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Abstract. Studying commutative C™*-algebras generated by Toeplitz
operators on the unit ball it was proved that, given a maximal com-
mutative subgroup of biholomorphisms of the unit ball, the C*-algebra
generated by Toeplitz operators, whose symbols are invariant under the
action of this subgroup, is commutative on each standard weighted Berg-
man space. There are five different pairwise non-conjugate model clas-
ses of such subgroups: quasi-elliptic, quasi-parabolic, quasi-hyperbolic,
nilpotent, and quasi-nilpotent. Recently it was observed in Vasilevski
(Integr Equ Oper Theory. 66:141-152, 2010) that there are many other,
not geometrically defined, classes of symbols which generate commuta-
tive Toeplitz operator algebras on each weighted Bergman space. These
classes of symbols were subordinated to the quasi-elliptic group, the
corresponding commutative operator algebras were Banach, and being
extended to C*-algebras they became non-commutative. These results
were extended then to the classes of symbols, subordinated to the quasi-
hyperbolic and quasi-parabolic groups. In this paper we prove the anal-
ogous commutativity result for Toeplitz operators whose symbols are
subordinated to the quasi-nilpotent group. At the same time we con-
jecture that apart from the known C*-algebra cases there are no more
new Banach algebras generated by Toeplitz operators whose symbols
are subordinated to the nilpotent group and which are commutative on
each weighted Bergman space.
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1. Introduction

In the present paper (we hope that) we finish the classification of the Banach
and C*-algebras generated by Toeplitz operators that are commutative on
each (commonly considered) weighted Bergman space over the unit ball B™
in C™. The short history of this problem is as follows.

The C*-algebras generated by Toeplitz operators which are commuta-
tive on each weighted Bergman space over the unit disk were completely
classified in [2]. Under some technical assumption on “richness” of a class
of generating symbols the result was as follows. A C*-algebra generated by
Toeplitz operators is commutative on each weighted Bergman space if and
only if the corresponding symbols of Toeplitz operators are constant on cycles
of a pencil of hyperbolic geodesics on the unit disk, or if and only if the cor-
responding symbols of Toeplitz operators are invariant under the action of
a mazimal commutative subgroup of the Mobius transformations of the unit
disk. We note that the commutativity on each weighted Bergman space was
crucial in the part “only if” of the above result.

Generalizing this result to Toeplitz operators on the unit ball, it was
proved in [3,4] that, given a maximal commutative subgroup of biholomor-
phisms of the unit ball, the C*-algebra generated by Toeplitz operators, whose
symbols are invariant under the action of this subgroup, is commutative on
each weighted Bergman space. We note that there are five different pairwise
non-conjugate model classes of such subgroups: quasi-elliptic, quasi-parabolic,
quasi-hyperbolic, nilpotent, and quasi-nilpotent (the last one depends on a
parameter, giving in total n 4+ 2 model classes for the n-dimensional unit
ball). As a consequence, for the unit ball of dimension n, there are n + 2
essentially different “model” commutative C*-algebras, all others are conju-
gated with one of them via biholomorphisms of the unit ball.

It was firmly expected that the above algebras exhaust all possible alge-
bras of Toeplitz operators which are commutative on each weighted Bergman
space. That is, the invariance under the action of a maximal commutative
subgroup of biholomorphisms for generating symbols is the only reason for
the appearance of Toeplitz operator algebras which are commutative on each
weighted Bergman space.

Recently and quite unexpectedly it was observed in [6] that for n > 1
there are many other, not geometrically defined, classes of symbols which
generate commutative Toeplitz operator algebras on each weighted Bergman
space. These classes of symbols were in a sense originated from, or subor-
dinated to the quasi-elliptic group, the corresponding commutative opera-
tor algebras were Banach, and being extended to C*-algebras they became
non-commutative. Moreover, for n = 1 all of them collapsed to the commu-
tative C*-algebra generated by Toeplitz operators with radial symbols (one-
dimensional quasi-elliptic case). These results were extended in [1,7] then
to the classes of symbols, subordinated to the quasi-hyperbolic and quasi-
parabolic groups, which as well generate via corresponding Toeplitz operators
classes of Banach algebras being commutative on each weighted Bergman
space. That is, together with [6], these papers cover the multidimensional
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extensions of the (only) three model cases on the unit disk. The study of the
last two model cases of maximal commutative subgroup of biholomorphisms
of the unit ball, the nilpotent, and quasi-nilpotent groups (which appear only
for n > 1 and n > 2, respectively), was left as an important and interesting
open question.

After many unsuccessful attempts to find commutative algebras gen-
erated by Toeplitz operators and subordinated to the nilpotent group we
conjecture that apart from the known cases there are no more new Banach
algebras generated by Toeplitz operators with symbols subordinated to the nil-
potent group of biholomorphisms of the unit ball B" and commutative on each
weighted Bergman space.

At the same time such commutative algebras subordinated to the quasi-
nilpotent group do exist, and the present paper is devoted to their descrip-
tion. According to our current understanding the only additional source for
the appearance of (Banach) Toeplitz operator algebras which are commuta-
tive on each weighted Bergman space comes from a torus action on B™. More
precisely, the maximal commutative group of biholomorphisms, to which the
symbols are subordinated, must contain the torus T, with k& > 2, as a sub-
group. In the case of the one-dimensional torus T the above commutative
Toeplitz operator algebras collapse to known commutative C*-algebras gen-
erated by Toeplitz operators whose symbols are invariant under the action
of the maximal commutative group of biholomorphisms in question.

The authors thank Armando Sdnchez-Nungaray for stimulating discus-
sions on the topics of this paper.

2. Preliminaries

In this section we recall some notation from [4] that are used throughout the
text. Let

B" :={z=(21,...,20) €EC" | |22 = |21 > + ... + |2a|> < 1}
be the unit ball in C™. The Siegel domain D,, in C™, which is an unbounded
realization of the unit ball B", has the form

D, — {z — (¢, 2,) €C" 1 x C | Imz, — |2 >0 }

Recall that the Cayley transform w : B™ — D,, maps biholomorphically the
unit ball B” onto D,,. Let v be the usual Lebesgue measure on C" = R?"
and fix A > —1. Then the standard weighted measure py on B" with weight
parameter A is given by:

F'n+A+1)

duy = cx(1 — |z|*)*d d =l

= ex( |2]7) dv, an Cx T+ 1)

Here ¢y is a normalizing constant such that ux(B™) = 1. On D,, we can

consider the corresponding weighted measure fi) defined by

Ain(¢'Ga) = - (Im G =[PP du(¢' ).
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Let f be a function on B", then we put (U f)(¢) := 2" AT (1—i¢,) 1 fo
w™(¢) where ¢ € D,,. A straightforward calculation shows, cf. [1,4]

Lemma 2.1. Let X > —1, then U\ defines a unitary transformation of
Ly(B™, pix) onto La(Dy,, fix).

In the following we write A3 (B") and A3 (D,,) for the weighted Berg-
man spaces of all complex analytic functions in Lo(B™, py) and Lo(Dy, fiy),
respectively. It is known that by restriction U defines a unitary transforma-
tion of A3 (B™) onto A3(D,,).

Let Bp,, » be the Bergman projection of La(D,,, fix) onto Ai (D). Given
a bounded measurable function f € L>°(D,,) we define the Toeplitz operator
Ty acting on the weighted Bergman space A3 (D,,) in the usual way by

Ty := Bp, AMj,

where My denotes the multiplication by f. In this paper we study a class of
commutative Banach algebras generated by Toeplitz operators on A?\ (Dy,).
To simplify the notation we will not indicate the dependence of Tt on the
weight parameter A. Note that via the unitary transformation U the results
in this paper on Toeplitz operators acting on weighted Bergman spaces over
D,, can be directly translated to the corresponding setting of Toeplitz oper-
ators on A3 (B").

Put D :=C" ! x R x R;. Then the map:
k:D — Dy (2 u,0) = (2, u+iv 4|2 [?)

defines a diffeomorphism with inverse k= 1(2/, 2,,) = (2/, Re 2, Imz, — |2/|?).
Given a function f on D,,, we define Uyf := f o k to obtain a function Uy f
on D. On the domain D we consider the measure

dna (2 u,v) = %v)‘dv(z’,u,v).
We have the following, cf. [1,4]

Lemma 2.2. The operator Uy is unitary from Lo(Dy,, i) to La(D,ny) with
inuverse UO_1 =Ug given by Ul f = for™L.

We occasionally omit the dependence of the weight A > —1 and put
Ao(D) := Uy (A3(D,,)) which clearly forms a closed subspace of La(D,n,).

3. Quasi-Nilpotent Group Action and a Decomposition of the
Bergman Projection

As was explained in [3,4] the classification of maximal commutative sub-
groups G of biholomorphisms of D, or B" yields five essentially differ-
ent types. Corresponding to each type there are commutative Banach or
C*-algebras of Toeplitz operators acting on weighted Bergman spaces. The
aim of this paper is to define such algebras in case of the quasi-nilpotent
group G of biholomorphisms. We recall the definition.
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Let 1 < k < n—2. We rather use the notation z = (2/,w’, z,,) for z € D,
where 2z € C* and w’ € C" %=1, The quasi-nilpotent group TF x R*~F=1 xR
acts on Dy, cf. [4], as follows: given (t,b,h) € T* x R"“F~1 x R, we have:

Tapn (2w, 2,) = (82,0 + b, 2, + h+ 20w’ - b+ i|b\2).

Note that in the case k = n — 1 we obtain the quasi-parabolic group, while
for k = 0 the group action is called nilpotent.

On the domain D = CF x C"*~1 x R x R, we use the variables
(2, w',u,v) and we represent Lo(D,n,) in the form:

Ly(D,m) = La(CF) @ Ly(C" 1) @ La(R) @ La(Roy, ). (3.1)

Let F be the Fourier transform on Lo(R), and with respect to the decom-
position (3.1) consider the unitary operators Uy := I ® I @ F ® I acting on
Lo(D,ny). With this notation we put A1 (D) := Uy (Ao(D)).

Next, we introduce polar coordinates on C*¥ and put r = (r1,...,7%) =
(Iz1]s - - - |z]). Moreover, in the following we write 2’ := Re w’ and 3’ :=
Im w’. Then one can check that 7,9’ and Imz, — |w'|? are invariant under
the action of the quasi-nilpotent group. Following the ideas in [4] and with
rdr = ridry - - - ridry, we represent Lo(D,n,) in the form

Lo(RY, 7dr) @ Ly(T") @ Ly(R" 1) @ Ly(R" 1) @ La(R) @ La(Ry, ).
(3.2)
We define the unitary operator Uz on Lo (D, 1) by Us = I @ F (1) @ F(p——1)®
I®I®I. Here F(3,) = F®---@F is the k-dimensional discrete Fourier trans-
form and Fi,,_j_1) = F®---® F denotes the (n —k — 1)-dimensional Fourier
transform on Ly (R"¥~1). Note that Ly(D,ny) is isometrically mapped by
Us onto
s (Zk, Ly(RY,rdr) @ Ly(R"* 1) @ Ly(R™ 1) @ Ly(R) ® Lo (R, 77,\))~
(3.3)
We put A2(D) := Uz(A1(D)) and we write elements in (3.3) as {fa(r,2’, v/,
§,v)} gezr, where
(r,2’,y', &, v) € RE x RPF1 X R*™F-1 x R x Ry.
Next we recall the definition of the unitary operator Us which acts on (3.3)
by:
Us:{fs(r, 2"y, €,v) } ’—’{fﬁ (7“ VE@ +1) (=2 1), v)} -
) ) ) ) BeZk b ) 2\/5 ) ) /QEZk
One immediately checks that the inverse U; ! has the form
U_lz{fg(r oy &)} '_’{fﬁ (7" x—,—\/gy' L/—I—\/Ey’ ¢ v>}
3 ) AR BETk 72\/5 72\/5 A ez

In the following we write Zy = N U {0} = {0,1,2,---} for the non-
negative integers. In order to state the main result of Section 8 in [4] we
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need to introduce the operator Ry, which defines an isometric embedding of
Uo(ZE , Ly(R"F~1 x R})) into (3.3). It is explicitly given by

Ry {ea(a', )b pens — {xmm (ﬂ,oAg(@rﬁeW*v)%w,@}ﬁ
€7k

= {gﬁ(r’lyvylvfav)}ﬁezk-
Here x71 vg | (3,€) denotes the characteristic function of ZX xR and cg(2’, €)

is extended by zero for £ € (—o0,0) and all 2’ € R"~*~1, Moreover, we have
used the abbreviation

ko1 [ 2K42 (26)1814A+R+L
Aﬁ(f) =T 4 \/ o BIF()\ T 1) . (3.4)
The adjoint operator R is given by:
Ry s {fs(r,a 5/ €,0)} s — {45(6) (3.5)
,CAUA

lv'|?
X/ e €015 oty prdrdy A dv}
RE xRP—F=1xRy BELY

We set U := UsUsU Uy, which gives a unitary operator from Ai (D,,) onto
A3(D) := Us(A3(D)). The following result has been proved in [4], Theorem
8.2 and it provides a decomposition of the Bergman projection Bp, x in form
of a certain operator product.

Theorem 3.1. [4] The operator R := RSU maps La(Dy, fix) onto the space
Uo(ZE, Ly(R"™F=1 x RY)), and the restriction

R A3(Dy) — (25, Ly (R 71 x R))

(D’Vl>
is an isometric isomorphism. The adjoint operator
R* =U*Ry : bo(Z5, Ly(R"" ! x Ry)) — A3(D,,) C Lao(Dy,, fin)

is an isometric isomorphism of la(Z , Loy(R"*~1 x R.)) onto the subspace
A2(Dy,) of La(Dy, fin). Furthermore one has:

RR* =1 :0(Z% , Ly(R"F 1 x Ry)) — bo(ZX, Ly(R*F71 x Ry)),
R*R = Bp, x : La(Dy, fir) — A3(Dy).

4. Toeplitz Operators with Quasi-Homogeneous Symbols

Now, we restrict our attention to bounded measurable symbols on D,, that are
invariant or have a certain homogeneity with respect to the quasi-nilpotent
group action on D,,.

Definition 4.1. A bounded measurable function a : D,, — C is called quasi-
nilpotent if it has the form a(z) = a(r,y’,Imz,, — |w’|?). In particular, such a
is invariant under the action of the quasi-nilpotent group.

The following theorem was proved in [4].
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Theorem 4.2. [4, Theorem 10.4] Let a = a(r,y’,Imz, — |w'|?) be a bounded
measurable quasi-nilpotent function on D, . Then the Toeplitz operator Ty,
acting on A3 (Dy,) is unitary equivalent to the multiplication operator voI =
RT,R* acting on the space (*(Z% , Lo(R" %=1 x R.)). The sequence

Ya = {7a(85, xlvf)},aezf_ € 52(2{17[/2@&”_}%_1 xRy))
with (z',€) € R"*=1 x R, is given by:
i (26)I81IFARL
/ — 2k n—k-1 (
1 1 / 2

. o [ gge /vt o)
/Rian—k—l xRy < 2V¢

xrBe=2EWHT) =W A dy do.

We need to prove a similar result for a class of more general symbols.
Recall that we use the notation 2/ := Rew’ € R"“*~1 where w’ € C"~F~1
and let o = (a1, ..., a;,) be a tuple in Z7 such that |a| = a3+ 4+ ay = k.
Similar to [1,6] we divide the coordinates of 2’ € C¥ into m groups as follows:

2y = (110 2a )y 22 = (31505 28.05)s o Z(m)
= (Z;n,la R Z':n,am)
and such that 2/ = (521)7 z(z), . zzm)). In the following we will use the same
notation also in case of multi-indices 3 € Z* instead of vectors 2’ € C*. By
passing to polar coordinates, we write each tuple zEj) = (2} 15> %ja;) ECY,
where j = 1,...,m, in the form

=t with ri= [l P4z, 2 and
¢y € Sl c o,

Here S?"~! denotes the real (2n — 1)-dimensional boundary of B".

Definition 4.3. Let a(r,y’,Imz, — |w’|?) be a quasi-nilpotent function and

a € ZT as above.

(i) Then a is called ” a-quasi-nilpotent quasi-radial” if its radial dependence
on 7 can be expressed as a function of ry,...,r,,.

(ii) The function b(z’,w’,z,) is called ”a-quasi-nilpotent quasi-homoge-
neous” if it is a-quasi-nilpotent quasi-homogeneous with respect to the
variable 2/, i.e.

b(z' W', z,) = bo(r1,..., T,y Iz, — |w'|2)4pzq, (4.1)

where ¢ = (C1), C(2)s - +»Cm)) € S 7 x §22 71 x §2m ! and
p,q €< Zf‘; are orthogonal. The pair (p, ¢) is then called the “degree” of b.

Remark 4.4. Note that there is a one-to-one correspondence between the set
of tuples {(p,q) € Z% x Z% : p L q} and Z* via (p,q) — p — q.
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Consider an a-quasi-nilpotent quasi-homogeneous symbol b(z',w’, z,,)
as in (4.1) and of degree (p,q) € Z% x Z% with p L ¢. Our next aim is to
calculate the operator RT, R*. On the domain D = C* x C" "1 xR xR, we
use the variables (2/,w’,u,v). Moreover, we express z’ in polar coordinates
2/ = (t17r1,...,txr%) where 74 > 0 and t, € S =S! for s = 1,..., k. Then we
have the relations

Zje = 10 = tjerje
for ¢ ={1,...,a;} and j =1,...,m. It follows that (;, = tjl?"j,zl‘j_l in the
case of r; # 0 and therefore:

szq — PFdppta H r;|p(.7‘)|*\q(j>‘. (4.2)
j=1
Note that the assignment 2’ — Q”Zq depends on the initial choice of a € Z.
Using Theorem 3.1 we can write:
RT,R* = RBp, z\bBp, AR*
= R(R*R)b(R*R)R*
= (RR")RbR*(RR")
= RbR”
= RyUsU U UpbUy U U US Ry
= RyUsUUrbo(ry, . ...ty 0 + |r?)(PCIUT UL T US Ry
= RyUsUsbo(ry, ..., T, ¢/ 0+ [r[)¢PCUU5 U5 Ry,
First we calculate the operator UsbU, '. Let {fa(r,2',y',&,v)} gezr be an

element in the space (3.3) and write r := (r1,...,T;). Since the symbol
bo(r,y’, v + |r[?)¢P(? is independent of 2’ we obtain from (4.2) that:
Uabo(r.f 0 +rPICPCU  Folra’ v o)) (4.3)

m
= {botey/ o+ I (T " ) gy €00 |

j=1
Combining (4.3) and (3.5) gives:
RT,R™ {ep(',€)} pezs. = R3UsU2bU Uy {xzs x, (5,€)

/|2

Ap(e)rBe o =15 o
s(&)r’e e Of
= R3UsU2bU;5 *{ Xz z, (8,€) Ap(&)r”
(P2 ) — L1 /2 1
xe ST s e VR 65(2\/535/— \/gy’,ﬁ)}
- RSUg{XZixR+(ﬁ -p+ Q»g)Aﬁ—p+q(§)"ﬁ+2qb0
x (e, v+ |rf?)

m
% ( H I.j—\Pm|—|<I<J>\)e*&(\rlzﬂ)*%\ﬁgx”r\/éy’lz
j=1

gezk

BeLF
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x Cﬂprrq(ﬁx/ - \/Eylvf)}

= RZ‘){Xzi XR (ﬁ —-p+aq, f)Aﬁprrq(g)bO

pezk

—.T/“Fy/
x(r,i,v+|r|2)
2V¢€
T .~ —lac) | 240)—1lyp2
—lppl=lagp 1\, .842q —&(Ir>+v)—31y’
(Hr] J j )T 20 [r|"+v 2|y‘ CB—ptq
j=1
}Bezk

B(&)Aﬂ p+a(€ )Xz’ixﬂ{+(ﬁ_p+q,£)cﬂfp+q(x/;£)

‘/ 2(0+0)
RE xRP—F—1 xR,

(Hr [Pyl — |qm\) —2¢(|r|>+v)— |y |?

2V¢

X bo (r, , U+ |7"|2)7"drdy' CXZ dU},@eZﬁ'

Now put:
Yopa(B,2,€) 1= Ap(§) Ap—p+q(E)Xzr ><]R+ (B—=p+aq,¢)

% j[ II jlpu)llqoﬂ
R

k xRn—k= 1><]R+] 1

/ /
2(B+4) o= 26(Ir*+v) 1y 17y, ( vty 2) ,
r ¢ o(T, 0+ || ) rdrdy
2V¢

dv. (4.4)

C)\UA

4
Hence, we have proved:

Theorem 4.5. Let b be defined as in (4.1). The operator RTy R* acts on the
Hilbert space (o(ZX , Ly(R"F=1 x R.)) by the rule:

RTbR*{Cﬁ(xlag)}ﬁezljr = {'ﬁ/b,p,q (ﬁ,l’l,g) *CB—p+q (l'/,g)}

Note that, in the case p = ¢ = 0, Theorem 4.5 reduces to Theorem 4.2.

-
Bezk

Ezample 1. We calculate RT, R* more explicitly in the special case where
bp = 1 and we choose k =m, ie. a=(1,...,1) € Zi. Let (p,q) € Zﬁ X Z’jr
such that p 1 ¢ and put

b(2' W', zp) = CPCT = tPH4,
According to Theorem 4.5 it is sufficient to calculate the functions:

Ab,p.q (B2, €) = Ap(§) Ap—prq(§)xr, (€)

2 72 C)\”U)‘
x p2Bta=p =260 +0) =Y 1" g gy dv
Rk xRn—Fk—1 XR+ 4
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for all g € Z’i with —p+q € fo_. We use the identity:
/ e 2601V P gy dy = "2 T(N + 1)(26) "D,
Rnfkfl XR+

(cf. formula 3.381.4 of [5]) where € > 0, which together with (3.4) shows that

- lal—Ip|
Abpia(Br @', €) = 28 (26)1AITEHHHE 20+a—ptep =28l gy

1
NI CETET ) / '
[ T(8; + L5 +1)
BIB—p+q)!

In particular, in this case 4, (5,2, §) is independent of =’ and &.

5. Commuting Toeplitz Operators

The goal of the present section is to study the commutativity of Toep-
litz operators with symbols having certain invariance properties. We will
use the above notation. Fix o € Z7 with |a| = k as before and let a =
ao(ri,. .., T,y Imz, — |w’|?) be a bounded measurable a-quasi-nilpotent
quasi-radial function on D,,. Consider the symbol:

b(zl7w/7 Zn) = bO(rla R rm7y/7Im “n — |’U)/|2) : CPE(I. (51)

We calculate the operator products RT,T,R* and RT,T,R*. According to
Theorem 4.5 and Theorem 3.1 we have

RTyTLR {ca}sezs = (RTLRY)(RTLR){es) pezy (5.2)
= (RTyR"){Fu0.0(8, ', )en(a’,€) |

k
pezk

= {ﬁb,p,q(ﬂv 1'/; g)&a,0,0(ﬁfp + q, ZL'/, E)Cﬂ—p+q (xlv f)}

pezk’
On the other hand it follows:
RT Ty R™{cp}perr = (RTLRY)(RT,R"){cs}penn (5.3)

= (RTaR*) {;?b,P,Q(ﬁ7 xla 5) : CB*P‘FQ (.17/7 g) }ﬁEZk

= ’?a,0,0(ﬂa xla g)ﬁb,p,q(ﬂv mlv g)Cﬁ,erq(.’El, f)}

i
Bezk:

Hence, we conclude from (5.2) and (5.3) that both operators Ty, and T}, com-
mute if and only if

:Ya,0,0 (ﬂv 53/7 f) = ;%a,0,0 (ﬂ —-p+q, '1:/’ g)
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for all 3 € Z% . According to (4.4) this is equivalent to:

1 / ( —a' 4y 2)
— agp | r, ———=—,v + ||
B! Jr xro-k-1xR, 2V/€

x 12826+ =11 A i dy d

_ (g7 / ao (r vy, + r|2>
(B=p+ ! Jry xmn-r-1xx, To2VE
x 722t =26t ) =1 Ay ey d. (5.4)
Since ag(r,y’, Imz, — |w’|?) only depends on r = (r1,...,r,,) we can assume

that the above integral has the form:

/ /
/ a (r, Y |r|2) 2B =26 (oHr (D)~ Iy
RE xRr—k—1xR, 2V¢

xv rdrdy'dv =: (),

where 8 € Z% . With e = (1,1,--- ,1) € Z% we obtain

1 —x/ +y/ 2
=5 | - (r,,v+r|
28 JRExRr—k—1xR, 2V¢

|20 | 2 @HT) =1 P A ey do

1 / / ( —z' 4y 2)
— ag (r,—=—,v+|r|
2k Rr=F=1xRy JRT XS¥1 =1 x... xS¥m —1 2\/2

m
2080 |+2a —1\  _ 2y .72
< |p25+6‘ . ( I._W(J)H' @j )6 2€(v+[r|)—[y'|

J
j=1

x vdo(p(1y) - - . do(p(m) )rdrdy’ dv.

In the last integral we wrote do(p;)) for the standard area measure on the
sphere S® ~!. The integral over the m-fold product S*~! x ... x S*=~1 can
be calculated explicitly by using the following well-known formula:

Lemma 5.1. Let do denote the usual surface measure on the (n — 1)-
dimensional sphere S*™1 and let 6 € 7. Then

Coar (B T (B
[ Wit - Qr(ngw) ).

Using the formula in Lemma 5.1 we define:

Oy = / P4 do (p(r)) - do (p()
S*1—1x.. . xSam—1

m ] —1
=2mgl[[T <O‘J2H + |ﬁ(j)|> : (5.5)
j=1
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This finally gives:

O3 / ( 1 ’ / 2
¥) = — ao | T, 5= (=" +¢'),v + x|
( 2% Jrp xro-r-1xR, 2\/5( |

2 +2a1—1 218(my |[+2am—1 _ p 2y _ (.12
xrl‘ﬁ(l)l L plPemRem =l —ag (ot ) -1y | v drdy' dv.

Note that the last integral does not depend on the full multi-index § but
rather on the values |B(;)| for j = 1,...,m. We denote this integral by
Ga(|Bwyls - -+ 1Bamyl)- Then the commutativity condition (5.4) can be written
in the form:

©s _ Op_pt
Go By -5 1B ]) = (2 Ipl+1q| __CB—pt+q
51 GallBls-- - Bam|) = (26) Gpia
xGa (1Bl = Pyl + laayls - -+ [Bamy | = [Pemy] + laemyl)-

According to the definition (5.5) this is equivalent to:

- a; +1 o
Ga(IBls- s 1Beml) TTT ( S ﬂ(j)|>
=1

= (26)7 PG, (18| = )] + gyl - - 1Bamy | = Pamy | + lam) )
m a:+1 —1
XHF< 5 1Byl - P<j>|+q(j)|> :
j=1
This equality can be only true simultaneously for all a-quasi-nilpotent quasi-
radial functions a and all 8 € Z% if )| = lagyl for j =1,...,m. Hence, we
obtain:

Theorem 5.2. Let o € Z7' be given. Then the statements (a), (b) and (c)
below are equivalent:

(a) For each a-quasi-nilpotent quasi-radial function a = ag(r,y’,Imz, —
|w'|?) € L>(D,) and each a-quasi-nilpotent quasi-homogeneous func-
tion

b= bO(rla R rTn7y/7Im Zn — |U_)/|2) : CPEQ € LOO(DH) (56)

of degree (p,q) € Zﬁ X Zi the Toeplitz operators T, and Ty, commute
on each weighted Bergman space A3 (D,,).

(b)  The equality ¥4,0,0(8,2",&) = Fa,00 (8 —p+ q,2',€) holds for all 3 € Z’i
and for each a-quasi-nilpotent quasi-radial functions a.

(c)  The equality |pcjy| = |q¢;)| holds for each j=1,...,m.

Now, let us assume that b € L>°(D,,) is of the form (5.6). Under the
assumption [p(;)| = |q¢; |, for each j = 1,...,m, we calculate 7, , (3, 7',§)
in (4.4) more explicitly by reducing the order of integration. Assume that
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B—p+q € ZE. Then:

Vo.p.a(B, 2, §) = Ap (&) Ap—p+q(&)xr, (§) / p2(A+a)

RE xRn—F—1xR,

m
H —Ipe)|=lag | —2¢(Ir*+0) 17 *bo

<(n 5"

= Op14A45(6)Ap_p1q(xr, (£)27"

m
x/ L2186 [Hlac = Ipc [+2a5 -1
J
RT XRh—F=1xRy j=1

’ ~! o

—26(|r[*+0) -3 [*p, ( Tty ) o Y

e ol r, , 0+ |r|?)drdy dv
2V¢€

. Db(ﬂ,x/7€)

5+q H (%t Isl)
VNG —p+a)t e 1F(aﬁ1+|ﬂ(;)+q )\)

where Dy(8,2',€) = Ap,0,0(8,2', &), which can be seen by choosing p=¢ =0
in the above equalities. Hence we have proved:

oA
0+ |7 )rdrd” A g

_ Op+q Ap—ptq(§)
©s  As(E)

Db(/Ba ml7§)7

Proposition 5.3. Let o € Z7' be given. Assume that b € L*°(D,) is of the
form (5.6) and let |pjy| = |q;)|, for each j =1,...,m. Then in the case of
B—p+q €Lk we have

Sl = —CE0L_T] ekl
b, )
P VBB -p+q) j= 1F<a’+1+|ﬁ(J +Q(j)|)

In the case of B —p+q ¢ Z’j_ we have Ay pq(B,2',&) = 0. The factor
008, 2",€) can be expressed in the form

: &b,070(67 1'/, g)

’?b,0,0(ﬁvxlaé-) _ eﬂA%(S)XR«{» (5)2—k/ j|ﬂ(])|+2(¥j—1

RT xR =F=1xRy =1

/ !
—2¢(|r|24v) |y |2 ( Tty / W
xe bo(r, v+ |r)? ) drdy’ ——dv.
2V/€

(5.7)

Let o € ZT be given and (p,q) € Z’j X Zi. From Proposition 5.3 we
conclude:

Corollary 5.4. Let a = ag(r,y’,Imz, — |w'|?) € L*(D,) be an a-quasi-
nilpotent quasi-radial function. Under the assumption |pgy| = |q¢;| for all
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7=1,2,...,m we have

ToTpvze = TypzaTa = Ty (5.8)

on each weighted Bergman space.

Proof. The first equality in (5.8) is a direct consequence of Theorem 5.2. If
e(z) = 1 then T, = Id, and thus J.,0,0(8,2',£) = 1. Hence, Proposition 5.3
implies that in the case of a symbol b = (P(? with [p;)| = |g;)|, for all
7 =1,2,...,m, one has

G- GO T L (25 +1u)
'
To,pa VBB =P+t ia T (452 + 18g) +a)

whenever 8 —p-+q € Z% (cf. Example 1 for the choice of a = (1,...,1) € Z%
and the case p; = ¢;, for j = 1,...,k). Moreover, if 3 —p+ q ¢ Z% , then it
holds A p¢(8, @', &) = 0. Theorem 5.2, Proposition 5.3 and the assumption
that |p¢;| = [q¢l, for all j =1,2,--- m, imply now that
’?ab,p,q(67 xl7 é-) = ﬁb,p,q(ﬁ7 ZC/, E) : &a,0,0(57 SUI, 6)
= ﬁb,p,q(ﬁa xla 5) : ’?a,0,0(ﬂ —p+gq, SC/, 5)

This together with (5.2) and Theorem 4.5 yields the second equality in (5.8).
d

6. Commutative Banach Algebras

In this section we define commutative Banach algebras of Toeplitz opera-
tors which are induced by the quasi-nilpotent group action. Given a pair of
multi-indices (p, q) € Z% x Z%, we put

ﬁ(j) ::(0,...,p(j),07...,) and Lj(J) ::(O,...,O,Q(j),o,...,())
so that p = p(1) + Pe2) + - - + Pm) and ¢ = q(1) + q(2) + - - - + Gm)- Consider
the Toeplitz operators:

T

j:T

P I
(cf. the notation in Definition 4.3). Now, we can prove that certain products
of Toeplitz operators are Toeplitz operators again with the product symbol.

Proposition 6.1. Let us assume that [p;y| = |q¢)| for all j = 1,2,... ,m.
Then the Toeplitz operators T; commute mutually. Moreover,

117 =Toe (6.1)
j=1

on each weighted Bergman space.

Proof. Let b; := P, for j = 1,...,m. We only prove the following
product rule:

;T = Tgl’(iﬁﬁm S QRI6)) (6.2)
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for i,j € {1,...,m} and i # j. According to Theorem 4.5 the operator
RT;T;R* acts on the sequence space o(Z% , Lo(R"*~1 x R})) by the rule:

RTjTiR*{Cﬁ(xlaf)}ﬁezi

- RTjR* {:Ybrn:ﬁ(i)ﬁ(i) (ﬁv xla E)cﬁ_ﬁ(i)+6(i) (3;‘/, 5)} R
BeZk

= {’%jﬁ(j)ﬁ(j)(ﬂﬂ xl7§) ) ﬁbi’ﬁ(z),ﬁ(i) (B- ﬁ(j) + (j(j)7$/7§)

!
X CB—ps) B+ +ia) (&) }562’1 :

Hence it is clear that (6.2) is equivalent to:
;?ijﬁ(j%q(j) (ﬂv xlv f) : ”?bi,ﬁ(y‘,);d(i) (B - ﬁ(]) + (j(j)v 1'/, g) =
= Vouby beay +i 03y +ic (B> T4 €) (6.3)
By (5.9) we have
~ a;+1

_ (By) + i) D(“5= + 16))
- ~ ~ a;+1 ~ ’

VB By = by + A TS5 + 18) + d))

and similar for ¢ replaced by j. Moreover, the function on the right hand side
of (6.3) has the explicit form:

:ng D(5)-4(5) (ﬁv wla 5)

_ B+ e + au))!
VBB =By — Py + a6y + )"
« H 1—‘(01“"7;1 + |5(£)|~) .
(2 + By + o)

~ ’
Voibs by +P5)-A)+a) (ﬂ? €, f)

tedig}

Now, (6.3) can be easily checked from these identities. O

Let a € Z7" with |a] = k as before and consider two a-quasi-nilpotent

quasi-homogeneous functions ¢; € L*(D,,) where j = 1,2. We express ¢;,

for j = 1,2 in the form

Sﬁl(Z/» ’LU/, Zn) = ax (rla sy my y/a Im z, — |,w/|2)<-p§q’
QDQ(Z/,’LU/,Zn) = a2 (rla s 7rm7y/a Im z, — |,w/|2)<~u<_-'u7

where (p,q), (u,v) € Z% x Z*% with p L g and u L v are the degrees of ¢;

and @9, respectively. Moreover, assume that [p(;)| = |q;)| and |ug;)| = v ],
forj=1,2,...,m.

Theorem 6.2. The Toeplitz operators T, and T, commute on each weighted
Bergman space A3(D,,) if and only if for each ¢ = 1,2,....k one of the
conditions (a) — (d) is fulfilled:

(a) pe=q =0

(b) uy=v, =0
(¢) pe=up=
(d) g=v=0
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Proof. Similar to the argument in the proof of Proposition 6.1 it follows that
the operators T,,, and T}, commute on A3 (D,,) if and only if for all 3 € Z% :
5/@17177(1(5? .I‘/, 5) : 5/@27“,11(5 —-D + q, Z‘/, 5)
= ﬁg&z,u,v(ﬁa $/, E) : '3/50171041(6 —u+v, 37/7 5)
Since |pj| = lggy| and |ug| = |v| for j = 1,2,---,m we can use the
factorization of Ay, (8,2, &) and g, v, (6,2, €) in Proposition 5.3:
'7<P17P7Q(ﬁ’ a’, §) = (bp,q(ﬁ) ) 5/891;070(ﬁ7 a', £),
ﬁlpz,u,v (ﬁa xlu 5) = q)u,v (5) : ’?gog,0,0(ﬁa xlu 5)7

where we use the notation:

. (B+q)!
Ppalf) = \/WH o

Moreover, it follows from Theorem 5.2 and again by the conditions on (p, q)
and (u,v) that

Hl)

(6.4)

5@01,0,0(57 ‘rlv f) = ’?LPL0,0(B —u-+ v, mla g)
’yipg,o,o(ﬁa xlv E) = ;?Lpz,o,o(ﬂ —p + q, ‘Tla 6)
Therefore we only need to verify that
(I)P,q(ﬁ) @, ,(B-p+aq) = (I)u,v(ﬂ) ) (I)zuq(ﬁ —u+v).

By a straightforward calculation this is equivalent to:

((B=p+q+v) (8 —u+v+q)
B+g))——— =B+ V)~
R E N R
Varying [ it can be seen that this equality holds if and only if for each
¢=1,2,...,k one of the conditions (a) — (d) is fulfilled. O

Let (p,q) € Z% x Z% and o € Z7 such that |a| = k. Let h € Z'7" be
given with the properties:
(l) h]‘ = 0, if Oéj = 1,
(i) 1 <h; <a;j —1,if o; > 1. In the case of a;, = «j, with j1 < jo we
assume that h;, < hy,.
In the following we assume that p;) and g for j = 1,...,m are of the
particular form

p(]) :(pj,17"'7pj,hj703"'ﬂ0) and q(]) :(07‘"7O7qj,h]‘+17"'aqj,aj)‘
(6.5)
Below we will use the data « and h to define commutative Banach algebras of

Toeplitz operators. The second assumption in (ii) serves to avoid repetition
of the unitary equivalent algebras.

Define R (h) to be the linear space generated by all bounded measur-
able a-quasi-nilpotent quasi-homogeneous functions

b(zl7wl7 Zn) = bO (rla s 7rTn7y/a Im Zn — |'UJ,|2) ! Cpgq' (66)
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Moreover, in (6.6) we assume that p(;) and gq(;y are of the form (6.5) with:
Pj1 Tt T Pjh; =Gt QG-

As a corollary to Theorem 6.2 we obtain:

Theorem 6.3. The Banach algebra generated by Toeplitz operators with sym-
bols from Ry (h) is commutative.

Finally, we remark:

(a) For k > 2 and a # (1,1,...,1) the commutative algebras R,(h) are
just Banach algebras, while the C*-algebras generated by them are non-
commutative.

(b) These algebras are commutative for each weighted Bergman space
A3(Dy,) with A > —1.

(¢) For k=0 (nilpotent case) or k = 1,2 these algebras collapse to the sin-
gle C'*-algebras which are generated by Toeplitz operators with quasi-
nilpotent symbols b(r,y’, Im z, — |2/|).
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