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1. Introduction and Notation

Throughout the paper €2 is a bounded domain in the complex plane C, whose
boundary 0f2 is assumed to be of Lipschitz type and U is the unit disk. By

dA(z) = dzdy (z =z +1y),

is denoted the Lebesgue area measure in 2. The main subject of this paper
is to discuss a weak solution of the Dirichlet problem

{Au:g(z), z€Q

ue WyP(Q), (L.1)

where p > 1, Au is the Laplacian and Wol’p (Q) is the space of functions
u € WHP(Q) N C(Q) with ulspg = 0. This is a Poisson’s equation. A weakly
differentiable function u defined in a domain Q with u|sq = 0 and u € C(Q)
is a weak solution of Poisson’s equation if the partial derivatives d,u aned
Oyu are locally integrable in €2 and

/ [D2u()9,0(2) + yu(2)0,0(2) + g(2)o(2)] dA(z) = 0,
Q
for all v € C} () (see e.g. [6]).
We recall some basic facts of potential theory in the plane which can be
found in [9]. It is well known that for g € LP(Q),p > 1, the weak solution u of
Poisson’s equation is given explicitly as the sum of the Newtonian potential

Y Birkhauser



564 D. Kalaj IEOT

Nlgl(z) = = / log |2 — wlg(w)dA(w),

27
Q
and a harmonic function h such that h|asq+ N (g)|sa = u|sq. A domain 2 has
Green’s function G whenever C \ € contains a nondegenerate continuum.
We normalize the Green function by Gq(z,() = —loglz — (| +0O(1) as z — (.
In particular, Go(z,¢) > 0. If Go(z,w) is the Green function of the domain
Q, then

u(z) = Palg](z) = — / Gz, w)g(w)dA(w) (12)
Q

is the explicit solution of (1.1). Here g € LP(2),p > 1. In particular if Q = U,
then the function

u(z) = %/log ||12_Z)U|g(w)df4(w)
U

is the explicit solution of (1.1) or more generally, if € is a simply connected
domain and if 9 is a conformal mapping between 2 and the unit disk U then
the solution is given by

L1 [ vl
u(z) = QW/I%_ o elwdA). (13)

For g € LP(Q),p > 1, the Cauchy transform and conjugate Cauchy
transform for Dirichlet’s problem (see [3, p. 155]) of g are defined by
Calgl(z) = Ou(z)

and

Here we use the notation

1 1 5.1 1

Recall that the norm of an operator T': X — Y between normed spaces X
and Y is defined by

1T x—y = sup{||Tz[| : [lz|| = 1}.

The space LP(Q2),p > 1 is the standard normed Lebesgue space with the
norm
1/p

1l = / FPAA()
Q

For p = 2 it is a Hilbert space.
It is well-known that for p > 1, Cauchy transforms

Ca: LP(Q) — LP(Q) and Cq: LP(Q) — LP(Q)

are bounded operators (the last fact can be deduces from e.g. [6, Lemma 7.12]).
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If u = uy +iug : Q — C is a complex valued function, then the Jacobian
matrix of a mapping is defined by

pu) = (G pnld) . s=eri

If w is a solution of (1.1), then the from (1.2), the matrix Du satisfies

—~

Du(z)h = [ (V.Gq(z,w)eh) g(w)dA(w), heR?*=C. (1.4)

2

Here g = (g1 + ig2) = (91, 92) is a (possibly) complex valued function and e
denotes the scalar or inner product. Moreover V, is the gradient with respect
to z. Equation (1.4) defines the differential operator of Dirichlet’s problem

DQ : LP(Q, C) — LP(Q,MQ,Q), DQ[Q] = Du.

Here Ms 5 is the space of square 2 x 2 matrices A by the induced norm:
|A| = max{|Ah| : |h] = 1}.
With respect to the induced norm there holds

|Du(2)] = [9u(2)| + |0u(2)], (1.5)
and this implies that
Dalgl(2)] = [Calgl(2)] + [Calgl(2)]. (1.6)

The formula (1.5) is well-known, but for the completeness we include its proof
here. Namely for h = e we have

|Du(2)h| = |0u(2)h + Ou(2)h| < |0u(z)] + |0u(2)].
On the other hand by choosing h, = e such that
2t, = arg [Ju(z)/0u(2)]
provided du(z) # 0 and du(z) # 0, we have
|Du(2)ho| = [Ou(2)| + [Ou(2)].

This and the previous inequality imply (1.5).
2
Observe that for g = 1 and = U, the solution of (1.1) is u(z) = =2
and therefore

1 1
lillo = max fu(z)] = ()] = 7 = 7llgllsc (17)
The previous special situation is a motivation for our study. We will study
certain norms of operators Pq,Cq,Co and Dg, where €2 is a bounded set of
the complex plane.
In what follows we include some background. Suppose that g € LP(Q),
and that g = 0 outside Q2. The Cauchy transform €[g] of g, is defined by

elal(z) = ~40.Ngl(2) = + [ 2L aau)
Q
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We want to point out the following result of Anderson and Hinkkanen
[1]. If Q@ = U, the Cauchy transform € restricted to U, satisfies

2
¢l rompe = =, 1.8
Iellzege == (13)

where « = 2.4048 is the smallest positive zero of the Bessel function .Jj :

niw =3 S (5

In Anderson et al. [2] obtained some non-sharp estimates of the norm of the
Cauchy transform € in some domain that is not a disk. Later it was proved
by Dostanié¢ [5] that the norm of € on L?(Q) (where (2 is a bounded domain
in C with piecewise C'! boundary) is equal to 2/v/\1, where \; is the smallest
eigenvalue of the Dirichlet—Laplacian

{Au—)\u,zeﬂ

1.9
ulon = 0 (1.9)

We refer to the additional paper of Dostanié¢ [4] for some LP estimates for
the operator €. In [7] the author studied the LP — LP and L? — L° norms
of Cauchy transform with respect to Dirichlet’s problem on the unit disk U
and there were obtained some sharp results for p = 1,2, 00 and ¢ > 2.

Together with this introduction, the paper contains two more sections.
In Sect. 2 we establish some inequalities concerning the norm ||Pq||rr— 1o,
where p > 1 and ) is a domain in the complex plane. The proofs make use
of Mobius transformations, subordination principle and Jensen formula. The
results are sharp when 2 is a disk in the complex plane. In Sect. 3 we deter-
mine the Hilbert norms ||Pqllr2—12, [|[Callrz—r2 and ||Dqllr2— 12, provided
that €2 is a domain in the complex plane having a piecewise smooth boundary.
The proof of the results in Sect. 3 make use of the eigenfunction expansion
of a square integrable function f.

2. L*° Norm of Solution
We begin with the following lemmas needed in the sequel.

Lemma 2.1. For q > 1 the function

B |z —w| | dA(w)
z) = / ‘log — 5
U
is equal to
Iy(2) = 2717 (1 + q)(1/]2] = |2])*Lig-1(]2[?), (2.1)
where

2wk
Lig(w kz::k—

is the polylogarithm function.
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Proof. For a fixed z, we introduce the change of variables

Z—w
1—zw
or, what is the same,
w z—a
T 1-—2za
Then
(1—2))?
and
2 dA(a)
o a0 (L= 1212 dA(a)
/| Og|a|| ‘1 Za|4 271_
Since
2
n— 1771 1

)

1 fza|4 B

by using polar coordinates a = re® and using Parseval’s formula we have
1 27

drdt
I(z)=(1—|z? 2// (log1/r)? Zn2r2" Hg|2n—2 ;ﬂ_
00 =

1

— |21 Zn2|z\2” 2/ (log 1/r)?r*~tdr

= (1—12]*)? Z n?|z|?" 22710 T (1 4 )

n=1
=T(1+¢)27791 - |z?) an a| 522,

The last expression can be written as (2.1). O
Lemma 2.2. For q > 1, the function
fumy = Lk ), 1,00 =1
is decreasing in m € [0,1].
Proof. First of all
F(m) = (—1+m)((—-1+ m)Liq_nigm) +(1+ m)Liq_l(m))_
Further by calculating the Taylor coefficients w.r.t m we have
(=1 + m)Liz_2(m) 4+ (1 +m)Liz_1(m))
-y [2k(2k — 1)~ [(2k)9 — (2k — 1) m**1,
k=1
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It follows for 0 < m < 1 the inequality f;(m) < 0. This implies that f, is
decreasing as desired. O

It follows from Lemmas 2.1 and 2.2 that

Corollary 2.3. For q > 1 we have

I'(l1+gq)
gl‘zglq(z) =1,(0) = “oltg

Theorem 2.4. If u is a solution of equation (1.1) with Q = U is the unit disk,
then for g € LP(U) we have the following sharp inequality

1/q
S +a)

l[ullsc < WHQH;% (2.2)
where q is the conjugate of p: 1/p+ 1/q = 1. In other words
T(1+q)'/9
IPullLr—re = —oijari
Proof. From (1) we have
. 1/q 1/p
|z —w| |* dA(w) dA(w)
< p
)| < | [ flog at gl ) e
U U

The inequality (2.2) follows from Corollary 2.3 and (2.3). The sharpness of

the result follows by taking g(w) = —|log|1/w||%/?. The explicit solution is
the following positive function
— / =g 17 aA(w)

and its maximum (the norm ||ul/s) is

I(1+q) D(1+q)/9

u(0) = ot = LEE D g,
O
Theorem 2.5. If Q2 C U is a complex domain then
I(1+q)'/e

The equality is attained if and only if Q is the unit disk.
Proof. By (1.2) and Hélder inequality we obtain

1/a
it G2 [lgtop
Q Q

By subordination principle (see e.g. [9]) for every analytic function f: Q@ — U
and z,w € 2 we have

1/p

Ga(z,w) < Gu(f(2), f(w)). (2.5)
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Thus for z,w € Q

Ga(z,w) < log

1—zw
—w

This implies that

|z — T dA(w)

/|GQ(z,w) /‘ B | o

Q

Since 2 C U we have
q q
— — A
/’log 12 7w| w) g/‘log |2 7w| d (w) (2.6)
2
Q U

This together with (2.3) and Corollary 2.3 yields (2.4). Since (2.5) (or (2.6))
is an equality if only if €2 is the unit disk, the last assertion of the theorem
follows at once. 0

Corollary 2.6. If Q is a bounded complex domain with diameter diam(f),
then

(2.7)

diam(Q)\ > P T(1 + ¢)/4
2 21/a+1

1Pallirim < (

The equality is attained if and only if Q is a disk. In other words for every
solution u to (1.1) we have

diam(Q)\ P T(1 + ¢)*/
I e I (2)
Proof. The proof follows by making use of the change z = Ww + b, to

the Poisson equation Au(z) = g(z), and applying Theorem 2.5. Here b is the
midpoint of the diameter of €. Since the proof is straightforward, the details
are omitted. 0

2.1. The Refinement of the Case ¢ = 1

In the following theorem we obtain a partial refinement of the local estimate
(2.8) for the case ¢ = 1 provided that  C U is a Jordan domain satisfying
certain properties. We will assume that the conformal mapping ¢: Q@ — U
has a conformal extension up to U. In addition we assume that 0 €  is
the center of the outscribed circle of Q,diam(Q2) = 2 and ¥(0) = 0 (see
Remark 2.8 for a nontrivial example of Q).

Theorem 2.7. If g € L>°(Q) and u is a solution to (1.1) then

soe| " F gl se0r ) 29)

1
< 1 -
ju(2)] < mm{4,

and

111 1
o) < min { 1. - J1og 0| g
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Proof. Denote by 1 a conformal extension of ¢ in U. From (1.3) we have

vl | 14
|\2ﬂ/‘ s wwd ()9

Let
w(z);w(w) .
1 —(2)v(w)

Then @ is an analytic function in the unit disk U. Since z is the only zero of
®(w) in the unit disk, by using the Jensen formula we have

d(w) =

1 )
?/M@wmwﬁ%mw+mi
T
0

2|
= log M + log .
1—1(2)1(0) |2|
By integrating over [0, 1] we have
i ¥(z) — $(0)

1

1 1

2—/r/10g|<1> re't)|dtdr = glog
0

Thus

1 1
—[—-14+2log — |.
+4( " %vo

+1 1+ 21 !
1 T

1—(2)1(0)

| - v0)
1 —1(2)9(0)
But ¢(0) = 0, and therefore

11 ‘1/}(2

e < - 5108 |

u(2)] <

19loc-

|9lloc; 2 #0.

On the other hand by Corollary 2.6 we have |u(z)| < 1glloc, # # 0. This
concludes the proof. O

Remark 2.8. By the conditions of Theorem 2.7, there exists a point zy on the
boundary of  such that |zg| = 1. Since |(z0)| = 1, it follows that
1 ¥ (20) 1

1
Z_ 7] =_. 2.10
‘4 2 % % ’ 4 (2.10)

Thus the estimate (2.9) does not provide a better estimate of norm of Pq than
the estimate (2.7). But (2.10) and the Schwarz lemma (|z] < [1(2)|) implies
that near the point zy in 2, the inequality (2.9) is better that the inequal-
ity (2.8) for the case ¢ = 1. The question arises for which Jordan domains
Q C U satisfying the conditions of Theorem 2.9 we have

’i—;log‘wiz)H<i, 2 e\ {0} (2.11)
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The last relation is equivalent to

¥(2)

z

<1
5"

Since the right hand inequality is satisfied, because Q@ C U and Schwarz
lemma, the relation (2.11) is satisfied provided that | (z)| < e|z|.
For example if Q is the square {z : |x| + |y| < 1}, then the mapping

I(3/4) 115 ,
T e F — p— —
A Y e T (4’ 217 )"
is a conformal mapping of the unit disk onto 2. Here o Fy is the Gauss hyper-

geometric function. Moreover it has a conformal extension mapping a starlike
domain S onto U. For ¢(z) = ¢~ 1(z) we have

()| VL(5/4)
[~ T(3/4)
Thus (2.11) is satisfied.

1
O<§log

1< ~ 131103 <e, z€.

3. The Hilbert Norm of Solution and of its Gradient

Let d > 2 and let  C R be a domain with smooth boundary ~ (piecewise
smooth if d = 2). Let (¢,,)5; be an orthonormal basic of L?({2) consisting
of eigenfunctions of boundary problem (1.9), such that —Aep,, = A\, where
A1 < A2 <...< Ay ... The functions ¢y, are real valued.

We now determine the Hilbert norm of solution.

Theorem 3.1. The norm of the operator Pq : L?(Q, C) — L?(Q), C) satisfies
IPallze-z =
In other words

1
1Palglll2 < )\—||g||2, for complex valued g € L*(Q). (3.1)
1

Equality is attained in (3.1) for g(z) = cp1(z), for a.e. z € Q, where ¢ is a
real constant.

Proof. We start with
Lemma 3.2. If f € L?(2), then under previous notation

[Palfl3 = 3 28

)\2
k=1 k

Proof of Lemma 3.2. Let ay, = (f, ¢x) and
F(2) = arpi(2). (3:2)
k=1
Here ax,k =1,2..., are complex constants. Then

Palf] = Z arPalpk]-
k=1
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Moreover,

1 1
Palpr] = )IPQ[A%] =T

Since ¢r’s make an orthonormal basis we obtain

e 2 e 2
ag ag

Palfll? = 3 % [ loupaa= Y- 12
k=1 "k g k=1 "k

O

According to Jentzsch’s theorem, A; is a simple eigenvalue. Thus 0 <
A1 < Ay < A3 < ... It follows from Lemma 3.5 that

1Palfllla < 5171
1
Thus
1Palf]ll2 = %\Ifllz

if and only if a,, = 0 for n > 2. U

To determine the Hilbert norm of the Cauchy transform w.r.t Dirichlet’s
problem, we need the following lemma.

Lemma 3.3. Under the notation of introduction of this section, for n,m € N,

/Vgon(z) o Vo, (2)dA(2) = Mibmn.-
Q

Here o denotes the inner product.

Proof. This lemma is proved in [5] for the case d = 2. For the completeness
we give its detailed proof here. First of all (1.9) is reduced to the following
Fredholm integral equation of the second kind with a self-adjoint kernel:

u(w) — )\/u(z)GQ(w, z)dA(z) =0, we.
Q

Because the volume potential is smooth on the whole space, provided that the
density is bounded and 0 is piecewise smooth in dimension 2 and smooth
in larger dimensions, it follows that every solution to (1.9) is smooth up to
the boundary ([8]).

Let ¢ and ¢ be scalar functions defined in the region €2, and suppose
that p € C?(Q2)NC(Q), and v is once continuously differentiable. Then, by
the divergence theorem applied to the vector field F = ¢V, we obtain

/ (YAp+ Ve eVi) dA = ]{l/f (Vo en) ds (3.3)
Q o0

where 92 is the boundary of region €2 and n is the outward pointing unit
normal on vy = Jf.
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By taking ¢ = ¢, and ¥ = ¢, in (3.3), and having in mind the fact
that A, = —X\y@n, ©nly =0 and (pn, ©m) = dpm, We obtain that

/(Vgpn e Vy,,) dA(z) = )\n/goncpmdA(z) = A0
Q Q

We now have:

Theorem 3.4. Let €2 be a domain in C with piecewise smooth boundary. The
norms of the operators Cq,Cq : L*(Q, C) — L*(Q, C) satisfy

ICallrz—r2 = [Callr2—r2 = Vo
In other words

ICalglll2, ICalglll2 < ||gH27 for complex valued g € LQ(Q). (3.4)

2V A
Equality in each case holds in (3.4) if and only if g(z) = cp1(z), for a.e.
z € Q, where ¢ is a real constant.

Proof. We begin by the following lemma

Lemma 3.5. If f € L?(2), then under the previous notation

Iealf113 = Icalnlg = 3 L2t

k=1

Proof of Lemma 3.5. By using representation (3.2) we have

Colf] =Y axCalips].
k=1

Moreover, since ¢ is a real valued function, we have that Vg, =
(Phas Phy) = Phy +iPky = 20y, treated as two-dimensional vectors. Notice
that they are formally different mathematical objects: the first one is a real
vector, while the second is a complex number. Having in mind the previous
identification, we have

Calor] = _7652 [Apr] = V.

2)\

According to Lemma 3.3 we obtam

jealfllg = 3 / ViouldA = Z'“’“'
k=1

Since 0 < A\; < Ay < A3 < ..., it follows from Lemma 3.5 that

. 1
ICalf]ll2 < mllf\\z.
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Thus

. 1
ICalf]ll2 = ﬁllfllz

if and only if a,, = 0 for n > 2. Similarly the operator Cq can be treated. O

Theorem 3.4 implies

Corollary 3.6. For a real valued function u € WH2(Q) N C(Q) such that
u|oga = 0, we have the following sharp inequality

1
VA

where \y is the smallest eigenvalue of the boundary problem (1.9), i.e.

IVulls < —=I|Aullz,

A= inf{\ > 0: —Au = du,u € W2 (Q)}.
As
[Dalgl(2)] = [Calgl(2)] + [Calg)(2)|

we obtain that

| Dalg] (3.5)

1 1 1
2 < —=||9ll2 + =—==1l9ll2 = —=|l9ll|2-
[ 2\/KH [ 2\/>\—1|| [ \/ﬂ” I

By the definition of complex partial derivatives, for a real valued function f

we have
~ 1 5 , 1
071 = 1071 = 57/ 0. 112 + 10,712 = 319 f1.

This observation together with (1.5) imply that |V f| = |Df|. This equality
and Theorem 3.4 imply the following theorem.

Theorem 3.7. The norm of the differential operator
DQ : LQ(Q,C) — L2(Q,M2,2), DQ[Q] = Du,

is 1/v/A1. In other words there holds the sharp inequality

[Dull2 < (3.6)

1
—|A
T lAullz

for complex valued functions u € W12(2) N C(Q) vanishing on the boundary
of Q.

Proof. The relation (3.6) follows from (3.5). By taking g(z) = ¢1(2), and hav-
ing in mind the equation |Vg| = |Dg|, according to Theorem 3.4 we obtain
that (3.6) is sharp. O
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3.1. Special Cases

If @ = U, then \; = o, where a; ~ 2.4048 is the smallest positive zero of
the Bessel function Jy. In this case ¢1 = ¢|z|Jo(a1]z]) where ¢ is a constant
and Jy is the Bessel function. If Q = [0, 7], then X, = n® + m? are eigen-
values and ¢y, ,, = 2 sin(na) sin(ny) are eigenfunctions of boundary problem
(1.9), and thus A\; = 2 and ¢; = Zsinzsiny. See [5] for the last facts. The
first eigenvalue A\ of the Dirichlet—Laplacian is well-known for the unit ball
in R™, and it seems that the Theorem 3.1 still hold in several dimensional
case as well.
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