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A Fractional Muckenhoupt—Wheeden
Theorem and its Consequences
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Abstract. In the 1970s Muckenhoupt and Wheeden made several con-
jectures relating two weight norm inequalities for the Hardy-Littlewood
maximal operator to such inequalities for singular integrals. Using tech-
niques developed for the recent proof of the A conjecture we prove a
related pair of conjectures linking the Riesz potential and the fractional
maximal operator. As a consequence we are able to prove a number of
sharp one and two weight norm inequalities for the Riesz potential.
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1. Introduction

In this paper we prove weighted norm inequalities for the Riesz potential
operator

Iaf(ﬁc):/'xf(ji_ad% 0<a<n.
R’n

Our main result is motivated by a pair of conjectures for singular in-
tegrals due to Muckenhoupt and Wheeden, and to provide a foundation for
our work we first sketch these conjectures and the known results.

In the 1970s Muckenhoupt and Wheeden [22] conjectured that if T is
a Calderéon-Zygmund singular integral operator, then given a pair of weights
(u,v), for 1 < p < oo,

T: LP(v) — LP(u) (1.1)
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provided that the Hardy-Littlewood maximal operator satisfies
M : LP(v) — LP(u)

M : LY (u'P") — LP (o' 7). (1.3)
Further, they conjectured that
T : LP(v) — LP°°(u) (1.4)

provided that (1.3) holds. Originally, they made these conjectures for the
Hilbert transform, but they were soon extended to Calderén-Zygmund sin-
gular integrals. While extremely suggestive and true in many important cases,
both of these conjectures are false. A counter-example to the strong type con-
jecture was found by Reguera and Scurry [29], and this was extended to the
weak-type conjecture by the first author, Reznikov and Volberg [7].
However, a version of these conjectures is true in the off-diagonal case.
If 1 <p < q < oo, then the first author, Martell and Pérez [4] showed that

T:LP(v) — Li(u) (1.5)
provided that
M : LP(v) — Li(u) (1.6)
M: LY (u'9) — LY ('), (1.7)
and that
T : LP(v) — LT (u) (1.8)

provided that (1.7) holds. In fact, they proved a quantitative version of this
result in a slightly different form. Let o = v1=7; then they showed that

IT(- o)L (o) — o) S IMC W Lo @wy—re (o)

and

IT(-0)lLr(o)—La) S NM(-0)lLe(o)—ra) + 1MW e ()= 1o (o)
(1.9)

Replacing f by f/o or f/u yields inequalities in the form given above.
This formulation has two advantages. First, the weights do not change un-
der duality. More precisely, if M were a linear, self-adjoint operator, then
the inequality gotten from (1.6) by duality would be (1.7). However, in the
new formulation, the two norm inequalities on the right-hand side of (1.9)
would be dual. Even though the maximal operator is not linear, we will abuse
terminology and continue to refer to these as dual inequalities. Second, this
formulation makes it easier to consider weights v that are equal to infinity on
a set of positive measure, replacing it with a weight that is zero. Hereafter
we will formulate all of our weighted norm inequalities in this way.

Our main result is an extension of these off-diagonal results to the case
of Riesz potentials with the Hardy-Littlewood maximal operator replaced by
the fractional maximal operator of Muckenhoupt and Wheeden [23]:

Mo (@) = sup QI ][ fldy, 0<a<n.
Sx
Q
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Theorem 1.1. Given0 < a <n, 1 <p < g < 0o, and a pair of weights (u, o),
then

Lo (- o) 2o (0)— Lo () = 1 Ma (W Lo’ ()= Lo (o)

and

o (- oM r(o)—ra) = Mo o) Lr(o)—Laq) + 1Mal- W)l 1o (y— 1o’ (o)
In both inequalities the constants depend on n, o, p and q.

An open question is whether Theorem 1.1 is true in the case p = gq.
Given the parallels between Riesz potentials and singular integrals this seems
doubtful and so we frame the conjecture in the negative.

Conjecture 1.2. Theorem 1.1 is false when p = q: there exists a pair (u, o)
such that || Mo (- w)|| o (uy— 10’ (o) < 00 but [[1a (- 0)||Lr(0)—Lrioe (u) = 00

The remainder of this paper is organized as follows. In Sects. 2 and 3
we give applications of Theorem 1.1 to sharp constant, one weight norm
inequalities and to two weight, A, bump conditions. We will also discuss
some conjectures related to 1.2 made by us in an earlier paper [5]. In Sect. 4
we prove Theorem 1.1. Finally, in Sects. 5 and 6 we prove the results from
Sects. 2 and 3.

Throughout this paper all notation is standard or will be defined as
needed. By a cube we will always mean a cube whose sides are parallel to
the coordinate axes. If we write A < B, then A < ¢B, where the constant ¢
depends on n, p, ¢ and a. By A ~ B we mean that A < B and B < A.

2. Generalized One Weight Inequalities

Theorem 1.1 shows that to prove strong and weak type norm inequalities for
the Riesz potential, we need to prove strong type norm inequalities for the
fractional maximal operator. We will consider two approaches. In this section
we give a generalization of the sharp constant, one weight norm inequalities
considered in [5].
Given 1 < p < ¢ < oo and a pair of weights (u, o), we define
1
q

1

P’

o _ Qi+
Ay, (u,0,Q) = Q| ][udx ][crdx
Q Q
ayl_ 1, 1 a1

=1QI" T "7 utllgQllo? Il -

Note that this functional is symmetric in v and o:

A (u,0,Q) =AY, (0,0, Q).
It is well known (cf. [3, p. 115]) that if

[u,a}Ag’q = sgp Ay (u,0,Q) < oo,

then
My(-0): LP(0) — L9(u) and Ma(-u): LY (o) — LV (u).
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The strong type inequality
Ma(-0): LP(0) — L%(u)

holds in this case if we assume also that the weight o satisfies a reverse Holder
inequality; equivalently, if we assume that o is in the Muckenhoupt class A..
This class can be defined in several ways. Traditionally (see [9]) we say that
o€ Ay if

[0] gexe = sup AZP (0, Q) = sup ][Jd(E exp —][ logodr | < oo.
Q Q
Q Q
This is now sometimes referred to as the exponential A., condition.

However, for the purposes of sharp constant estimates, an equivalent defini-
tion is very useful: 0 € A, if and only if

(0] ane = sup AY (0, Q) = sup L / M(oxg)(x)dr < oo,
* 9 @ o(@Q)

Q
where M is the Hardy-Littlewood maximal operator. This equivalent condi-
tion was discovered independently by Fujii [8] and Wilson [33,34] (see also
[35]). The importance of this condition is that [o]4m < [0]aee and in fact
the constant [0] qa can be substantially smaller [1,13].

Using Theorem 1.1 we give norm estimates for Riesz potentials in terms
of these quantities. Our approach to this problem is based on recent work on
the sharp constants for singular integrals. (For the history of these results,
see [12,13,17] and the references they contain.) The natural approach when
p and ¢ satisfy the Sobolev relationship 1/p — 1/¢ = «/n, is to find sharp
estimates in terms of [u,0]4s . This case was studied in [14]. Our goal here
is to refine these estimates and extend them to general p < ¢. Following
the work of Hytonen and Pérez [13], we find sharp constants in terms of
[u,0]a0 , [u]ax and [o]4z. We also give an alternative approach: following
Lerner and the second author [16,18], we prove estimates in terms of a mixed
condition that combines the Ag‘,q and A, condition:

[u, 0] = sup 43, (u, 0, QAT (o, Q).

1
A2 (u,0) AZP (0) @

The next result gives both kinds of estimates for the fractional maximal
operator; We defer the proof until Sect. 5.

Theorem 2.1. Given 0 < a <n and 1 < p < q < oo, suppose (u,0) € A,
and o € As. Then

[Ma(-0)lLr(o)—La(u) S [u,0] (2.1)

1
Az (u,0) AZP (0) @

and

[ Mo (-0l Lo (o)—raqw) S [us0)a, ,[0] 50 - (2.2)

oo
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Hereafter, we will refer to estimates like (2.1) as one supremum esti-
mates, and estimates like (2.2) as two suprema estimates. In general the one
supremum estimates are incomparable with the two suprema estimates (see
[16,18] for examples).

As an immediate consequence of Theorems 1.1 and 2.1 we get the fol-
lowing estimates for Riesz potentials.

Theorem 2.2. Given 0 < a <n and 1 < p < q < oo, suppose (u,0) € A5,
and u € As. Then

[a(-o)Lr(o)—Lacew) S [0, 1] 1 (2.3)

Af;/ p’ (o,u) ASEP (u) 2’

and

Ha(-0)llzr(o)—=La @) S loyulas, | [u] 3 (2.4)

Theorem 2.3. Given 0 < o <n and 1 < p < q < oo, suppose (u,0) € A5,
and u, 0 € As,. Then

+ [0, u)

1 1
Ao (w,0)ASP (0) 4 A2 (o) AZP (u) P/

(2.5)

(- ) lLr(o)—La) S [u, 0]

and

1

o ooty & oy, (Wl + bl ) (20)

NS

Remark 2.4. We proved inequalities (2.4) and (2.6) in [5] using a more com-
plicated corona decomposition argument. Moreover, we only obtained results
for p and ¢ that satisfy the Sobolev relation.

Theorems 2.2 and 2.3 can be thought of as generalizing one weight
inequalities for the Riesz potential. The classical one weight norm inequalities
for Riesz potentials due to Muckenhoupt and Wheeden [23] were for the case
when p and ¢ satisfy the Sobolev relation, and there exists a weight w such
that u = w? and o = w". In this case it follows from the Ay, condition
that both v and o are in A,. In this case we can restate (2.6) as

1 ’

1 N —
Mo llr (wr)— Lo S w4, ([wq]fz% +w™] oo)

N ol

where s(p) = 14 p/q’ and we say that a weight v is in the Muckenhoupt class
A, if
p—1
[v]a, =sup Ap(v, Q) = Sup][vdx ][vl_p/ dx < 0.
Q Q
Q Q

By interpolation we can give a result that is in some sense an improve-
ment of this inequality. We again defer the proof to Sect. 5.
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Theorem 2.5. Given 0 < o < n and 1 < p < n/a, define g by 1/p—1/q =
a/n. If w? € A, for somer < s(p) =1+ p/q, then
1

1 v
[Hallzr@r)—rLa@e) S w4, [y (2.7)

T

The corresponding result for singular integrals was proved in [18]. A
weaker version of Theorem 2.5, with the assumption w? € A, replaced by
the assumption that w? € Ay, was recently proved by Recchi [28].

In [18] it was conjectured that for singular integrals, the one supremum
estimates corresponding to (2.3) and (2.5) could be improved by replacing
AP (g, Q) on the right-hand side with the smaller quantity A (o, Q). They
were able to prove a partial result involving an additional log term.

We believe that the corresponding conjecture is true for Riesz potentials.
We can prove a partial result in the classical one weight case. To state it we
define the one supremum constant needed in this case, for a general weight:

[w](a,)5 a0y = sup Ap(w, Q)P AN (w, Q).

Theorem 2.6. Given 0 < a < n and 1 < p < n/a, define ¢ by 1/p — 1/q
=a/n. Ifw? € Ay, s(p) =1+p/q and o = w?', then

[0

Q=

[Mallzer)—Laws) S (W™ ]a ) (2.8)

1 1,
(As(q/))?(Aé%) a
where ®(t) = 1 + log(t).

The proof of Theorem 2.6 requires a testing condition for the fractional
maximal function in [19]. Using this condition it is very similar to the ar-
gument in [18]. We sketch the details of the proof in Sect. 5. Once again,
as a consequence of Theorem 1.1 we have the following result for the Riesz
potential.

Theorem 2.7. Given 0 < a <n and 1 < p < n/a, define q by 1/p—1/q =
a/n. If w? € Ay, s(p) = 1+p/q, then
ol Lr (wr)— La-oo (wa) S (I)([wq]As(p))p [wq](As(p))%(Ang)# (2.9)

and

=

q D q
1 TallLe (wry—Laws) S @([w]a,,,)? [w ](As(,,))i(Agg)Fl’

+ @([w*p’]As(q,)) [w=" 4

Q=

where ®(t) = 1 + log(t).

3. Two Weight Inequalities via A, Bump Conditions

If we do not assume that u, 0 € A, then the A7 =~ condition is no longer
sufficient for the strong type inequality for the fractional maximal operators
or for the Riesz potentials. The construction is deferred until Sect. 6.
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FEzample 3.1. Given 0 < a < n and 1 < p < g < o0, there exists a pair of
weights (u,0) € Ay, and a function f € LP(o) such that M, (fo) ¢ L?(u).

Remark 3.2. A similar example for the Hardy-Littlewood maximal opera-
tor (i.e., when a = 0) was constructed by Muckenhoupt and Wheeden [24].
While the existence of Example 3.1 is part of the folklore of harmonic analy-
sis, to the best of our knowledge one has never been published. It is worth
noting that our example is considerably different from the one constructed
by Muckenhoupt and Wheeden.

It is possible, however, to replace the A7 condition with a stronger

one defined using Orlicz norms. This approach to weighted norm inequalities
is due to Pérez [25,27] and was motivated by the original Muckenhoupt—
Wheeden conjectures.

To state these results we need to make some preliminary definitions. (For
further information, see [3, Section 5.2].) A Young function is a function ® :
[0,00) — [0, 00) that is continuous, convex and strictly increasing, ®(0) = 0
and ®(t)/t — oo as t — oo. Define the localized Luxemburg average of f
over a cube @ by

1fle. = inf A>o:][q> (W;”) dr < 1
Q

When ®(t) = t?,1 < p < o0, this becomes the LP norm and we write
I flle.0 = I fllp.@- The associate function of ® is the Young function

o(t) = sst>1}(:)){st —®(s)}.

Note that ® = ®. A Young function ® satisfies the B, condition if for

some ¢ > 0,
o
/ (t)ﬂ<oo
tPt

C

Important examples of such functions are ®(t) = t(”’/)l, r > 1, whose
associate function is ®(t) = t"*', and ®(t) = t? log(e + )~ 1~¢, € > 0, which
have associate functions ®(t) ~ ¢ log(e 4 t)? "9, § > 0. We refer to these
associate functions as power bumps and log bumps. The B, condition is
important because it characterizes the LP boundedness of Orlicz maximal
operators, which in turn can be used to prove two weight inequalities. Define

Mo f(z) = sup || fle.q;
Q3

then Pérez [26] showed that Mg is bounded on LP(R"™) if and only if ® € B,
and
00 1/p

O(t) dt
Mollrir S | 22

C

Pt
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For our results we need to generalize this to the fractional Orlicz maxi-
mal operator. Given 0 < a < n and a Young function ®, define

Moc,@f(z) =

We define the associated fractional B, condition as follows: given 1 < p
< n/a,let 1/¢g=1/p—a/n. Then ® € By if

7O<I>(t)q/1’ dt
— <0
te ot

C

We prove the following result in Sect. 6.

Theorem 3.3. Given 0 < a <n and 1 < p < n/a, define 1/¢g =1/p — a/n.

Then for any ® € By, My e : LP(R") — LY(R™) and

O(t)r dt
t1 t

o0
HMa,<I>||LP—>Lq < / (3.1)

c

When a = 0 the two conditions coincide; if & > 0 then the B;’ condition

is weaker. To see this, note that because the measure ﬂ on (0,00) behaves

in some sense like a counting measure, we have

o) q % o) 1/p
/ ®(t)? dt | _ / (1) dt
t4 t ~ Pt

Moreover, the Young function
P
- log(t)(1+e)§

is in By for any € > 0 but is in B, only if € > q/p — 1. Hence, B, C By if
a> 0.

To state our results we introduce a new weight condition that is stronger
than the [u, o] As condition, replacing the average on o by an Orlicz average:
we say that (u,0) € A7 4 if

1

o= s [QIF fudx o7 o < oo.

[U’J]Ag,q,
Q
If we assume that ® is such that t* < C®(ct), then [u, olas . <
[u,0]ag - This is always the case if ® € B,. Note that this new condi-

tion lacks the symmetry of the A7 = condition since the Orlicz norm is always
applied to the second weight.

This condition was introduced by Pérez [25] (see also [3, Section 5.6]),
who used it to prove strong type, two weight norm inequalities for the frac-
tional maximal operator:

[Ma(-0)llr(o)—Lou) < [u,0lag, o |MgllLr—Lr. (3.2)
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When p > ¢ we improve his result both qualitatively and quantitatively,
giving a larger class of Young functions and a sharper constant.

Theorem 3.4. Given0<a<nandl <p<g < o0, deﬁneﬁ:n(%—l).lf

q
o c Bﬁ and the pair of weights (u,0) € Ap 0.0 then

HMQ('U)”LP(UPL‘I(u) < [U7J]A§,q,(p”Mﬁ,i)”LPHL‘IO
To see that this constant is sharper when p > ¢, we give two examples. If
®(t) = t?log(t)~ (") € > 0, then a straightforward computation shows that
the B, constant is approximately e~ /? but the Bg constant is approximately
e /9, 1f ®(t) = tP)' 1 > 1, then the B, constant is (r’)'/? but the Bg
constant is (/)'/¢. (This second example will be applied below.)
As an immediate consequence of Theorems 1.1 and 3.4 we get the cor-

responding two weight, weak and strong type norm inequalities for Riesz
potentials.

Theorem 3.5. Given 0 < a<n and 1 < p < q < oo, let § = n(}% — %) If
S Bg, and the pair (u,0) € Ag g, then

Ha (- o)L (@) Lo S ovulas, Mg gllpe e
Theorem 3.6. Given 0 < o <n and1 < p < g < oo, letﬁ—n(f—f) If
NS Bg, VS Bf, and the pair (u,o) satisfies (u,0) € Ay, ¢ and (o,u) €
AY o ws then

[ a(-o)lLr(o)—Lau) S [W0)as Mg gllLr—rLa

p,q, P

tlovulas, , I Mpgllrpw (33)

Theorem 3.6 is referred to as a separated bump condition: conditions of
this kind were implicit in the work of Pérez and were introduced explicitly
for singular integrals in [7] (see below). This condition significantly improves
the original, “double bump” result of Pérez [25], who showed that

Ha(-)Lr(o)—raw S [w0)ag o o [Mallpe o [MallLo—rr,  (3.4)

where ¥ € By, o c By, and

11, 1 ER
T v uslleelle® e < oo (3.5)

[u U]Ap P

By Holder’s inequality for Orlicz norms we have that this quantity is
(up to a constant) larger than the right-hand side of (3.3).

As a corollary to Theorem 3.4 we can give an alternative proof of in-
equality (2.2), which, again by Theorem 1.1, implies inequalities (2.4) and
(2.6). We briefly sketch the argument. If (u,0) € A7 and 0 € A, then
Theorem 2.3 in [13]

1/r

][O'Td(E §2][de,

Q Q
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where

v
Cnlo]am

oo

Notice that 7’ ~ [o] 4ar. Let ®(t) = ¢"7'; then ®(t) = t"*)" and

r=r(oc)=1+

[U,U]Aqu& 5 [U’U]A,‘?,q'

Further, as we noted above
1 1
&;LPHLQNTQ_O' M-
M55l S ()7~ o] ju

Remark 3.7. If we use the original inequality (3.2) in this argument, we get
a worse power of 1/p on the constant [o] 4

1
1Mo 0) o010y S [0z, 0]

Theorems 3.5 and 3.6 give positive answers for all 1 < p < ¢ < > to
two conjectures we originally made in [5]. There we proved partial results
using a more complicated corona decomposition argument. We were forced
to assume that ® and ¥ were log bumps: i.e.,

B(t) = t* log(e + t)P ~1H0 W(t) = t9log(e + )0 5> 0,

and make the further restriction that (p'/¢’)(1 — a/n) > 1 for the weak type
inequality and min(q/p,p’/q¢’)(1 — a/n) > 1 for the strong type inequality.
These conditions hold if p and ¢ satisfy the Sobolev relationship but do not
hold if p and g are very close in value.

In [5] we also conjectured that these results hold in the critical exponent
case p = ¢. This case is important for its applications in the study of partial
differential equations: see [31] and the references it contains. We repeat these
conjectures here.

Conjecture 3.8. Given 0 < oo < n,1 < p < o0, and ¥ € B, suppose
(u,0) € Ay g Then

Vol )l ro) ey S [ovulas, 1Ml g

Conjecture 3.9. Given 0 < a<n,1<p<oo, ¥ e By and o e B,,, suppose
the pair (u,0) satisfies (u,0) € A5, & and (o,u) € Ay then

Mg ||r—rr + [0 u]as, (1Mo po-

o (-0)Lr(o)—Lrm) S [u,0]a0 o

p,p,®

Very little is known about these conjectures. We do have that Con-
jecture 3.8 implies Conjecture 3.9, since for all pairs (u,o) and exponents
1<p<qg<on,

o (- 0)e(0)—raw) = [Ha(- )| Lr(0)— Lo ()
+||Ia(-u)HLq/(u)—>Ll”/’°°((7)' (3.6)
(See [31].) Conjecture 3.8 is known in the special case U(t) = tPlog(e +
t)?P=149: this was proved in [3, Theorem 9.42]. Note that the exponent is

much larger than desired: in the case of log bumps we would expect the
exponent to be p — 1+ 4.



Vol. 76 (2013) A Fractional Muckenhoupt—Wheeden Theorem 431

Remark 3.10. Conjecture 3.9 is the fractional version of the separated bump
conjecture for Calderén-Zygmund operators made in [11]:

IT(- o)L (o)—rr(u) S [U0)a,0 | MallLr—re + [0, u]a,, Mgl 10
(3.7)

(where [u, 04, , = [u, 0] A9 ,)- A non-quantitative version of this conjecture

first appeared in [7]. In this paper they gave a partial result in the scale of
log bumps: if

O(t) = v log(e + t)p/_1+6, U(t) = t*log(e + 15)”_1'*"57 d >0,
then

+1 '+1
ITC-o)lLo(o)—rrw) S [ws0)a, o IMall o2 Lo + [y ula, N Mell} -
We conclude this section with an observation. We suspect that the fol-
lowing result, which gives a connection between operator norms for the Riesz
potential and a “bilinear” (properly, bisublinear) maximal operator defined
by the second author in [20], may be applicable to this problem.

Theorem 3.11. Given 0 < a < n and a dyadic grid 2, let X and Y be Banach
function spaces. Then

Hallx—y = [Mallxxy'—r15

where for f, g € L}

loc?

Ma(f.0)(w) = st Qlﬂgf \fldz- Zf 9] de.

Earlier, related estimates for singular integrals were implicit in [2] and
the corresponding version of Theorem 3.11 for Calderén-Zygmund operators
was proved in [17]. Theorem 3.11 is proved in essentially the same way and we
omit the details. Inequality (3.4) follows from Theorem 3.11 and the weighted
theory for M,, developed in [20, Theorem 6.6], but we are unable to prove
separated bump results using this approach.

4. Proof of Theorem 1.1

We divide this section into two parts. In the first we gather some results
about dyadic Riesz potentials, and in the second give the proof itself.

Dyadic Riesz Potentials

A dyadic grid, usually denoted &, is a collection of cubes in R™ with the
following properties:

(a) given Q € 2, the side-length satisfies £(Q) = 2" for some k € Z;

(b) given Q,P € 2, Q N P is either P, Q, or &;

(c) for afixed k € Z the set ¥, = {Q € 2 : £(Q) = 2*} is a partition of
R™.
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Given t € {0,1/3}" we define the family of dyadic grids
2" = {2770, )" + m + (=1)*t) : k € Z,m € Z"}.

When ¢t = 0, 2° is the classic dyadic grid with base point at the origin
used in the Calderén-Zygmund decomposition.
Given a dyadic grid 2 and 0 < a < n, we define a dyadic version of I,:

125 = Y s Q/ Fl) dy - xo (). (41)

Qe
In [5] we showed that for non-negative functions f,

t
Lf(@) S max 17 f(x). (4.2)
Since I, and I;j are positive operators, hereafter we may assume that we
are dealing with non-negative functions and can apply these inequalities to
reduce to the dyadic case.

To estimate the norm of IZ, we will use a testing condition due to Lacey,
Sawyer and Uriarte-Tuero [15]. To state their result, we need two definitions.
First, given a cube Qo € 2, for x € Qo define the “outer” dyadic Riesz
potential

QeED
QDQo

Second, given 0 < a < mn, 1 < p < ¢ < oo and a pair of weights (u, ), define
the testing constant

197 =Y IQI%][ 1) dy - xo(a).
Q

1/q
[ua O—]Ig“t7p7q = sup /Igo (UXQO)({L‘)q’U, dx J(Q())_l/p'
0 R
Theorem 4.1. Given 0 < a<mn and 1 < p < q < oo,
ch-?( . 0’) HL;D(O-)A,Lq‘oo(u) ~ [0’, u]]gut,q/yp/
and
117 (- o) Lo ()= Lau) = [t Ol rgmt prg + [0, Ul 1gu g7 -

Remark 4.2. In Theorem 4.1 the restriction that p < ¢ is essential; this is the
reason for this condition for our paper. In [15] they give a different testing
condition that holds when p = ¢, but we have been unable to apply our
techniques to get estimates in this case.

Proof of Theorem 1.1

Our argument is broadly similar to the one in [4]. By inequality (4.2) it suffices
to fix a dyadic grid 2 and obtain norm estimates for /Z that are independent
of the grid. And by Theorem 4.1 it suffices to estimate the testing constant for
the outer Riesz potential. The inequality “<” in Theorem 1.1 is a consequence
of the following result.
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Theorem 4.3. Given 0 < a <n, 1 <p<gq< oo and a pair of weights (u,o),
then

[, 0] rgu g < (1 —=2°"") " Mo (- 0)| (o) La(u)
and
[0, ul 1t g pr < (1= 227") "I Ma (- )| 1ot () 10" (o)

Proof. We will prove the first inequality; the proof of the second is identical.
Fix a cube Qg € Z and for each k > 1 let Q; € Z be the unique cube such
that Qr_1 C Qr and |Qx| = 2*"|Qo|. By definition,

19(0xg) (@) = 3 1QI%7! / ox@o di - xq(2)
QDQo Q
/adx Z|Qk|n— xan ().
Qo

Clearly, the support of I9°(oxq,) is Upeo @k- If € Qo, then

I(?O(UXQO)( /O'dﬂf Z|Qk‘7_l |QO|%_1/0-dx,sz(a—n)
k=0

3o Qo
= (1—207") "L Qy|5 ! /de < (1 =27 "Ma(oxq,)(2)-

Qo
If z € Q;4+1\Q; for some j > 0, then
19°(ox ) /ad:r Z|Qk
o %_1/adx-22k(a_”) — (@ =2) eQufit [ods
Qo k=j Qo
— (-2 QR [ode £ (1= 2 Maloxg,)@).
Qo

We therefore have that

/ 190 (0x0,) udz < (1—2077)7 / Mo (0xqy) ude,
Rn n

and the desired inequality follows immediately. O

Finally, we prove the reverse inequalities in Theorem 1.1. We will prove
that

Mo (- W)l o (wy— 10 (o) S Ha (- 0 Lr(0)— Lo (w3
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the other estimates are proved in essentially the same way. Fix a cube Q);
then

S e P S
Q
<o) zo(o)— o= | fllzo@yu(@)

Let f = Ia(UXQ)leXQ- Then, since I, is self-adjoint, we have that

1/p'
[twarods | < Ha(-0)loro) o u@7.
Q
Since for non-negative functions f, M, f(z) < I, f(z), we have that

1/p’

et =sp | [ Maluxe) oz | u(@) 7
QR
Q

S Ha(-0)llze(e)— Lo ()-
But by Sawyer’s testing condition for the fractional maximal opera-
tor [30],
||Ma('u)||L4’(u)—>LP’(a) ~ [0, Ul Mg -

This completes the proof.

5. Estimates Involving A,

In this section we prove Theorems 2.1, 2.5 and 2.6. We first give some further
results on dyadic operators, and we then prove each of these theorems in
turn.

Dyadic fractional maximal operators

Given a dyadic grid 2, define the dyadic fractional maximal operator by

M f(x) ZSggmi_z/f(y)dy-m(w)
Q

Essentially the same argument in [5] that gave us (4.2) also lets us prove
the corresponding estimate for the fractional maximal operator:
t
Mof(2) S, max M7 f(). (5.1)
Therefore, it will suffice to prove norm estimates for MZ. In fact, we
will prove estimates for a linearization of this operator. We begin by defining
sparse families of cubes. These are a generalization of an idea closely con-
nected to the Calderén-Zygmund decomposition. Given a dyadic grid Z, a
subset § C 7 is sparse if there exists a family of disjoint, “thick” subsets: for
every Q € S there exists Eg C @ such that the family {Eg}ges is pairwise
disjoint and |Eg| > 1|Q|.
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Given a sparse family S define the linear operator

LSi) =5 1Q %]lfda: i ().
Q

QeS

Theorem 5.1. Given 0 < a <n and a dyadic grid 2, for every non-negative
Function f € L°(R™) there exists a sparse family S C & such that for a.e.
',I;7

M7 f(z) S Laf (=), (5.2)

and the implicit constants do not depend on 2, S or f. Consequently, for
any Banach function spaces X and'Y

M7 || x—y ~ Sup ILS | x—y
and

[ Mal|x—y = sup || L5| x—y.
S,9

The pointwise inequality (5.2) is well known; the basic idea first ap-
peared in Sawyer [30] (see also [3, Section 9.3]). The norm inequalities follow
from this and (5.1).

Proof of Theorem 2.1

For the proof we need three lemmas. The first is an LP estimate for a dyadic
maximal operator defined with respect to an arbitrary measure. Let p be a
positive Borel measure on R"; given a dyadic grid 2 and 0 < § < n, define

1
ME, @) = sup ——— [ I]du- xo()
B, B Q@
8 Qe7 p(Q)'
Q
When 8 = 0 we simply write My, = M#@. The operator Mﬁ9 satisfies norm
inequalities with bounds independent of u: the proof of the next result can

be found in [21].

Lemma 5.2. Given 0 < 8 <n and 1 <p < %, define % = %
measure such that u(R™) = oo, then

MZ < (147 -
M5l —rogn < (14

The second lemma is a weighted Carleson embedding theorem. To state
it we make two definitions. Given a sequence of positive numbers
c = {cg}gew, we say that c is a Carleson sequence with respect to a measure
w if for each Qo € 2,

> cq < Cu(Qo). (5:3)
QCQo

The infimum of the constants in inequality (5.3) will be denoted C(c).
Also, given a sequence a = {ag }gey, define the sequential maximal operator

Ma(z) = sup |ag| - xo(x).
QED
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The proof of the next result is also standard; for instance, see [13, The-
orem 4.5].

Lemma 5.3. Fiz 1 < p < oo and a dyadic grid 9. If a = {ag}gea is any
sequence and ¢ = {cqtgea is a Carleson sequence with respect to a measure
W, then

Z lag|P cq < C(c) /Ma(m)p dp.
QED R™

Finally, define the geometric maximal operator by
MO@f(:r) = sup exp ][log |fldx | - xo(z).
QED A

By Jensen’s inequality, for any r > 0, M f(z) < MZ(|f]")(z)"/", so
the geometric maximal operator is bounded on L?, p > 0. The sharp constant
can be readily computed using this fact: see, for instance, [13, Lemma 2.1].
(For the history of this operator, see [6] and the references it contains.)

Lemma 5.4. Given 0 < p < oo,
Mg fll e @ny < el fl|o@n)-

Proof of Theorem 2.1. Fix a non-negative function f. By Theorem 5.1 it will
suffice to get a norm estimate for the linearization

Lg(fa) ‘Q|"][f0'd$ XEq»
Qes
with a constant that is independent of the sparse subset S C 2. Since the
sets {Eq}ges are pairwise disjoint,
q
[rstods =¥ {10l ][ fodz | u(Eq)
Rn QES
1/q 1/p' 4

atay —a/r’,
< Z Q=+ ][uda: ][Jda: Q/fadz o(Q)" P

Qes oy by
(5.4)
Now let 8 = n(f — f) then

o(Q) 1" = (J@) 7(@Q).

Define the sequences ¢ = {cg} and a = {ag} by

1/q 1/p"\ 4

R ][ wde ][ o du o(Q)

Q Q
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and

for Q € S and zero otherwise.
Then we can rewrite (5.4) as

1/q
ILS(fo)lLaqw < | D (ag)eq ~ (5.5)

Qes

To estimate the right-hand side of (5.5) we will show that c is a Carleson
sequence with respect to the measure ¢ and its Carleson constant is bounded
by either

C(c) < 2elu,a]? N (5.6)
Ap q(u,0)AZP (o) 4
or
C(e) < 2[u, 0y [o]an. (5.7)

Given these estimate we are done: by Lemma 5.3 we have
1L (fo)l Loy < C(e)Y | Ma La(e)-

By our choice of the sequence a, Ma(x) = Mgaf(x). Since 0 € As, o(R™) =
o0, s0 by Lemma 5.2,

LS (fo)l L) < C@YUNMF fllLaiw) S CO)Y Lo (o)-

To complete the proof we first prove (5.6). Let Qg € Z; then by Lemma
5.4,

1/q 1/p"\ ¢
> o= @ik fude] | foa o(Q)
QCQo QQQ%O Q Q
< 2[u, 0]’ L > exp ][loga |Eq]
Aqu(’U‘#o')Aggp(U)q Qes
QCQo Q

< 2[u,o]? N /MO(XQ o)dz
As,q<u,o)Ai.zp<a>5Q ’
0

< 2¢|u, o]? N
A3, (w,0) AZP (o) 0

a(Qo)-
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We prove (5.7) in a similar fashion: by the definition of the A} constant,

QEQo

1/q 1/p"\ 1
Z cQ = Z |Q|%+%7% ][udm ][de

a(Q)
QS0 Q Q
a(Q)
< 2[u, o). ——7 | Eql
s 2 Q)
QS0

< 2u, o]%. /M(XQOCT) dx
Qo
< 2fu,olh_[olayo(Qo).

Proof of Theorem 2.5

To apply Theorem 2.2 we first make a few preliminary remarks. Given any
«a and exponents p and ¢ that satisfy the Sobolev relationship, define

s(p):1+§:q(lfa).

Given a weight w, if we let u = w? and o = w™*, then it is immediate
that

[U, U]Ag,q

NS

q
[w ] s(p)”

With this notation we can restate (2.4) as

i %
Mo llr (wr)— oo ey S w3, (w4 - (5.8)
Now fix r and w as in the hypotheses. We will prove (2.7) using inter-
polation with change of measure. Since r < s(p), there exist py and gg such
that 1/po — 1/qo = a/n and

r=st) = (1-3).

Note that py < p and qo < ¢. Define wy = w?/9; then

[wgo]As(pO) = [wq]Ar7
and so by (5.8),

L e
[ all Lro (o) = Lao.oe (way S (W 20w 0. (5.9)
Define p; > p and ¢; > ¢ by
1/2 1/2 1 1/2 1/2 1
Y2, 12 10 12, 12 1
Po P1 p q0 q1 q

Let w; = w?/ . Since s(p;) > s(p) > r, we have that

[wgl]As(m) < [wq]Ar'
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Therefore, if we repeat the above argument, we get that
1

e
el Los (ot ) aroe (way S (w40 w4 (5.10)

Given inequalities (5.9) and (5.10), by interpolation with change of mea-
sure (Stein and Weiss [32]; also see Grafakos [10, Exercise 1.4.9] for a careful
treatment of the constants) we get (2.7).

Proof of Theorem 2.6

Again, by (5.1) it suffices to work with the dyadic operator MZ. We begin
with a testing condition from [19]. Given p and ¢ satisfying the Sobolev
relationship, define

1/q
fR M7 (oxr)*Pu dx)
[u J]M” ,s(p) = Sup

Re2 o(R)!

(recall s(p) =1+ 7). It was shown in [19, Corollary 4.5] that

1M (- )l e (o) 2wy S [ 0] a2 )

that is, the two weight norm inequality of the fractional maximal operator is
bounded by the testing constant of the Hardy-Littlewood maximal operator.

Now fix w? € Ay, and let v = w? and 0 = w™P". We will estimate
[u,0]p2 s(p)- Fix R € 2. By inequality (5.2) there exists a sparse family
S C R such that

]Z W oxg e =3 (M) iy < 3 (D) Qg

QES QeS

For a € Z define

T 0@ unt
Q =7

S = QES:2”<<U(Q))

Q)

Since w? € Agqp), the sets §* are empty if a < -1 or a >
LlogQ[w_p,]ASm/)J := K. (The fact that u = w? and o = w™? is essential
at this step.) Hence,
1+%
CARER()
2 Ge) T
Qes

ZZ(II) QQ||Q| e > (%) el

a=—1QeS a=—1 Qese

(5.11)

We now analyze the inner sum in (5.11). For each a, —1 < a < K, let

S2 _ be the collection of maximal cubes with respect to inclusion in §%. Then

max
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the family S

max
cube from S¢

max*

S (D)= ¥ % (W) © [

QeSsa QESS, . PES“ QESLax

is pairwise disjoint and every cube in &% is contained in a
Thus,

If we substitute this estimate into (5.11), then we have that

ZK:?%Z (UﬁQQ')>EQ|< K 27 /MUXQ

a=—1 QeSe a=-1 QRESLx
7 u(@)
< M(oxg)dx
a;@gg (IQ) Q| / @

IN

) ;Z d. 0

(As(q’))p (A )1 a=—1Q€ESa,

<@+E)w L L o(R).
(As(qn) 7 (AN

If we combine the above inequalities, we get the desired estimate.

6. Two Weight A, Bump Conditions
In this section we construct Example 3.1 and prove Theorems 3.3 and 3.4.

Construction of Example 3.1

To construct the desired example, we need to consider two cases. In both
cases we will work on the real line.

The simpler case is if % — % 2 Note that in this case, by the Lebesgue
differentiation theorem, if (u,o) € qu,
Let f =0 = x[—2,—1] and let u = 2'X[0 ), where t = ¢(1 —a) — 1. Given any
Q = (a,0), A5 (u,0,Q) = 0 unless @ < —1 and b > 0. In this case we have
that

then u and ¢ have disjoint supports.

o>
_Q

|
—
.d\

Hence, (u,0) € Ay . On the other hand, for all x > 1,

Mo (fo)(z) = a7t

and so

[ Mt @ ute) d > 7 g [E o

R
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Now suppose % — % < 2. We begin with a general lemma that lets

us construct pairs in A7 ; this is an extension of the technique of factored
weights developed in [3, Chapter 6].

Lemma 6.1. Given 0 < a < n, suppose 1 < p < g < oo and

1
1<
7 S
wy, wg be locally integrable functions, and define

. Let

==
3Q

"
7

u = w; (M,sz) v 0= ws (Mywl)

’
P
q
9

where

1_1
9 P

_|_
’y:
1
1+1-

S|
|32

;

Proof. By our assumptions on p, ¢ and «, 0 < v < «a. Fix a cube Q. Then

S

Then (u,0) € A, and [u,0]ag < 1.

1

q 1
ol

Apg(u,0,Q) = |Q|%+%7% ][wl (Mvwz)_ﬁ dx <][w2(Mww1)_pq dx) ’
Q

1
7

1 P
<@t (fua)’ (|Q|l Fusda

Qi)

0
=1

With n = 1, fix v as in Lemma 6.1. The second step is to construct a
set B C [0,00) such that M, (xg)(z) =~ 1 for > 0. Let

E=JUi+G+1)7).
Jj=0
Suppose x € [k, k+1);if k = 0, then it is immediate that if we take Q = [0, 2],
then M, (xg) >3-27 2~ 1. If k > 1, let Q = [0, z]; then
k
My (xp)(@) =2 Y G+ =R+ G+
0<j<|z] j=0
~k+1D)" e+ =1
It remains to prove the reverse inequality. If |Q| < 1, then
ePHenEl<|QM <1,

so we only have to consider @ such that |Q| > 1. In this case, given a @, let @’
be the smallest interval whose endpoints are integers that contains ). Then
Q1 < 1Q| +2 < 3|Ql, and s0 |Q|EN Q| ~ |Q'""!|E N Q'|. Therefore,
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without loss of generality, it suffices to consider @ = [a,a + h + 1], a, h non-
negative integers. Then
a+h

QI MQNE|=(1+h"" Y <j+1>—w(1+h>7‘1/(t+1>‘”dt
a<j<a+h a

~(1+h) Ha+h+ 1) = (a+ 1)),

To estimate the last term suppose first that A < a. Then by the mean value
theorem the last term is dominated by

A+hr)" 1 +h)(a+1)"7 <1
On the other hand, if h > a, then the last term is dominated by
(1+h) Ha+h+1)7 <2t =1

We can now give our desired counter example. Let w1 = xg and let
w2 = X[o,1]- Then for all z > 2,

M) %1, Myunla) =sup|QP ! [ wadt = ar
Q
Q
Then by Lemma 6.1, if we set

_a p’
7

u = wi(Mpws) ¥, o =wa(Mpwi)™ 7,
then (u,0) € A5 . Moreover, for z > 2, we have that

w@) = 2"V g, o(x) = X

Fix f € LP(o): without loss of generality, we may assume supp(f) C
[0,1]. Then fo is locally integrable, and for > 2 we have that

Mo(fo)(x) > 27| folly = 27"
Therefore, for x > 2,
Mo(fo) (@) u(z) 2 2@ D923 .
By the definition of ~,
1 1 1 1 1 1 1 1
YN+ )=7({l+-—-)=a+-———=a-1+—-+—
qa P q P qa P qa P
equivalently,
q
(-1 (441) =ata-1),
and so
q
(a—l)q+(1—7); =7-1,

Therefore, to show that M,(fo) € L(u), it will be enough to prove
that

/a:'Y*lXE(J:) dz = oo.
2



Vol. 76 (2013) A Fractional Muckenhoupt—Wheeden Theorem 443
This is straight-forward:
s o G

/x'y_lXE(a:) dx

2

2 Ve

<.
/|
N

J

G+G+1)") G+

o

<.
||
N

G+ G+

)

<.
||
N

Mg

(j+1)"! = oo

<.
||
N

Proof of Theorems 3.3 and 3.4

Proof of Theorem 3.3. Our proof is adapted from the argument for the case
a = 0 given in [27]. Fix a non-negative function f; by a standard approxi-
mation argument we may assume that the support of f is contained in some
cube Q. Let ®,(t) = ®(t'/P); then be a rescaling argument (see [3, p. 98]),
1£7llg.w, = 15, and so

Mo f(2)? = Myaa, (f7)(2)?.

By [3, Lemma 5.49], we have that

<C / o, (f(x)p) dz.

H{z € Q: Mpa,a, (f7)(2)

t
{zeQ:f(z)>t/c}

By the Sobolev relationship, *<F* = L. Therefore, we have that
1 1
q
/Ma,cbf(y)qdy = /Mpa,cbp(fp)(y)*’ dy
Q Q
o a
a - dt
= | [t H{e € Q: Mypaa, (f7)(w) >t}
0
1
(o) ; ?
q p dt
< /ﬁ <I>p(f(f))dx =1

0 {z€Q:f(z)P>t/c}
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by Minkowski’s inequality and the change of variables t — (f(x)/s)P,

b

cf(z)? a dt a v
/ D (f(fj)) tr— dx
tr t
0

A

=

_ 07‘1)(;)2‘29 Q/f(x)pdx ;. .

Proof of Theorem 3.4. Arguing as we did for inequality (5.1) it suffices to
work with dyadic operators. Fix a sparse family S; we will estimate

]va u(EQ)-

Q=

/ LS (fo)iudr =

Rn Qes

Let 5 = n(% - %) Then

q 1/q q
> (l@ﬁffa) u(Bg) < Y |1l (][ud:c) f tods
Q Q Q

Qes QEeS
1/q a
aq1 " 2 1
< Q[ " udz o ls,0llfor ls,q
QeSS Q
q
<ol S lfov ]2 QI
QES
8 1
< luoll, c;sﬂcw 1o+ l15.0)" | Eal
€

P4,
Rn

< fwolly,, [O15as)"do

<[ olhe IMs3l%e rall oy -

References

[1] Beznosova, O., Reznikov, A.: Equivalent definitions of dyadic Muckenhoupt
and reverse Holder classes in terms of Carleson sequences, weak classes, and
comparability of dyadic Llog L and A constants (preprint, 2012)



Vol. 76 (2013) A Fractional Muckenhoupt—Wheeden Theorem 445

[2] Cruz-Uribe, D., Martell, J.M., Pérez, C.: Sharp two-weight inequalities for
singular integrals, with applications to the Hilbert transform and the Sarason
conjecture. Adv. Math. 216(2), 647676 (2007)

[3] Cruz-Uribe, D., Martell, J.M., Pérez, C.: Weights, extrapolation and the theory
of Rubio de Francia, vol. 215. In: Operator Theory: Advances and Applications.
Birkh&user/Springer Basel AG Basel (2011)

[4] Cruz-Uribe, D., Martell, J.M., Pérez, C.: A note on the off-diagonal
muckenhoupt—wheeden conjecture. In: Advanced Courses in Mathematical
Analysis V. World Scientific, Singapore (to appear, 2013)

[6] Cruz-Uribe, D., Moen, K.: One and two weight norm inequalities for Riesz
potentials. Illinois J. Math. (to appear, 2013)

[6] Cruz-Uribe, D., Neugebauer, C.J.: Weighted norm inequalities for the geomet-
ric maximal operator. Publ. Math. 42(1), 239-263 (1998)

[7] Cruz-Uribe, D., Reznikov, A., Volberg, A.: Logarithmic bump conditions and
the two-weight boundedness of Calderén-Zygmund operators, Preprint (2012)

[8] Fujii, N.: Weighted bounded mean oscillation and singular integrals. Math.
Japan. 22(5), 529-534 (1977/78)

[9] Garcia-Cuerva, J., Rubio de Francia, J.L., Weighted norm inequalities and
related topics. North-Holland Mathematics Studies, vol. 116. North-Holland
Publishing Co., Amsterdam (1985)

[10] Grafakos, L.: Classical Fourier analysis. In: Graduate Texts in Mathematics,
2nd edn, vol 249. Springer, New York (2008)

[11] Hytonen, T.: The A theorem: remarks and complements (2012), preprint

[12] Hytonen, T., Lacey, M.: The A, — A inequality for general Calderén-zygmund
operators. Indiana Univ. Math. J. (to appear, 2013)

[13] Hytonen, T., Pérez, C.: Sharp weighted bounds involving As. Anal. PDE (to
appear, 2013)

[14] Lacey, M., Moen, K., Pérez, C., Torres, R.H.: Sharp weighted bounds for frac-
tional integral operators. J. Funct. Anal. 259(5), 1073-1097 (2010)

[15] Lacey, M., Sawyer, E.T., Uriarte-Tuero, I.: Two weight inequalities for discrete
positive operators (2012), preprint

[16] Lerner, A.: Mixed Ap,-A, inequalities for classical singular integrals
and Littlewood-Paley operators. J. Geom. Anal. (2013). doi:10.1007/
$12220-011-9290-0

[17] Lerner, A.: A simple proof of the A, conjecture. Int. Math. Res. Not. (2013).
doi:10.1093/imrn/rns145

[18] Lerner, A., Moen, K.: Mixed Ap-As estimates with one supremum. preprint,
(2012)

[19] Moen, K.: Sharp one-weight and two-weight bounds for maximal opera-
tors. Studia Math. 194(2), 163-180 (2009)

[20] Moen, K.: Weighted inequalities for multilinear fractional integral opera-
tors. Collect. Math. 60(2), 213-238 (2009)

[21] Moen, K.: Sharp weighted bounds without testing or extrapolation. Arch.
Math. 99, 457-466 (2012)

[22] Muckenhoupt, B.: Private communication

[23] Muckenhoupt, B., Wheeden, R.L.: Weighted norm inequalities for fractional
integrals. Trans. Am. Math. Soc. 192, 261-274 (1974)


http://dx.doi.org/10.1007/s12220-011-9290-0
http://dx.doi.org/10.1007/s12220-011-9290-0
http://dx.doi.org/10.1093/imrn/rns145

446 D. Cruz-Uribe, SFO and K. Moen IEOT

[24] Muckenhoupt, B., Wheeden, R.L.: Two weight function norm inequalities for
the Hardy-Littlewood maximal function and the Hilbert transform. Studia
Math. 55(3), 279-294 (1976)

[25] Pérez, C.: Two weighted inequalities for potential and fractional type maximal
operators. Indiana Univ. Math. J. 43(2), 663-683 (1994)

[26] Pérez, C.: On sufficient conditions for the boundedness of the Hardy-Littlewood
maximal operator between weighted LP-spaces with different weights. Proc.
London Math. Soc. (3) 71(1), 135-157 (1995)

[27] Pérez, C.: On sufficient conditions for the boundedness of the Hardy-Littlewood
maximal operator between weighted LP-spaces with different weights. Proc.
Lond. Math. Soc. (3) 71(1), 135-157 (1995)

[28] Recchi, J.: Mixed A;-As bounds for fractional integrals (2012), preprint

[29] Reguera, M., Scurry, J.: On joint estimates for maximal functions and singular
integrals in weighted spaces, preprint (2011)

[30] Sawyer, E.T.: A characterization of a two-weight norm inequality for maximal
operators. Studia Math. 75(1), 1-11 (1982)

[31] Sawyer, E.T., Wheeden, R.L.: Weighted inequalities for fractional integrals on
Euclidean and homogeneous spaces. Am. J. Math. 114(4), 813-874 (1992)

[32] Stein, E.M., Weiss, G.: Interpolation of operators with change of mea-
sures. Trans. Am. Math. Soc., 87, 159-172 (1958)

[33] Wilson, J.M.: Weighted inequalities for the dyadic square function without
dyadic As. Duke Math. J. 55(1), 19-50 (1987)

[34] Wilson, J.M.: Weighted norm inequalities for the continuous square func-
tion. Trans. Am. Math. Soc. 314(2), 661-692 (1989)

[35] Wilson, J.M.: Weighted Littlewood-Paley theory and exponential-square inte-
grability. Lecture Notes in Mathematics, vol. 1924. Springer, Berlin (2007)

David Cruz-Uribe, SFO
Department of Mathematics
Trinity College

Hartford, CT 06106, USA

Kabe Moen (=)
Department of Mathematics
University of Alabama
Tuscaloosa, AL 35487, USA
e-mail: kmoen@as.ua.edu

Received: March 14, 2013.
Revised: April 11, 2013.



	A Fractional Muckenhoupt--Wheeden Theorem and its Consequences
	Abstract
	1. Introduction
	2. Generalized One Weight Inequalities
	3. Two Weight Inequalities via Ap Bump Conditions
	4. Proof of Theorem 1.1
	Dyadic Riesz Potentials
	Proof of Theorem 1.1

	5. Estimates Involving A infty
	Dyadic fractional maximal operators
	Proof of Theorem 2.1
	Proof of Theorem 2.5
	Proof of Theorem 2.6

	6. Two Weight Ap Bump Conditions
	Construction of Example 3.1
	Proof of Theorems 3.3 and 3.4

	References


