Similarly, since p €
H(div,R\T) and n; = —ny, we have ¢ = —go on 9\I', which leads to
cancellation of terms off I':

<<1'),q>>:/u1')d0: Z /qjvj daz/v1q1+vgq2d0. (5.12)

i I=1250, r

6. Single-Trace and Jump Spaces

We return to the general case of an arbitrary multi-screen I' C R? according to
Definition 2.1. As regards the multi-trace spaces H*'/2(T") they contain multi-
valued functions: the sides of each panel of I' could be regarded as distinct
surfaces, and traces on both sides do not necessarily match, see Fig. 1. Now
we are going to single out subspaces of H*!/2 (") that may be considered as
standard trace spaces of single-valued functions.

6.1. Single-Trace Spaces

We can obtain particular subspaces of H*/2(I") by simply replacing “R%\T”
by “R% in (5.1).

Definition 6.1 (Single-trace spaces). We introduce single-trace spaces as the
quotient spaces

H* 2 ([[) = H' (RY)/Hj p(RY)

1

(6.1)
H~4(([I) = H(div, RY)/Ho r(div, RY).

They owe their name to the intuitive point of view that the elements of the
single-trace spaces can be understood as multi-traces whose values on both
sides of the screen either agree (in the case of H'/2([I'])) or have opposite
sign (in the case of H~/2([T)).
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Corollary 6.2. The space HY'/2([T)) (resp. H='Y/2([['])) is a closed subspace
of HFY2(T) (resp. H~/2(T))

Proof. The assertion is immediate, since H!(R?) (resp. H(div,R%)) is closed
in HY(R?\ T') (resp. H(div,R%\ T)). O

There is no duality relationship between H*2([I]) ¢ H*/2(I') and
H~2([I']) € H-'/2(T") with respect to the pairing < , > between the multi-
trace spaces. On the contrary, both spaces are polar to each other, which
provides a weak characterization:

Proposition 6.3. For @ € H™2(T') and p € H=2(T') holds true
el () < /uqdo =0 V§eH 3([T)),

(]
peH 3 ([I) <= /opda =0 VoeH"3([T]).

(r’]

(6.2)

Proof. We will show only the first assertion, since the proof for the second is
very similar. First, take any u € H'(R) such that 7, (u) = 4. Then for any
¢ € H2([[), considering q € H(div, R%) such that my(q) = ¢, the standard
Green formula over all R? yields

/a(jdor = / q- Vu+ udiv(q)dx = /q - Vu + udiv(q)dx = 0.

1] RA\T R4
Now consider @ € HY?(T) such that the condition in the right hand side of
(6.2) holds. Take a v € H'(R?\ T) such that mp(u) = %. We need to show
that u € H!(R?). We already know that there exists some p € L2(R%)? such
that [y, p-q+udiv(q)dx = 0 for any g € Z(R?\T). Take any q € Z2(R?)?,
so that my(q) = ¢ € H-'/2([I']). Applying Definition (5.2), we obtain

/p'q+udiv(q)dx:/u(jd0:0 Yq € 2(R%).
R (]

This proves that p = Vu in the sense of distributions over R? (and not just
R4\ T), so that u € H*(R?). This concludes the proof. O

6.2. Jump Spaces

Another type of trace space may be obtained by considering the duals to
single-trace spaces.

Definition 6.4 (Jump spaces). We introduce jump spaces as the dual spaces
~i1 1
H*2 (1)) := (H™2([T]))
We endow theses spaces with their natural dual norms
— [(¥:4)|
lollgey gy = swp Tt

seniry 19lg=d )
40

! !

and H 2 ([[]) := (H*2([0)))"
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Clearly, any element of HY?(T) (resp. H-Y/?(T)) induces an element
H-/2([T) (resp. HY2([T])) via the duality pairing (5.2).

Definition 6.5 (Jump operators). We define continuous jump operators [ | :
HH/2(T) — HY2([T)) and [ ] : H-/2(T') — H-Y/2(|T)) as follows: For any
w € H/2(T) (resp. any p € H-Y/2(T)), let [i] (resp. [p] ) be the unique
clement of HY/2([I']) (resp. H-Y/2([I'])) satisfying

(L, d) ::/uqda vi e H-A (),

Ir) ) (6.3)
(o, [i]) = / spdo Vo € HY(TY),

[T]

where (, ) denotes the duality pairing either between H'/2([I]) and H~1/2
(IT7), or between H'/2([T]) and H~/2([T]).

An immediate consequence of Proposition 6.3 is a characterization of the
kernels of the jump operators that matches the intuition that “single-valued
traces do not jump”.

Corollary 6.6 (Kernels of jump operators). For v € HY?(I') and ¢ €
H-'/2([T]) holds true

ve HVA([T]) « [v] =0,
g € H™2([T]) & [q] = 0.

Proposition 6.7 (Range of jump operators). The jump operators | ]
HY/2(I') — HY2([T]) and [ ] : H-Y2(I') — H-Y2([T']) from Definition 6.5
are surjective.

Proof. The statement follows from Proposition 5.1, the Hahn-Banach Theo-
rem (see [19, Thm 3.3] for example), and Corollary 6.6. O

We end this section by pointing out an alternative description of jump spaces
provided by the next proposition. The proof is a direct consequence of Corol-
lary 6.6 and Problem 9, §3.8 in [21].

Proposition 6.8 (Quotient space characterization of jump spaces). The jump
operators induce isometric isomorphisms

HI/2([0)) = BV2(0)/HY3([T)) - and
H1/2([r]) = H-1/2() /H3([T),

6.3. Interpretation of Single-Traces in Terms of Functions

In this paragraph we will try to describe as explicitly as possible the spaces
H*'/2([I']) and H*Y/2([I]) for the two special situations that we considered
in Sect. 5.2.
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The skeleton of a Lipschitz partition. First, we focus on the situation where
I'= U?:oan for some Lipschitz partition (€2;);=0.. of R?, see Fig. 5. Pick
@ € HY2([T]). As explained in Sect. 5.2, considering any u € H'(R?) such
that 7, (u) = u, and setting u; = ulq,, we can make the identification

i (vo, ..., v,) € H2(090) x -+ x HZ (88,),
where v; = ujlaq,;, j=0...n. (6.4)

The condition @ € H'/2([I']) amounts to v; = vy on 9NNV Vj, k=0...n,
and (6.4) gives rise to an isomorphism

H%([F]) = {('Uj)OSjgn S ﬁOH%((?QJ) | vj —vEr =0 on 0Q; NOQ V_],k}
J=

Similarly, we find an isomorphism

H™ = (1)) = {<qj>ogjgn € M H7309) [ g+ =0 on 02, N o, Wf}
j=

The spaces H¥1/2([T]) have been considered in [5,6] (where they were noted
X*1/2(I")), and Proposition 6.3 above is a generalization of Proposition 2.1
in [5].

It seems to us that it is not possible to develop any explicit description
of H¥'/2([I']) for the case where T is the skeleton of some Lipschitz partition
except if, in this partition, each interface separates at most two subdomains.
The latter case is covered in the next paragraph.

Standard Lipschitz screens. Now we consider the case where I' C 00 is a
Lipschitz screen in the sense of Definition 2.1, where (2 is a bounded Lipschitz
open set, as in Fig. 6. Pick & € H'/2([I']) and set Q; = Q and 2y = R4\ Q. In
accordance with the discussion in Sect. 5.2, for any u € H(R? \ T') we have
the identification
i« (v1,vs) € H2(T) x H2(T)
where v; =ujlr and u; =ulg,, j=1,2.

Since @ € H'/2([T']) we actually have u € H'(R?) which implies v; = v,. This
leads to the conclusion that (compare with (5.10))

H%([F]) = {('UMUQ) € H%(F) X H%(F) | v1 —ve =0 on F},
ie. H2([0)) = 6, (H%(r)) >~ {3 (), where ¢4(z):=(z,2). (6.5)

Similar results hold for the Neumann single-trace space. A slight adaptation
of the above arguments shows that

1

H™z([I) = { (q1,q2) € H3(T') x H™2(T) |g1+g=0onT },

1

fe. H3([M)) = ¢ (H—f(r)) ~ {3 (D),

where ¢_(z) := (z, —z). (6.6)
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Remark 6.9. This discussion confirms the agreement of the new functional
framework we have introduced with standard Sobolev trace spaces on surfaces
and screens. Such a simple and explicit description does not seem to be
possible for more complicated screens that are multi-screens but not standard
Lipschitz screens. In this sense, our new functional framework is a genuine
generalization of standard Sobolev trace spaces.

Let us now look for some explicit description of HE1/2([T)), still considering
the case where I' C 0}y is a standard Lipshitz screen. We make use of the
isomorphism

C YD) = {(v1,02) € HED) x HE(D) | vg — vy € HE(D) |

that underlies (5.10). Pick any v € HY/2(T'), see (3.1). Following the discussion
of Sect. 5.2, if (v1,v2) = (v, —v) = ¢_(v), we have v; — vy = 2v € HY/?(T),
so that 1= (¢_(v)) € H'/2(T) in the sense of (5.10), and the linear mapping

L Tlo]=1 o o g s HE(D) — HE(I)) (6.7)
is well defined and continuous.

Theorem 6.10 (Isomorphism connecting H2 (') and Hz ([T))). In the special
situation of a Lipschitz screen T the mapping from (6.7) is an isomorphism.

Proof. (i) Injectivity: Assume that [1='¢_(v)] = 0 for some v € Hz(T).
Above in (6.6) we have seen that any element ¢ € H=1/2([I']) takes the form
Gd=0""(¢_(q)) = 0~ (q, —q) for some g € H~/2(T"), where # designates the
isomorphism underlying (6.6). As a consequence of (5.12), [t=!(¢_(v))] = 0
implies

0=([""o-(v)],07"(¢-(9)) = /fl(cb—(v))@’l(sb—(q»dv

]

=2 /qua Vg e H-V2(T). (6.8)
T

Since HY/2(I") = H™Y/2(T")’, Identity (6.8) implies that v = 0.

(ii) Surjectivity: Pick some ¢ € H'2([I']). According to the Hahn-
Banach Theorem (see [19, Thm 3.3]) and Proposition 5.1, there exists
© € HY2(T) such that [0/lgpa/2ry = ||‘P||ﬁ1/2([r]) and

(ord) = /@q'da Vi € H-Y2(T)).
[T

Moreover, by (5.10) there exists vy, vy € Hl/Q(F) such that vy —vy € /2 (1),
and 0 = 1~ (vy, v2). Any ¢ € H-V/2([I']) can be written as ¢ = 0~ (¢_(q)) =
0~'(q, —q) in the sense of (6.6) for some ¢ € H~/2(T"). Setting v = %(vl —v3),
we have
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(o, /qua—/vlq—vqua

(]

[ra+ o= [ o) ido

(]

r
Since ¢ € H™'/2([I"]) is arbitrary, this proves that ¢ = [1=!(¢_(v))], and
bears out the surjectivity of the map (6.7). O

To summarize, the mapping (6.7) induces an isomorphism
H2 ([1)) 2 H> (T).

We can also find an analogous isomorphism
1

~ =1
H™=z([I') 2H =(I).

Let us end this paragraph by mentioning that the inclusion “HY/2([T]) C

HY/2([T])” does not hold. This inclusion has to be replaced with some injec-

tion relation, as can be readily seen from

H'/2([1]) = HY2(I') ¢ HY?(T) = HY?(]1)).

7. Boundary Value Problems

Once again, we come back to general multi-screens, and continue the con-
struction of our framework, introducing concepts better adapted to boundary
value problems set in the exterior of such objects. We first need to introduce
generalizations of usual trace operators.

7.1. Dirichlet and Neumann Trace Operators

Let HY(A,RY\T) = {u € HY(R?\T) | Vu € H(div,R¢\ T) } and denote
HL (A,RU\T) = {u e L (RY) | o u € HY(A,RY\T) Vo € 2(R?\T) }. For

any element of this space we can define its Dirichlet and Neumann traces on

I" in the following manner

o(u) =m(u)  and  (u) = (Vu). (7.1)

Clearly 7p : HL (A, R\ T) — HY2(T") and vy : HL (A, R\ T) — H-/2(T")
are continuous maps. Besides, if u € HL (A,RY\T) and v € HL, (A, R4\ T)
coincide in a neighbourhood of T', then 7, (u) = v, (v) and yy(u) = Y (v).

Lemma 7.1. The trace operators vy, vn both admit a continuous right-inverse.

Proof. For any @ € H'/?(T), define Sy, (1) as the unique element of H' (R%\T)
satisfying 7, (Sp (@) ) = @ and S0 (@)1 (ravFy = [l g1/2(r)- As pointed out
in the proof of Proposition 5.1, we have —ASy () + Sp (@) = 0 in R\ T'. As
a consequence, Sy, : HY/2(I') — HL (A, R?\T) is a continuous right-inverse
for ~p.

Similarly, for p € H~Y2(T), define Sy(p) as the unique element of
H(div, R?\T) satisfying 7rN(SN(]j) ) = pand |[Sy(p )”H(dw RI\T) — = [Ipll- 1/2(1)"
We have —Vdiv(Sy(p) ) +Sx(p) = 0 in R4\ T, and we see v := div(Sx(p) ) €
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HL (A,R?\ T). Obviously, p = (v), so that div(Sy(-)) : H-Y2(T) —
HL _(A,R?\T) is a continuous right-inverse for y. O

Note that we may also consider the operator [v,] : HL (A,RI\T) —
HY/2([T) as well as [vy] : HL (A, RNT) — H~1/2([I']) obtained by composing
the Dirichlet and Neumann traces with the jump operators described at § 6.2.
An interesting identity is obtained by applying twice Formula (5.2). This
yields a generalization of the second Green Formula,

/uAv —vAudx = /’YD(U)’YN(U) — Yo ()W (u)do
R4 (]

Vu,v € HY (A, R4\ T). (7.2)

It is possible to consider boundary value problems with Dirichlet or Neumann
condition on I' prescribed by means of 7, and ~y.

Proposition 7.2 (Exterior Dirichlet problem). Suppose that I" is multi-screen
in the sense of Definition 2.3, and that R¥\T is connected. Take g € HY/?(T)
and k € Ry \ {0}. Then there ezists a unique u € Hi (A, R\ T) satisfying
the following equations

~Au—r?>u=0 in RI\T qp(u)=g and wu is outgoing. (7.3)

Moreover, if we denote S : H'/?(T') — HL (A, RI\T) the operator mapping

any g € HY2(T') to the unique solution to (7.3), then S is continuous.

Proof. Let € be an open ball with radius large enough to guarantee I' C
Q. Let T : HY/2(0Q) — H~Y2(99Q) be the exterior Steklov-Poincaré map
associated to the homogeneous Helmholtz equation in R1\Q. Let u, € H!(R%\
T) satisfy v, (ugy) = g. This element u, can be chosen so as to guarantee that
g +— uy is continuous from H'/2(T") to H!'(R%\ T') according to Lemma 7.1.

Using Green’s formula, Problem (7.3) can be reformulated as
Find u € H{ () such that
(Au, v) g1 ity = —(Aug, V) gayry V0 € Hy ()
where  (Au, V)i (o) = / Vu - Vo — k*uv dx + /ETu do

O\T [29]

To prove the desired result, it suffices to show that A is a continuous iso-
morphism. Using the compactness result of Proposition (4.1), one can check
by means of classical arguments that A is a Fredholm operator with index 0.
As a consequence, proving that A is a continuous isomorphism boils down to
showing that, when g = 0, the only solution to (7.3) is u = 0.

Now assume that u € Hi (R?\ T) satisfies (7.3) with g = 0. For any
p >0, let B, refer to the ball centered at 0 with radius p, and denote n, the
unit normal vector to 0B, directed toward the exterior of B,. Applying (5.2)
in B, \ T with p = Va, and taking into account that v, (u) = 0, we obtain
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/ un, Vudo, = / |Vul? — k2 |ul?dx
9B, B,\T

where do, refers to the surface Lebesgue-measure on 0B,. Since the right
hand side in the identity above is real, and according to Sommerfeld’s radi-
ation condition, we have

K / lul* do, = Sm / u (kT —mn, - Va) do,
oB B,

. ) . ‘ 2 _
= Jim Jlulltzos,) < 5 Jim [lise —n, - Vulltos,) = 0.

It follows by Rellich’s Theorem (see e.g. Miiller [17]) that w vanishes on
a neighbourhood of infinity. Using an analytic continuation theorem, since
R?\ T is connected, we obtain that u = 0 in R%\ T. O

7.2. Density Results

Generalizing results by Costabel [8], in this subsection we will prove density
theorem that will be useful for the study of boundary integral operators in
the next section.

Proposition 7.3. Consider the continuous operator v : Hl (A R?\T) —

loc
HV2(I) < H/2(T) defined by v() = (10(9), () for all € Hj, (A, R\
T). The range of y is dense in HT/2(T') x H-1/2(I).

Proof. Note that (7p,7y) induce a map from H'(A,R%\ T) x HY(A, R4\ T)
to H'/2(T') x H=/%(T') that is continuous. Consider the pairing defined by

((u,p), (v,q)) — /uqda — /vpda Yu,v € H%(F) Vp,q € H_%(F).
(] (]
(7.4)
According to Proposition 5.1, the space H/?(T") x H~/2(T) is dual to itself

under the pairing (7.4). Hence, according to Hahn-Banach’s Theorem, it suf-
fices to show that

/u%](v)do = /p'yD(v)da Vo € HY(A,RY\T)
(r] (r]
= u=0,p=0. (7.5)
Take (u,p) € HY?(I') x H-Y2(T) satisfying the condition in the left-hand
side of (7.5). For any f € LQLR‘I) with compact support, denote S(f) the
unique element of H!(A,R?\ T) satisfying the equations
~AS(f)+S(f)=f inRI\T, Y (S(f)) =0 on T.

Using Proposition 7.2, it is straightforward to check that S(f) is prop-
erly defined. Denote also Sp(u) the unique element of H'(R? \ T) satisfy-
ing 7 (Sp(u) ) = (Sp(u)) = u and IS0 ()l ey = llullgrsz(ry- As was
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pointed out in the proof of Proposition 5.1, we have —ASp(u) + Sp(u) = 0 in
R<\ T. Hence

0=/p%(S(f))dU=/%(Sn(u))w($(f))d0

(r] (']

=/7D(SD(U))WN(3(J”)) — W (So(w)) W (S(f)) do

M)
— / Sp(u) AS(f) — S(f)ASy(u) do = — / £ S (u) dx
RI\T RI\T

Since this holds for any f € L2(R?) with compact support, this implies that
Sp(u) = 0. Hence u = v5(Sp(u)) = 0. As a consequence f[F] pyp(v)do = 0 for
any v € H'(A, R4\ T), and since 75, : H(A,R?\ T) — HY2(T) is onto, this
finally implies p = 0. g

One may wonder if a result comparable to the previous proposition holds for
single-trace spaces. The answer is positive but, to prove it, we first need an
intermediary result.

Lemma 7.4. Assume that I' = Uj—o..,08; is the skeleton of some Lipschitz
partition (€;);j=o..n of R<. Consider the operator v : HL (A R4\ T) —

HH1/2(T) x H™Y2(T). The range of ~y restricted to HL. (A, RY) is dense in
H2([0]) < H-V2([T)).
Proof. First of all, according to Proposition 5.1, and the Hahn-Banach

theorem, it suffices to show that if (u,p) € HY?(I') x H-'/2(T") satisfies
f[r] 1 (p) — Py (p) do =0 Ve € HY (A, R?), then

Ji—pide =0 V(o) € HYA(T) x HO(T) (7.6)
(]
which is equivalent to (u,p) € H'/2([T]) x H~/?([I']) according to Proposition
6.3. Hence, let us consider such a pair (i, p) € H/2(T) X H-Y2(T).
For each €, let us denote 13(¢) = ¢lan, and %(¢) = nj - Volaq,,
Vi € HY(A,Q;), where the traces are taken from the interior of ;, and
n; refers to the normal vector to 9€; directed toward the exterior of ;.

According to (6.1), the space Ht1/2([I']) x H~/2([I']) can be identified with
the space

X() =4 (W), 2@) | (v.9) € H(A,R)? .
{ (o) |

Setting 7/ (p) = (1(¢),7(p)), we also consider the space C(I') =
{(3(@)7—g | o € H{A,RI\T) and —Ap+9 =0 in €y, j=0...n }. Then
according to [6, Prop. 6.1], we have X(T") @ C(T") = H'/?(T") x H~'/2(T"). As
a consequence there exists u,p € HY(A,R?) and functions ¢; € H(A,Q;)
with Avp; = 1);, such that @ = (v (u) + 15(¥)))j=0..n and p = (w(p) +
yﬂ(wj))jzo,__n. To finish the proof, it suffices to show that ¢; = 0,7 =0...n.
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According to [5, Prop. 2.1] (that admits Proposition 6.3 as a generalization),
we have

o=/ﬁww»—muwda
[T]

_Z/ (u 4 ;) (p) — (P + 15) () do

=050,

—Z/%%w — ()90 (9 w—z/%w pAY; dx

=050, 7=0¢;

—Z/w] Ap — wdx—/wAso ®) Vi € H'(A,RY)

JOQ

where we define 1 € L?(R?) by ¢|q, = 1;. Now, for any f € Z(R?), there
exists ¢ € H'(A,R?) such that —Ap + ¢ = f in R, From this we deduce
that fRd Yfdx =0 for all f € 2(R?), which implies that 1 = 0. O

Proposition 7.5. In the case where T' is any multi-screen (not necessarily
the skeleton of some Lipschitz partition), consider the continuous operator
v HL (A RI\T) — H/2([T]) x H-Y2([T]). The range of y restricted to
HL (A, RY) is dense in the space HTV/2([T]) x H~1/2([T).
Proof. Take a @ € HY2([I]) and p € H~Y2([[]) such that & = my(u)
and p = my(p) for some u € HIRY) = {v € HY(R?Y) | v =
0 in a neighbourhood of '} and some p € H,(div,R%) = {s € H(div,R?) |
s = 0 in a neighbourhood of dT'}. Take a Lipschitz partition R? = UX_ oSl
like in Definition 2.3, and set ¥ = UX_ 0. Since u and p vanish in a neigh-
bourhood of 9T, it may be assumed that u and p vanish on X\ T, using some
adapted cut-off function if necessary.

Since I' C %, using extension by 0, the traces @ and p can be considered
as single—traces on ¥ ie. € HY2([X]) and p € HY/2([X]). Let us denote
72, 4% the trace operators on X, as defined by (7.1) but considering 3. instead
of I'. According to Proposition 7.4, there exists a sequence &, € HL (A, R%)
such that

lim _ ( i — A2 (En)||H+2 + P — (§n)IIH_§(Z) ) =0. (77)

n—-4

Using a cut-off function if necessary, we can assume that supp(&,)N(X\T) =

so that the traces of £, on ¥ and I" coincide. As a consequence, (7.7) actually
holds with X replaced by I', and ~,~3 replaced by 7p,7y. This concludes
the proof for the case where @ € mp(HE(R?)) and p € my(H,(div,RY)). It
only remains to observe that H! (R?) and H, (div, R¢) are dense in H*(R¢) and
H(div, R?) according to Proposition 8.11 below. So the proof is complete. []
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8. Potential Operators

As we have an adapted functional framework at hand, we can now build
potential operators for scattering by multi-screens. We will adapt proofs con-
tained in [8], relying on the trace spaces and operators that we introduced
before.

In the sequel, we will study boundary integral formulations to scalar
wave propagation problems around a screen I'. To simplify our presentation,
in the remaining of this document, we make the following assumption

Assumption: I'C R? is a Lipschitz multi-screen such that R?\T is connected

Note that this assumption rules out the case where I' would be the skeleton
fo some Lipschitz partition of R¢.

The forthcoming analysis could be carried out without this connected-
ness assumption. However this hypothesis will help making the presentation
clearer. Moreover, the results that we present below could be generalized
to any strongly elliptic partial differential operator, following a presentation
similar to [16]. However we focus on Helmholtz equation for the sake of sim-
plicity.

Let ¢, (x) refer to the outgoing Green kernel for the Helmholtz operator,
i.e. it satisfies (—A — k2)%, = Jp in R? in the sense of distributions. Consider
some x € R?\ T, and observe that the function YGex: Yy— Y. (x—y)is C®
in the neighbourhood of T. Thus, using a cut-off function if necessary (so as
to remove the singularity of ¥, x(y) at y = x) we may consider the following
operators, named respectively single layer and double layer potential,

SL,.(¢)(x) := / Yo (@x) G do VgeH 2(I)
)
DL, (4)(x) := — /W(%x) bdo Vi eHT3(T).

(T']

(8.1)

Clearly SL, : H=Y/2(I') — C®*(R?\T) and DL, : HY/?(T) — C>(R%\T)
since, if U,V C R are two bounded open sets such that I' € V and UNV = 0,
the function x — %, x, x € U, is a smooth function valued in HY(A, V' \ T).

8.1. Representation Formula

Following [8,16], we may write the expression of the potential operators (8.1)
in a manner that is more convenient for calculus in the sense of distributions.
Denote %% : C°(R?)" — 2(R?)’ the operation of convolution (in the sense of
distributions if necessary) with kernel ¢,. Let v, : H='/2(T") — H} (R4 \T)’

and 7, : HTY2(T) — HL (A, R?\T)’ refer to the adjoints of 4p, and 7y. Then
we have

SL, =%, v, and DL, = —%, *,. (8.2)

Take a function v € H'(R?\ T) and assume in addition that supp(u) is
bounded. Consider identity (7.2). Choosing v in Z(R%), we can interpret this
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identity in the sense of distributions, using the adjoint of the trace operators,
which yields

(Au)|ga = (Au)lpaF + 1o (w) =75 - Ww(u)

where . - 45 (u) and 7, - vy (u) are distributions supported in T'. Now, since
supp(u) is bounded, we can convolve the previous identity with the Green
kernel, which yields the following result.

Lemma 8.1. For any v € H' (A, R\ T) with bounded support, if f = —Au —

k2u in the sense of distributions in R?\ T, we have the following formula

U=, % f+SL, - y(u) + DL, - yp(u) in R\T. (8.3)

Identity (8.3) is a representation formula, in the parlance of boundary
integral equations. Although we have established it in the case where supp(u)
is bounded, it actually also holds in the case where u is outgoing radiating.

Proposition 8.2. Assume that u € Hi. (A, R\T) satisfies Sommerfeld’s radi-
ation condition. Define f € L _(R?) by f = —Au — k?u in the sense of

distributions in R4\ T, and suppose in addition that f has bounded support.
Then formula (8.3) still holds.

Proof. Consider a C* cut-off function y : R — R, such that x(x) = 1 for
x € supp(f), and x is compactly supported. The function wy has compact
support so we can apply Lemma 8.1,

Xt =%, x [+ SL, - w(u) + DL, - vp(u)
—9. x (UAX +2Vu- V) (8.4)

Set 1) := 1—x and observe that 1u satisfies Sommerfeld’s radiation condition.
In addition, since Au + x%u = 0 in supp(¥), and Vi) = —VY, we have
(—A — k%) (pu) = g in R? where g = uAx + 2Vu - Vy has compact support.
As a consequence we can apply standard representation theorems based on
Newton potential [20, Thm 3.1.4] to conclude that

Yu=u—xu=% %g=5% +(uAx+2Vu-Vy) in R% (8.5)

Combining (8.4) and (8.5) leads directly to an expression of u, which con-
cludes the proof. O

Proposition 8.2 extends [16, Thm 6.10] to problems set in domains containing
multi-screens. Now let us study the continuity properties of the potential
operators SL, and DL.

Proposition 8.3 (Continuity of single layer potential). The potential operator
SL,. continuously maps H=/2(T) into HL (A, R4\ T) N HL (RY).

loc loc
Proof. First of all, since HL (R?) ¢ HL _(R?\T), the space HL _(R?\T)’ is

loc loc loc

continuously embedded into Hl. (R9)’". Hence v : H='/2(T") — H}(R?) is

loc
continuous. Besides %, is a pseudodifferential operator of order —2 on R?,

mapping Hi (R?)" — H (RY) continuously. Finally, observe that ASL, (p)+

loc
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k?*SL.(p) = 0 in R?\ T, in the sense of distributions, for any p € H~/2(T).
Hence if f = (ASL,(p))[ga\F, then

I llt2(re) < £2ISLic(p)llL2(r) < CrelIplE-12(r)

for any compact subset K C R? and some Cx > 0 independent of p. This
concludes the proof. O

Proposition 8.4 (Continuity of double layer potentiall The potential operator
DL, continuously maps H/2(T") into HL (A, R?\T).

loc
Proof. First of all, consider S : H'/2(T") — HL _(R?\T') as the solution opera-
tor such that for any g € H'/2(T") the function S(g) is the unique solution to
Problem (7.3). In particular we have 7, - S(v) = v for any v € HY/?(T). Since
S(v) is a solution to the homogeneous Helmholtz equation in R? \ T, we can
apply identity (8.3) which yields

DL.(v) =S(v) —SL, -y - S(v) Vo € H(T).

The continuity result that we want to prove is then a clear consequence of
the continuity of S, SL, and -y, see Propositions 8.3 and 7.2. O

8.2. Jump Relations
As predictible, functions of the form DL, (v) do not belong to H{. .(R%). Their

loc
Neumann traces, though, admit no jump across the screen I'. The following

result summarizes the behaviour of both the single layer and double layer
potentials across the screen T.

Proposition 8.5 (Jump relations).

o) - DL (i) = [@],  [w]-DLya(@) =0  Va € HT3(T),

ol -SLe(®) =0, [l -SLa(®) = [5] ¥p € H (D).
Proof. We will focus on the proof of the identities concerning the double layer
potential. The identities concerning the single layer potential may be proved
in a similar manner. Consider any @ € H'Y2(T'), set (x) = DL, (i)(x).
According to Relation (8.2), we have Ay + k% = ~4(i) in the sense of
distributions over R%. As a consequence we have

/ b (A + K2p)dx = — (7 (i), p) = / in(p)dx Ve IRY. (8.6)
R4 [T]

where (, ) must be understood as the duality pairing between 2(R?) and
2(R?)’. On the other hand consider the integral in the left hand side above,
and apply the generalized 2nd Green Formula (7.2). Since At + k29 = 0 in
R?\ T, this yields

/1/} (Ap + K*p)dx = / ¥ (Ap + K2p)dx
Rd RANT

- / () (@) = m(@)pl9)ds  (8.7)

(I
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and this has to hold for any ¢ € Z(R?) as well. Now take the difference
between Eqgs. (8.6) and (8.7), and observe that yy(¢) € H~/2([I']) whenever
¢ € 2(RY). This yields

/ e ()70 () do — / (1) — W) w(p)do =0 Vo e PRY). (88)

(r] (]

Using the density of 2(RY) in HL _(A,R?), as well as Proposition 7.5, we

see that (8.8) implies that f[F] Y ()odo = 0 for all & € HTY2([T]), and
SO (¥) = @) do = 0 for all ¢ € H~1/2([T]). According to Proposition 6.3,
and the definition of the jump operators given in Sect. 6.2, this concludes the
proof. O

In spite of a clear parallel, there is also a remarkable difference between
Proposition 8.5 above, and the usual jump relations, e.g., from Lemma 4.1 in
[8]. Indeed, in the right hand sides of the identities of Proposition 8.5, what
appears is [¢] and [p], and not just w and p. This is a specific feature of screen’s
geometries. In the present case, the operators 7, -SL,, : H~'/2(I") — H+1/2(T")
and vy - DL, : HtY/2(T') — H~'/2(T') are not onto. As exhibited by the next
result, they are not injective neither.

Lemma 8.6 (Kernels of potentials). We have SL.(p) = 0 Vp € H-'/2([T))
and DL, (%) = 0 Va € HTY/2([I).

Proof. We prove the result only for the single layer potential, since for the
double layer potential, the proof is very similar. For any p € H='/2([I']), set
) = SL,(p). The function ¢ belongs to Hi, (A, R4\T), and since [y, (¢))] =0
and [yx(¥)] = [p] = 0 according to Proposition 8.5, we deduce that v,(¢) €
H'Y/2([[']) and vy (v) € H™Y/2([T]), so that ¢ € HL. (A, R?). Since Ap+r21) =
0 in the sense of distributions in R?\T', we deduce that actually Ay +r2p =0
in R?. To summarize, Ay + k%1 = 0 in R? and 1 is outgoing, which implies
that ¥ = 0. O

This lemma combined with Proposition 6.8 shows that SL, induces a
continuous map from H~1/2([I]) to HL _(A,R?\T). Similarly DL,, induces a
continuous map from H+'/2([I']) to HL (A, R4\ T). For both induced maps,
we keep the same notations SL,, DL, so that

SL, : H2([[']) —» HL.(A,R\T) and DL, : H"2([[]) — HL.(A, R4\ T)
are continuous operators. We will now examine the invertibility property of

the integral operators ~;, - SL,; and ~y - DL,.

Proposition 8.7. Assume that £ = @ (imaginary unit). There exists a constant
C > 0 such that

Vg € H™2([T]),

. — 2
Red [an-SLu(a)do b = C lal?y

(I
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— 2 Tl
Re /U’YN~DL1(’U)CZU EC”U”IN{%([F]) Yo € H2 ([T).
(]

Proof. Once again we only prove the statement for SL, since the statement
concerning DL, is very similar. Take any ¢ € H™Y/ 2(IT']) and denote ¢ =
SL,(q) so that —A + 1 = 0 in the sense of distributions in R? \ T, and
[x(¥)] = q. By definition of the jump operator introduced in Sect. 6.2, we
have

[am-st@dr = [ @@ do= [ 196 +580 ax

[T m] RI\T

= [ IV WP x5 s mn
RI\T
In the calculus above we used the generalized Green formula (7.2), as well as
the fact that At = 1. Now since [yy(¢))] = ¢ and since vy : HY (A, R4\ T) —
H-Y/2(T) and [ ]: H-'/2(I') — H~Y/2([I"]) are continuous, we deduce that
there exists C' > 0, independent of ¢ such that

which concludes the proof. O

Proposition 8.8 (Coercivity of boundary integral operators). For any wave
number k € C\ {0} such that Im{k} > 0, define the operators V :

H1/2([1]) — HTY2([T]) and W : HY2(T) — H-Y2([T) by
V =y - SL, and W =~ - DL,.

Then there exists compact operators Ky : H-V/2([']) — HY2([I) and Ky
HY2([T)) — HY/2([T]) such that the following generalized Garding identities
are satisfied

_ 2 T—1
Red [a(VaK)adog = Clal? o Yo BH(),

(]

— 2 i
Re /v (W+Kw)vdo p >C ||vHﬁ%([F]) Yo e Hz ([I).
(T
Proof. Denote by 4, and SL,, DL, the outgoing Green kernel and the single
and double layer potentials associated to the value 2 for the wave number, so
that Proposition 8.7 applies to SL, and DL, . Besides, following Remark 3.1.3
in [20], the operator (¥4, — ¥, )* is pseudo-differential operator of order —4
mapping HL _(R?)" to H} _(R?) which implies that both Ky := ;- (SL, —SLy)
and Ky := 7y - (DL, — DL, ) are compact as operators mapping respectively

H~1/2([1) to HY/2(T") and H'/2([T']) to H~/2(I"). We finally obtain coercivity
of both V + Ky and W + Kw by application of Proposition 8.7. O
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The previous result implies that both V : H=Y/2(|[]) — HY2(|T]) and
W : HY2([[]) — H~Y2([[") are Fredholm operators with index 0. As one
may expect by analogy with a more standard problem, they are actually
isomorphisms.

Proposition 8.9. The operators V ﬁ_1/2([1"]) — H1/2([1"]) and W
HY2([T']) — H-Y2([T]) are isomorphisms.

Proof. According to Fredholm alternative, all we need to prove is that these
operators are one-to-one. We prove this only for V|, since the proof for W
is analogous. Consider any ¢ € H~Y/2([I']) such that V(¢) = 0. Take any
p € H-Y/2(T) such that [p] = ¢. Injectivity will be proved if we show that
p € H™Y/2([T]) which is equivalent to [p] = ¢ = 0. Set ¢» = SL,(p). Then
(1) = V(p) = V(¢) = 0 and ¥ is an outgoing solution to the homogeneous
Helmholtz equation in R? \ T. Hence according to Proposition 7.2, ¢ = 0
i.e. SLi(p) = 0. We conclude with the jump formula [p] = [1x] - SLe(p) = 0
provided by Proposition 8.5. (]
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Appendix

Quotient spaces. As this is a concept constantly used across this article, in
the first part of this appendix we recall elementary results concerning quotient
spaces and their norms. For a full justification of these results, we refer to
[19, chapter 1 & 4],

Assume here that (H,|| |/z) is some Banach space, and that X is a
closed sub-space of H. Then we define the quotient space H/X as the set

H/X:={z+X|zecH}.

The quotient space H/X is the set of equivalence classes associated to the
equivalence relation x ~ y <= x —y € X. The addition and multiplica-
tion by scalars induce natural counterparts in H/X, so that H/X inherits a
structure of vector space from H. We equip this space with the norm

19 1leyx = inf lly+ ezl for any y €. (8.9)

Recall that if (H, || ||i) is a Banach space, then H/X equipped with || |[l¢/x
is a Banach space as well. Finally, we would like to remind the reader that
the canonical surjection 7w : H — H/X is an open mapping.

Observe that, for the topology induced by (8.9), a set U C H/X is open
if and only if 77(U) is an open set of H. Using this obervation, it is easy to
prove the following result.

Lemma 8.10. Let (H,| ||) and (Y,| |lv) be two Banach spaces, and assume
that X is a closed subspace of H. Consider a continuous linear map © : H —
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Y. If X C Ker(©), then © induces a continuous linear map 6 : H/X — Y
that is uniquely determined by the identity © = 6 o .

Density result. In this part of the appendix, we recall a density result proved
in [9, Lemma 2.4]. We need this result when exploiting the local structure of
screens. We provide a proof for the sake of completeness.

Proposition 8.11. For H being one of the spaces H(R?) or H(div, RY), denote
H, the space of v € H that vanish in a neighbourhood of OI'. Then H, is dense
in H.

Proof. We prove this result for H = H*(R?). The case where H = H(div, R%)
follows the same lines. Since C*(R?) is dense in H!(R?), it suffices to show
that any u € C*°(R?) is the limit of some sequence w1, ug, us, . .. of HL(R?).

According to Definition 2.3, there exists a Lipschitz partition (£2;);=0...0
such that I' N 9Q; = T'; where I'; is a Lipschitz screen in the sense of Def-
inition 2.1. Set ¥; = OI';, and observe that 0I' C U?:OEJ-. Considering a
partition of unity, the proof can be reduced to the case where u is supported
in some ball B centered at a point x € OI'. Considering a smaller radius
for B if necessary, one may consider that each ¥; can be described like in
(2.1). This implies in particular that there exist Lipschitz diffeomorphisms
VU, : B — U;(B) C R such that

U,(BNY;) cS:={(0,0,2)|zeR }.

Assume first that we have constructed functions 7, € H'(B) N L*>(B) such
that 7, = 0 in some neighbourhood of BNY,; and limg_,0 ||1 — 7
0. Setting

b () =

Tr(x) = T05(X)T1E(X) ... T1,0(%)
we obtain 7, € H'(B) N L°°(B) such that 7, = 0 in a neighbourhood of
Bﬂ(u?:OEj) D BNOT', and such that limy oo [|[1 — 75| () = 0. Set ug(x) :=
T (x)u(x). Since supp(u) C B and u € L>°(B) and Vu € L*°(B), we obtain
that us, € H:(RY) and

ke = wllps gy <2 10 = 7llipy (Nelleqm) + 1VUlle ) ) — 0

To conclude the proof, there only remains to construct the cut-off functions
7;.%(x). Consider a subset ¥ C B such that U*(BNX) C ¥ :={(0,0,2) | z €

~

R } for some Lipschitz diffeomorphism ¥ : B — B = ¥(B). We consider
Tr € HL (RY) N L>®(RY) defined by

loc

0 it r<1/k
Ti(r,0,2) = { In(kr)/In(k) if 1/k<r<1
1 if 1<r

Straightforward calculus yields limj oo [|1 — 7k |1 ) = 0- Now we can define
Tr(x) = T, (¥ (x)). Clearly 7, € L*°(B). According to Theorem 3.23, Chapter
3 in [16], we also have 7, € H!(B), and

2 2 —12 ~ (12
1= 7kl gy < (1 + ||D‘I’||Loo(B)) [[Jac(®) 7| gy 11 = Tl g = 0
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with Jac(¥)(x) := det(¥(x)). Finally it is clear, according to this construc-
tion, that 7, = 0 in a neighbourhood of B N X. This concludes the proof. [
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