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Abstract. Let P be a linear partial differential operator with constant
coefficients. For a weight function w and an open subset Q of RV, the
class Ep 1,1(2) of Roumieu type involving the successive iterates of the
operator P is considered. The completeness of this space is characterized
in terms of the hypoellipticity of P. Results of Komatsu and Newber-
ger-Zielezny are extended. Moreover, for weights w satisfying a certain
growth condition, this class coincides with a class of ultradifferentiable
functions if and only if P is elliptic. These results remain true in the
Beurling case Ep, (., (£2).
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1. Introduction

In 1960, Komatsu [9], using tools introduced by Hormander [7], character-
ized when a smooth function f € C*(£2) in an open subset Q C RV is real
analytic in terms of the successive iterates of a elliptic partial differential
operator P(D). In particular, given a elliptic differential operator P(D) of
order m, a function f € C*°(£2) is real analytic if and only if for each compact
subset K CC € there exists a constant C' > 0 such that for each j € Ny
| P/(D) fll2.x < CTH(GH™,
where P7(D) is the jth iterate of P(D), i.e., P/(D) = P(D)o---oP(D).

J
See also the theorem by Kotake-Narasimhan [11, Theorem 1].
In 1973, Newberger and Zielezny [19] treated this problem in the setting
of the Gevrey classes: let G¢(2) be the Gevrey class of exponent d > 1 and
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let G&(€2) be the class of smooth functions in 2 such that for each K CC
there exists a constant C' > 0 such that Vj € Ny,

|P7(D) fl2,x < CIT(51)4,
then
G4(Q) = Gpi(Q)

whenever P is an elliptic polynomial with degree m.

Moreover, in case P is a hypoelliptic polynomial and @ is an arbitrary
polynomial, it is proved the equivalence between the inequality |Q(¢)[? <
C(1+|P()]*)", V¢ € RY and the inclusion G4 () C Qéh(Q).

This research is continued by several authors like Bolley et al. [1],
Zanghirati [22-24] and Bouzar and Chaili [3]. Langenbruch utilized gener-
alized Gevrey classes in connection with different problems, like boundary
values of zero solutions of hypoelliptic differential operators [12,13], diame-
tral dimension of solution spaces [14] and isomorphic classification [15].

The problem of the iterates consists in giving conditions on P in order
to guarantee the equality G¢(Q2) = G4(Q). In this paper we extend the
results of Komatsu [9] and Newberger and Zielezny [19] to the setting of
non-quasianalytic classes in the sense of Braun—Meise—Taylor [4]. The precise
definition of the spaces will be given in Sect. 2, in which we recall the defini-
tion of the non-quasianalytic classes of ultradifferentiable functions £,,)(€)
(Beurling type) and £(,1(2) (Roumieu type) in the sense of Braun et al. [4]
and the classes Ep,(,,) () and Ep 1,3 () of ultradifferentiable functions with
respect to the iterates of P.

In Sect. 3 we prove in Theorem 3.3 that Ep (,)(22) and Ep .y (2),
endowed with their natural topologies, are complete if and only if P is
hypoelliptic. In case P is not hypoelliptic, a finer topology on Ep . (£2) can be
defined so that the space becomes complete. In spite of the importance of the
completeness when dealing with functional analytic tools, as far as we know
this is the first time that the completeness of these spaces is discussed. In
Sect. 4 we extend the results of Komatsu [9] and Newberger—Zielezny [19] for
weight functions w verifying a growth condition considered by Bonet et al.
[2]. For this type of weight functions, we characterize in Theorem 4.12 when
Ep1}(Q) (respectively Ep (,,)(2)) coincides with the class of ultradifferen-
tiable functions £, () (respectively £, (12)), for o(t) = w(tw), where m
denotes the degree of the polynomial P.

2. Notation and Preliminaries

2.1. Non-Quasianalytic Classes in the Sense of Braun—Meise—Taylor

We follow the point of view of Braun—Meise-Taylor (see [4]). A non-
quasi-analytic weight function is an increasing continuous function
w : [0, 00[— [0, oo with the following properties:

(v) there exists L > 0 with w(2t) < L(w(t) + 1) for all t > 0,

B) [t < oo,

1 t2
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(7) log(t) = o(w(t)) as t tends to oo,
(0) ¢ :t— w(e!) is convex.

For a weight function w we define @ : CV — [0, +o00[ by ©(2) := w(|z|)
and again we denote this function by w.

The condition () is called non-quasianalytic condition and it implies
w(t) = o(t). Moreover, this condition implies the existence of functions with
compact support in the class of ultradifferentiable functions.

The Young conjugate ¢* : [0, 00[— R of ¢ is given by

©*(s) := sup{st — (t),t > 0}.

There is no loss of generality to assume that w vanishes on [0, 1]. Then
©* has only non-negative values, it is convex and ¢*(t)/t is increasing and
tends to oo as t — oo and ¢** = .

Lemma 2.1. Given ¢ as above, we suppose that there exists L > 0 such that
p(z+1) < L(1+¢(z))
for all x € [0,00[. Then, there exists yo > 0 such that

* « (Y
—y > =) —
©"(y) —y = Ly (L) L
for all y > yo.

Lemma 2.2. Given A\ > 0 there exists a constant C > 0 (depending on \)
such that

exp <2Ag0* ($;1)> < Cexp ()\cp* (;)) vV > 0.

Proof. From the convexity of ¢* we obtain

Plax Taxn ) =2Y ) ¥ Y )

The conclusion follows with C' = exp ()\go* (%)) O

Ezamples. The following functions are, after a change in some interval [0, M],
examples of weight functions:

(i) wlt)=tifor0<d<1.

)
(i) w(t) = (log(1+1))%, s > 1.
(iil) w(t) = (log(e+t)) B.B>1.
(iv)  w(t) = exp(B(log(1 +t)) ), 0<a<l1.

For a non-quasianalytic weight function w, the spaces of w-ultradiffer-
entiable functions of Beurling and Roumieu case are defined as follows.

Ew)(Q):={f € C(Q) : pr(f) <oo, for every K CC Q and every A > 0},
and

£y (Q) = {f € C=(Q) : for every K CC Qthere exists
A > Osuch that pga(f) < oo},
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where

Prea(f) 1= sup sup |£) () exp (—A@* (“:")) |

z€K aeNYY

&) () is a Fréchet space, that is, a complete and metrizable locally
convex space, while £(,1(€2) is a PLS-space, that is, a projective limit of a
sequence F,, where each FE,, is an inductive limit of Banach spaces with com-
pact linking maps. In the case that w(t) := t? (0 < d < 1), the corresponding
Roumieu class is the Gevrey class with exponent 1/d. In the limit case d = 1,
not included in our setting, the corresponding Roumieu class £y} (Q2) is the
space of real analytic functions on 2 whereas the Beurling class 5(w)(RN )
gives the entire functions. The elements of £, (€2) (resp. £(,}(€2)) are called
ultradifferentiable functions of Beurling type (resp. Roumieu type) in Q.

If a statement holds in the Beurling and the Roumieu case then we will
use the notation &, (). It means that in all cases * can be replaced either by
(w) or {w}.

The corresponding classes of test functions are defined as follows: for a
compact set K in RY, define

D.(K) :={f € &(RY) : suppf C K},

endowed with the induced topology. In [4, Remark 3.2 (1) and Corollary 3.6
(1)] it is shown that D,(K) # {0} is the strong dual of a nuclear Fréchet
space (i.e., it is a (DFN)-space). For an open set {2 in RY define

D.(Q):= ind D.(K).
KccQ

According to [4](Proposition 4.7), the following inclusion
D) — £.(0)

is continuous with dense range. The following lemma is well-known, but it is
not easy to find a precise reference.

Lemma 2.3. The spaces E.(Q) and D.(Q) can be described with the L2-
norm, i.e., we can replace pg x by the seminorms qx A(f) := sup ||f(o‘)||2 K
aeNYY ’

exp (—)\Lp* (%)), where

1ok = / T

Proof. We only need to prove that for each compact subset K CC € and
A > 0, there is other compact subset L CC €, > 0 and a constant D > 0
(depending only on K and \) such that for all f € £,(9),

PrA(f) < Dapu(f)-
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We fix K CC Q and A > 0. We take L CC Q such that K C L C Q. By the
Sobolev Lemma, there exists a constant C' > 0 such that

sup |f(z)| <C sup / £ v e e ().
€K |,6\§N+1L

Then,

zeK IBI<N+1

_ (a+8) oy |Oé+|ﬁ|>> ( *<a|+|ﬂ|>)
Cﬁs<u£+1L/|f |exp< Ao ( 5y exp | A y

< Coqra(f)exp (x\s@* (W))

by oN+1
< C3qr(f) exp <2N+1<P* <A|a|>)'

where we have applied that ¢* is increasing and also Lemma 2.2 and Hélder’s
inequality.
As a consequence,

sup [f*) ()| < C sup /‘f(a+ﬁ)|
L

P, ey (F) < Caar A (f)-
So, given A > 0 we take yu = 2N+ O

2.2. The Classes Ep,,(2)

We now consider smooth functions in an open set 2 verifying for each
J €N

1P (D)l < Coxw (-30" (1)),

where K is a compact subset in  and P7(D) is the jth iterate of the partial
differential operator P(D), i.e, P/(D) = P(D)o---oP(D). If j = 0, then

J
PY(D)f = f.

Given a polynomial P € Clzy, ..., zx] with degree m,

P(z) = Z an 2,

laf<m

the partial differential operator P(D) is the following:

1
P(D)= Y anD®, where D* = —9".
|la]<m !
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Let w be a weight function. Given a polynomial P, an open set {2 of
R a compact subset K CC Q and A > 0, we define

Ep(K) = {f € C(K) : | fllxn = Sup 1P? (D) fll2,5
J&€lo

oo (-5 (2)) < 120

The spaces of ultradifferentiable functions with respect to the successive iter-
ates of P are defined as follows:
Beurling case:

Epw)(Q) ={f €C(Q): ||fllxx < +oo for each K CC Q2 and A > 0}.
It is endowed with the topology given by
EP,(UJ)(Q) = pI‘Oj pI‘Oj El/g,w(K)
— —
KCCQ A>0
If {K,, }nen is a compact exhaustion of Q we have
Ep,(w) () = projproj £5 , (Kn) = proj Ep ,(Ky).
— — —
neN keN neN

This metrizable locally convex topology is defined by the fundamental
system of seminorms {| - || x,, n}
Roumieu case:

Epy(Q) = {f €C(Q): for each K CC Q
there is A > 0 such that ||f||x x < +o0}.

neN’

Its topology is defined by

Ep (0} (Q) = proj ind Ep,(K).
KccaA>0

3. Completeness of the Spaces Ep . (2)

In order to extend the results of [19] we need to apply the Closed Graph
Theorem and the Grothendieck’s Factorization Theorem. So, it is important
to know whether the spaces Ep () are complete or not. In this section we
show that the spaces Ep . () are not necessarily complete spaces. In fact,
completeness is characterized in terms of the hypoellipticity of the polyno-
mial P. Moreover, in case completeness fails, a finer topology on Ep .(€2) is
introduced so that the space becomes complete. This topology will be con-
sidered in Theorem 4.5.

Proposition 3.1. Let Q be an open subset of R . If the space Ep () is com-
plete, then P is hypoelliptic.

Proof. Proceeding by contradiction we assume that P is not hypoelliptic. We
first analyze the case that Q = RY. Since P is not hypoelliptic, theorems [8,
11.1.5 and 10.1.25] imply the existence of a continuous function

u € C(RM)N\C>®(RY) such that P(D)u = 0.
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Beurling case. We take a regularizing sequence {p, } with suppp,, = B(0, %)
and we show that {u * p,} is a Cauchy sequence in Ep (,)(RY) which is not
convergent.

It is clear that uxp,, € C*(RY) for all n € N. Moreover, P(D)(uxp,) =

P(D)u * p, = 0. As a consequence, P?/(D)(u * p,) = 0 if j # 0. Therefore,

lu# pullxcp < (m(K))? sup Ju * pa(e)] < +oo,
eK
x

for all K CC RY and for all A > 0, i.e, u* p, € Ep () (RY) for each n € N.
In a similar way,

lus* pn —uwxpif e x < (M(K))2 sup |u* (pn — p1) ()]

which implies that {u * p,} is a Cauchy sequence in Ep ) (RY). If {u * p,}
converges to f € Ep () (RM), then {u * p,} converges to f uniformly on the
compact sets, hence f = w. This is a contradiction since w is not infinitely
differentiable.

Roumieu case. The sequence {u * p,} constructed in the Beurling case is a
Cauchy sequence in £ py{w}(RN ) since the inclusion map

gP(w)URN)C_égP{w}GRN)

is continuous. We see that {u#p,} does not have limit in Ep,{w}(RN). We call
L3 (RN) = proj {f mesurable: ||f|l2.x < oo}, then the inclusion map
—

KCCRN

gP{w}GRAU Lﬁ‘£2 GRN)

loc

is continuous. If {u*p, } converges to f in Epy{w}(RN), then {uxp,} converges
to f in L2 (RY). However, for each K cC RV

loc

5 o — wlla i < (M(K))? sup |us pp(x) = u(z)| = 0 as n — +oo.
rzeK

Then f = u, which is a contradiction since u is not C*°.
In the case that  is an arbitrary open subset of RV, we can assume
(after a suitable translation if necessary) that

Ju € C(2+ B(0,1)\C*() such that P(D)u = 0.

Then the convolutions u * p,, are defined on €2 and we can proceed as above.
O

In order to prove the converse of Proposition 3.1, we introduce the fol-
lowing spaces. Let w be a weight function. Given a polynomial P, an open
set Q of RV, a compact subset K CC € and A > 0. Define

ralf) = s [PD)facesp (36 (§))

J€Ng

and

Ly (K):={f€L*K): PI(D)feL*K)VjeNy, rg(f) < +oo}.



270 J. Juan-Huguet IEOT

Beurling case:
Lp)(Q) ={f €L (Q): feLp,(K)foreach K CC Qand X > 0}.

loc

If {K,}nen is a compact exhaustion of  this space is endowed with the
topology given by

Lp, () (€2) = proj proj Elfgﬁw(Kn) =proj Lp ,(Ky).
— — «—
neN keN neN
This metrizable locally convex topology is defined by the fundamental
system of seminorms {rg,, »(-)} Using standard arguments it follows that
Lp,)(82) is a Fréchet space.
Roumieu case:

Lp o (Q) ={f € L},.(Q) : for each K CC  there is A > 0

neN’

loc

such that f € E?w(K)}.

This space is endowed with the following locally convex topology:

Lp ) (Q) == proj ind L3, (K).
KccQA>0

Proposition 3.2. The space of Roumieu type Lp (,,}(2) is complete.

Proof. We fix a compact subset K of €. If suffices to prove that the countable
inductive limit of Banach spaces

X = ind L3, (K)
neN

is complete. According to a Theorem of Mujica [18] (see also [20, Corollary
8.5.22 (ii)]), we only need to check that there is a Hausdorff locally convex
topology s on X such that the unit ball of each L}, ,(K) is compact in (X, 5).
To do this it is enough to consider £ := ]y, (L%(K,),tn), where t,, denotes
the weak topology, and define s as the topology induced on X by the injective
map

X = E, f—{P/(D)f}jen,.
O

Theorem 3.3. The space Ep ..(Q) is complete if and only if P is a hypoelliptic
polynomial.

Proof. By Theorem 3.2 it suffices to prove that the spaces Ep.(€2) and
Lp,(Q) coincide algebraically and topologically. Let m denote the degree
of P, let €' be an open subset of ? and let f € Lp.(Q') be given. We use
condition H5 of [6, Theorem 6.36]. Since P(D)f € L2 (V) = Hl<(Q), there

loc
exists § > 0 such that f € H'9%(Q). Analogously, P/(D)f € £2 (') implies
fe H;fzé(Q’). As a consequence, f € Lp.(Q) implies f € (o, HY(Q) =
C>®(€Y) as a consequence of theorems [6, Theorems 6.7 and 6.13]. Denote
by (Kj;); a fundamental sequence of compact sets in Q such that each K is
contained in the interior of K ;1. Our argument above shows that the restric-
tion maps £, (K1) into £, (K;) continuously, from where the conclusion
follows. U
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In order to construct a complete finer locally convex topology on Ep .. ()
in the general case, we fix a compact exhaustion {K,,} of Q and we consider
the following system of seminorms on Ep, () () :

{” : ”n}HEN U {pn}neN

where

11l =l = 500 1P D) e, exo (- (2) )
€Ng n

J

and {py, }nen is a fundamental system of seminorms of £(), i.e,

pa(f) = sup sup |f¥(x)|.

la|<nzeEK,

Then, {max(]|-||n, Prn) }nen is a fundamental system of seminorms of a locally
convex topology T(u),ec 0N Ep () (€2). The proof of the following result is
standard.

Proposition 3.4. Let Q2 be an open subset of RYV. For a weight function w and
a polynomial P, the space (Ep,(.)(2), T(w),00) @5 a Fréchet space.

In the Roumieu case, we consider the following topology: for n € N and

1
K cC Q, we endow £ (K) with the fundamental system of seminorms

{max (Il lcppm)

It is easy to see that éﬁw(K) is a Fréchet space. The topology T{.},0o On
Ep.1wy(Q) is defined by

1
(€p,{w} (), T} 00) = proj ind &5, (K).
KccqneN

1
The space ind & p,(K) is an (LF)-space, i.e, a countable inductive limit of

neN
Fréchet spaces.

Proposition 3.5. Let Q be an open subset of RY. For a weight function w and
a polynomial P, the space (Ep .,3(Q), Twy,00) s complete.

The proof requires the following result for (LF)-spaces.

Definition 3.6. Let X = ind X, be an (LF)-space. X is called boundedly

neN
stable if on each set which is bounded in some X,, all but finitely many of

the step topologies coincide.

Next theorem due to Wengenroth follows from Theorem 6.4 (page 112)
and Corollary 6.4 of [21, p. 113]:
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Theorem 3.7. Let X = ind X, be an (LF)-space and {|| - ||ln,m}men a fun-

neN
damental system of seminorms of X,,. If X is boundedly stable and satisfies

the condition (P3%*), i.e,
Vnd >nVm>13INeNVM eNIJKeNS>0Vre X,
L < S(lllm g+ [[2]ln,n),

then X is complete.

|

Proof of Proposition 3.5. It is enough to show that for each K CC €, the
space X = @)Eﬁw(K) is complete. We denote X, = &p (K) and

neN
{I“ lIn,m fmen = {max(]| - || 2, Pm) }men. To see that X is complete, we show

that X verifies the hypothesis of Theorem 3.7, i.e, X is boundedly stable and
satisfies the condition (P3*). We apply Lemma 2.1 and the condition («) of
weight function to get a natural number L and yy > 0 such that

©*(y) —y > Lo* (%) — L for each y > yo.
That implies
exp (—pr¢*(inl))
exp (— 5 ¢*(jn))
To see that X is boundedly stable it suffices to prove that any bounded set
B in X, is relatively compact in X, 1. Since £(2) is a Montel space, we only

need to show that if {f;}ren is a bounded sequence in X,, and converges to
0 in £(Q), then

— 0 as j — +oo. (1)

{/fr}ren converges to 0 in Xyp, ie, || fullx, 2 — 0si k — +o0.

Since {fx}ren is a bounded sequence in X,,, there exists a constant C' > 0
such that for all k € N, [|fx][x 1 < C. Let > 0, in view of (1) there exists
Jjo € Ng such that

177 (D) (fr)

1
——*(inL
2,KeXP< T n ))
; 1 . e
<n (,sul\g | P*(D)(fx)ll2.x exp (—nw*(m)» <nC ifj> jo.
ASI}

Therefore,

Ifelle 2 < _max (0O, IPH(D)(fi) eace™ 7202

*Ln s

Since {fr}ren converges to 0 in £(€2) we have |fillx r < nCifk
is enough large. The property (P3*) is satisfied. Indeed, take | =n, N =1,
K =M and S =1, then

YnVm >nVM e NVx e X,

2
[€llnar < [l2llm,ar + |||

n,la
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since

felhar = ma el pas)) = {

2l 2 < [[llng < #llm,ar + [12]n
Py () < |2llm,ar < |2 ]lm,ar 4 [|2]n,1
U

4. Hypoelliptic and Elliptic Polynomials and the Growth
of £p . ()

The following result asserts that the class of ultradifferentiable functions
€, () is always contained in Ep,(€2) where o depends on w and the degree
of P. Let w be a weight function and m > 1 the degree of P, it is easy to prove
that o (t) := w(tw ) is also a weight function. Moreover, ¢* () = @7 (mz). We
will denote ¢ simply by ¢*.

Theorem 4.1. Let Q C RY be an open subset. For a weight function w and a
polynomial P with degree m, the inclusion £, () C EP’*(t%)(Q) holds and

the inclusion map is continuous.

Notation. &£,4)(©2) C EP*(t#)(Q) means that both inclusions £(,)(Q2) C
Ep,(0)(Q) and £,y (Q) C Ep (»3(€2) hold.

We need the following technical lemma.

Lemma 4.2. Given a constant C > 1 and a weight function w, there exist two
constants A and B (depending on C andw) such that for allj € N and X > 0,

oo (3)) o (1) (3 (3).

Proof. From de definition of Young conjugate we get

exp <)\<p*(])) =sup s’ exp (—Aw(s)). (2)
A s>1
Choose [ € N such that 2! > C. By condition (), there exist A and B such
that
O=wlcl)<w(2L)<atBo(L (3)
wit)=w|C= wl(2'= wl—=].
c)— c)~ C
Then,

Y exp ()\cp* (i)) @) Gup(5C) exp (—Aw(s)

s>1

. t
= supt’e | =
0 Xp( (C>>

<o (3(5-5))

A
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= exp (Aé) ig? 7 exp (—)\;w(t)>
(o) on (3 (2)
O

Proof of Theorem 4.1. We set P(z) = 3_, <, @a2®, P(D) =} 4 < @GaD
and M := max{|as]| : o] < m}. Choose F large enough such that for each
j € N, MJ(mj)N < FJ and take the constants A and B of Lema 4.2 such
that for each j € N|

J * l < é A * E i
FJexp ()\ga ()\)) < exp )\B exp |z (7)) (4)
To see &) () C g, (W(t#))(ﬁ), take f € E)) () and we fix K CC
Q, A >0 and j > 1. We observe that the polynomial of the operator P’(D)
is P/ = P_--- P has degree mj. Moreover, there exists C' > 0 such that for
J
each a € N}y,

||f(“)||2,K < Cexp (B)\go* (@)) . (5)

We can choose C = pg pa(f). Hence,

IP/(D) Sl < Mipiesa() Y exp (BW (WA»

[y|<mj

IN

pre.BA(f)M? (mj)N exp (BNP* (f\)
< pr.eA(f)F7 exp (B)\SO* (mi\)>

(é) pi.BA(f) exp(AA) exp (/\@ mj)>

By
Therefore,
1P D) fllescesw (30" () <pemiDewira. ©
It has been proved &, +))(22) € EP,(w(tﬁ))(Q) and this inclusion is continu-

ous. This settles the Beurling case.
In the Roumieu case, let f € Eg., 1)1 () be given. For each K CC € there

A
exists A > 0 such that f € £}, (K). Proceeding as above f € 5;)3 (%) (K) C

€, {w<t%)}(9) Now, from (6) we get the continuity of the inclusion

N (K) s EF
o.)(t) P,w(t%)

and the theorem follows. O

(K)
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Proposition 4.3. £,(Q) is a dense subspace of EP*(t%) Q).

Proof. First, we suppose 2 = RY.
Beurling case. Applying Lema 2.1 there exist L > 1 and yo > 0 such
that

" (y) —y = Ly* (%) — L for each y > yo.

This implies
exp (—Ap* (%))
exp (—ALe* (52))
Using Theorem 4.1
'D(w)(RN) — g(w) (RN) — gP,(w( L))(RN)

—0 if j — 4oo. (7)

.
~—

tm

Let f € Ep ) (RY) be given. Proceeding as in [4, Lema 3.8] we take a reg-
ularizing sequence {p, fnen in Dy, (RN) and prove that f x p, € E(W)(RN).
To get this aim we fix a compact subset K of RY and A\ > 0, then

(a)H ot (1o
aSEUR% H(f*pn) 2’Kexp( 14 ()\

ool (2)

~ sup [l

aeNY
_ (a) o (1o
= sup fC=y)p (y)dy||  exp | —Ap 5

aeNY

uppen o

< (@) —\oF @ —\d
<sup  sup |(p,(y)|exp Gy If(-—y)ldy
DLGN(IJV yGSupppn

SUPPpn -

< 00.

Now, it is enough to show that for each compact subset K of RV, A > 0 and
peN

lf = f*pnllkr — 0 ifn— oo.
Given 1 > 0, using (7) and (6) there exists jo € Ny such that
mj

IP(D)(f = f % po) |2 exp (—W (x))

< (sup [P (D)(f = f * pn)ll2,i exp (—L)“P* (Zﬁ))) M

i€Ng e~ e (23

e_A¢*(%%)

— < if 7> jo.
e*LAW*(ZK) n J = Jo

< (Ifll&,ox + pr,eaB(f * pn))
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As a consequence,

.....

Hence
lf = f*pnllkx <n if nis large enough.

Roumieu case. Let f € €, {w(t%)}(RN). We take {pp}tnen € Diw)(RY) as

above and fix a compact subset K of RN, Since f € SP {w(%”(RN), there
exists A > 0 such that f € €1>57w(K). Proceeding as above f * p,, € Sgyw(K)

b
and f* p, converges to f in €5 (K). As a consequence, f x p, converges to
: N
f m EP,{w(#)}(R )
To finish, we suppose that €2 is an arbitrary open subset of RY. We fix
a compact subset K and A > 0 and we choose a compact subset L such that

KCLCLCQ Let fe€, (w(t%))(g). We define f = fon L and f =0 in
other case. Then f € Déw)(RN) and according to [4, Proposition 6.4] p,, * f
is an ultradifferentiable function which coincides in f * p, on K if n is large
enough. Then, given € > 0 there exists ng such that || f — pp, * f|| x,» < €.From
this the conclusion follows. 0

As a consequence of the former results we get:
1. D.(Q) is a dense subset of & (2 )(Q)

(t

2. The functions in SP (Q) with compact support are a dense subset

oF (i) ().

According to a well known result of Hérmander (see [7, Theorem 3.2]),
if P is an hypoelliptic polynomial and @) any polynomial, there are constants
h >0 and C' > 0 such that

Q)2 < C(1+|PE)P)", VeeRN.

Moreover, the smaller h is a rational number.

For an hypoelliptic polynomial P and an arbitrary polynomial @@ we
show the equivalence between the inequality |Q(&)[> < C(1 + |P(¢)]?)" and
the inclusion Ep ,+)(22) C EQ i) (Q) for weight functions satisfying the fol-
lowing growth condition B-M-M:

There exits a constant H > 1 such that for all £ > 0

2w(t) <w(Ht) + H. (8)

This condition is considered by Bonet et al. [2] in order to characterize those
weight functions w such that there exists a sequence {M,} with the property
that the class of ultradifferentiable functions in the sense of Braun—Meise—
Taylor associated to the weight w coincides with the non-quasianalytic class
in the sense of Komatsu (see [10]) defined by the sequence {M,}. Gevrey
weights verify this condition.

1
*(t m
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We will prove the following theorems.

Theorem 4.4. Let P and @Q be hypoelliptic polynomials with h > 0 and C > 0
such that |Q(€)|> < C(1+|P(&)[*)", V¢ € RN, Let © C RYN be an open subset
and w a weight function, then there exits mq such that if m > mg

1 C 1
Ep (1) D S &g L (1tn) ()
and the inclusion map is continuous.

Theorem 4.5. Let Q C RY be an open subset, w a weight function satisfying
the condition B-M-M, cf. (8). Let P be an hypoelliptic polynomial and let
Q be an arbitrary polynomial such that Ep ) () C SQ *( %)(Q) for some

t
h>1. Then
Q)P < CU+[PE))", vEeRMN.
In the proofs we need two technical lemmata.

Lemma 4.6. Let w be a weight function, m > 1 and ~,u > 0 such that v < pm.
Then for each k € N, i =0,1,...,k and A > 0,

k7 exp ()\go* (W)) < exp (Mw(k)) exp (A@* (k“;”» :

As a consequence, since w(t) = o(t) there exists C > 0 (depending on w) such
that

kT exp <)\<p* (W)) < Cexp(ACk) exp ()\tp* (k";l» .

Proof.
on o (2502) o o ()
o () ()

Since ¢* is a convex function, we have p*(A4) — p*(B) > ¢*(A— B) if 0 <
B < A. Therefore,

s (o (E532)) o (52)

is less than or equal to
. ] ] 1 ]
E*H™exp [ —Ap* o exp [ A ipmInk) _ sup W w(e®)
A A s>0 A
< exp (Mw(k))

taking s = In(k) in the last inequality. O

The next lemma is stated in [5, 1.4] without a proof. We include a proof
here for the sake of completeness.
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Lemma 4.7. Let h > 0,\ > 0 be positive constants, then for all t > 1

(1) jseuNp; t/ exp ()\cp* <f;\j>) < exp ()\w (t%))
(2) jseuNp; 7 exp ()\cp* <f;\j>) > %exp ()\w (t%)) .

Proof. Proof of (1):

sup t/ exp (—)\gp* (‘7)> = sup t’ exp (—)\ sup {‘78 - w(es)})
j€N A j€Ny s>0 [ A

We take s = # > 0, therefore

, hi o
sup t7 exp ()\cp* (‘7)> < sup t/t77 exp ()\w (t%>) = exp ()\w (t%)) .
J€No )\ Jj€Np

In order to show (2), having in mind j < s < j+ 1:

mprren (32 (F)) = e (3 (Fu0 -4 ()
2£%p@<iﬂﬂ—¢(??)—m@)
o (0 (50))

b (30 (1)))

and

Y

O

Proof of Theorem 4.4. Using [7, Theorem 3.2] we can suppose h = £, where
w, v € N. Then, for some constant C' > 0,

Q“EOF <CU+|PHEF) ¢erRY. (9)

Let Q' be an open subset relatively compact in . Given § > 0, we set
so=A{x e d(z,00) > 6} where 0 is the boundary of ©'. The con-
dition (9) and [7, Theorem 4.2] imply that there exist v > 0 and C' (which
depends of P,@ and the diameter of Q') such that for each s > 0 and ¢ > 0,
o<r<t
fec=(Q).

Moreover, v = % where 0 < b < 1. Hence,

1Q"(D) fll2,0,,, < C{IP*(D)fll2y +t I fll2gy } 5 f €CT(RQ).

Let k € N, k > 1, 0 > 0. Applying repeatedly the last inequality to s =
(1—%) 0, t=% and Q=9 f for i=0,1,...,k we obtain (see [19, Theorem 1])

k iy
Q" (D) laas, <Y (£) (5) 1PEHD) o 1 (@) (10

=0

sup 77(|Q" (D )f||2,9/3+7 < C{OsuEfT’YP#(D)
<7<t

’
W esqr
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For k = 0 this inequality remains true.
On the other hand, for ¢ =0,1,...,v — 1 we have

QP <1+Q()°, ¢eR™.
Again, [7, Theorem 4.2] implies Vi = 0,1,...,v —1
1Q" (D) fll2.5, < C" {I1Q"(D) fllzicy + I fll2iey } s fECT(Q).  (11)

where C’ depends of §.
For j € Ny, we put j = kv + 1, k,l € No, I < v — 1. Applying (11) to
i=1and Q" f,

1Q/(D) 2.0, <C” { Q™ D(D) flla0 + Q% (D) fllay } - € C().
(12)

)

As a consequence, using (10) we obtain

k+1
1Q7 (D)., < cc“lz(“l) (’“;1) [PU=(D) ]

k

7y
+o'cRy (f) (’;) IPE=9"(D) fllz.0r,  f € C(Q).

i=0
(13)
We set mg := % > 1. Let Q be an open subset of RY and let m > my,
feé, <w(t;))(Q) We fix K cc Q and A > 0. There exist Q and § > 0

such that K C Q,5 € ' cC Q. We call E the constant of the Lemma 4.6
such that for each k € N, ¢ =0,1,...,k and A > 0,

kY exp ()\go* (W)) < exp(AEE) exp ()«p* (’“;m» .

Denote F' := 2C' (%)7 e* . We can suppose F' > 1 and % > 1. We take A and
B the constants of Lemma 4.2 such that Vk € N and VA > 0,

ren o () o (1) (3 (28)

We apply the inequality (13) and f € EP (w (t%)) (Q) to get

HQJ(D)szK < HQJ(D)HzQ;J

k+1 iy .

E+1\ (k+1 (k+1—1i)pm

< k+1 D A —
c'c E < ) ( 5 > exp (2 By ( P BN

=0

Ccz () (g)” oy (B2 (L0

when p is the first entire after um. Therefore,

1Q7 (D) fl2.x
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is less than or equal to

k+1 iy .
E+1\ (k+1 (k—i)pm+p
k+1 D *
oo Z( > <5 > exp (2 By <2PB)\

k i ,
" E\ (kN (k —i)um
k v w [ AV ORI
e R (1) (5) e (e ()
since p* is increasing. Now, using Lemmas 2.2 and 4.6 we have
1" g * « [ kpm
kpm
= DF* B [ ) |-
o (2 (55))
In view of Lemma 4.2,
A k
Dexp (B)\B> exp ()\ga* ('l;\m)>

17 (D) fllz,x
D exp(AN) exp ()x(p* (kh;m))

D exp(AN) exp (Aw (j T”)) .

As a consequence for each j € N,

1@ (D)l exp (3" (252 )) < Dexpan).

1Q7 (D) fll2.x

IN

IA

IN

Then,
eé& 1 Q).
T (ofentr)) )
In order to see the inclusion map
& 1\ (Q & 1 (D
o) Eo fofurtn))

is continuous, let f € £ P( (

1
wltm

))(Q) and we fix K CC Q, A > 0. Proceeding

as above:

1Q9 (D) fllo.c exp (Aso* (‘ﬂ;m»
k+1 k L iy 'h
e ) (5 o (o
s (RN (R h :
+C C’“Z(z‘) (6) eXP( . (j Am»llP(’“)“(D)fllz,a’-

i=0
Note by Lemma 4.6, for each k € N, : =0,1,...,k and A > 0,

ki exp( Ao (ﬂ; )) < exp(AEk) exp (—/\cp* (W)) .
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« [ jhm
2,K €Xp —Ap N

L [ Ilm
< DF* sup [ PO eww (30" (1))

So, for each j € N,

1Q7 (D) f

1eNp
Hence,
4 A jhmB
i(D A
@0l (5o (2521

A Im

<D A= PYD)fl., o A" (<))

< Dexp (15 ) s IP(D) g e (3" () )

Proceeding as in Theorem 4.1, the Roumieu case is analogous. O

Proof of Theorem 4.5. Roumieu Case. We fix a compact subset Ko CC (.
The following inclusions hold:
Q) C Q) C Q) Cind &7 Ko).
Ep () () S Ep fun) ( )—EQ,{w(t%)}< )€ ind € (t%)( 0)

- w
neN @

From Theorem 3.3 we get that Ep (1)) (2) is a Fréchet space. Now we con-
1 1

id. Er Kj) the topol f Th 3.5, so that ind&™ K

sider on Q,w(t%)( o) the topology of Theorem 3.5, so tha ind Q’w(t%)( 0)

neN
is an (LF)-space. By Closed Graph Theorem and Grothendieck’s Factoriza-

tion Theorem (see [16, Theorems 24.31 and 24.33]), there exists ng € N such
that

1

Epwy(Q) CE™ (K
P (w(e) () Qyw(ﬁ)( 0)

with continuous inclusion. So, given any seminorm max (pm, Il - HQ Ko ;),
Ko, ms

a
of £™ L)(Ko), there exist C' > 0, a compact K CC Q, p € Ng and A > 0
h

awlt

such that for all f € Ep, (1)) (),

. 1,
sup Q2 (D)l sy ex (= () ) < max (s 1l )
Jj€Ny no 0

<Csu POl (20 (1)) 14

J€No
If £ € RN, we denote fe(x) = e<¢> and observe that
Qj (D)ei<m,§> —_ Q(f)j6i<x’5> and féx(x) _ faia€i<m’£>.

Moreover, fe € Ep,(.)(£2) since for a compact subset K CC Q and A > 0

1P? (D) fellz, i = m(K)[P(OI < Cexp (W (i))

by Lemma 4.2.
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Applying inequality (14) to fe we get

sup QO exp (~- (o) ) <Ca sup [P o (-2 (£ ). 15)

J€No J€No

For |Q(§)| and |P(&)| greater or equal than 1 we obtain from (15) and
Lemma 4.7,

exp (5w (1Q(O1) ) < Coemp (PO
Hence,

w (IRO1F) < €y + QPO < Cool|PE))

whenever |P(€)], |Q(£)] > 1. On the other hand, condition B-M-M implies
that for each k € N there exists Hj such that 2¥~'w(t) < w(Hyt) whenever
t > 1. Then,

w (1QE©IF) < w(CelP(E)l)  whenever [P(E)], [Q(€)] > 1.

Having in mind w vanishes on [0, 1] and it is increasing and |P| tends to +o0
if [£| tends to +o0o we finally conclude that there is C7 > 0 such that,

1QE)|* < C7|P(€)| for every € € RY.

The Beurling case is easier because £p (,,)(£2) is a metrizable space. [

Next we show that for any elliptic polynomial P of degree m, the clas-
ses EP*(t;) (€2) and & ,(+)(£2) are the same as sets and as topological vector

spaces. This is an extension of a result of Komatsu (see [9]). The converse in
the Gevrey setting is due to Métivier [17]. We need the following lemma due
to Komatsu (see [9, Lemma 3]).

Lemma 4.8. Let Q be an open subset of RYN. Suppose that P is an elliptic
operator of order m and let pg > 0 be given. Then, there exists a constant
C > 0, which only depends on N,py and P, such that for each f € C*(Q)

and for each o € No™ werifying || < m,

Lol
1/ 2, < CIP(D)fl2.0, ™

o] 1
Fllz0," " + CWHJIHZQU
for every 0 < p < pg and o > 0.

Theorem 4.9. Let w be a weight function and let  be an open subset of RY.
For any elliptic polynomial P of degree m we have

gP,*(t%) (Q) - 5*(t) (Q)

and the incluston map is continuous.

Proof. Let ' be an open subset relatively compact in 2. We first estimate
the derivatives f(® of order |a| = km, k € Ny. We write a = p + ¢ with
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lp| =m and |g| = (k—1)m. Using Lemma 4.8 with p = £ and o =6 (1 — 1),
d small enough, we get a constant C' > 0 such that Vf € C* (),

(P)
120y = 1 (F9) " oy
k m
< P(D) @ , b (@) , )
P+ (5) 15
Applying this lemma k times as is (10) we obtain

k

17, <> (5) (5) 1P D)l (16

=0

whenever |a| = km. In the case that « € No® is an arbitrary multi-index we
write « = 3+, where |8| = km and |y| < m.

We observe that z%y'~® < x4 y holds if z,y > 0 and 0 < a < 1.
Therefore,

| P(D)f| Flocy ™% < [P(D) fllogy, + 1 £

Hence it follows from Lemma 4.8 that there is a constant C” such that
1F P 2,05, < C'(IPD)fllz.y + [ fll2i05)  VF € C¥(Q5) y Yy < m. (17)
C' depends of §. We apply (17) to f(®) to obtain
||f(a)||2,9'25 < C’(||P(D)f(5)||27% + ||f(6)||2,ﬂg)- (18)
Now the inequality (16) implies
1P(D)f P 2,05 = I(PD)S) 2,0,

k im
<o () (&) 1P

=0

k+1 im
E+1\ (k41 »
Sﬁ“2<i><a>wwkmmw

=0

Iyl
2,05 " |2,Qg-

From this inequality, (18) and (16) we conclude

k+1 m
. k+1\ (k+1 B
anﬁmwwz(.)()nw%wmmﬂ

. 7 1)
=0

k im
ceery () (5) 1P 0l

=0

gP,*(t%) (Q) - 5*(t) (Q)

with continuous inclusion. O
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Corollary 4.10. Let w be a weight function and let 0 be an open subset of
RY and P an elliptic polynomial. Then the equality SP*( )(Q) =& (Q)

a1
tm
holds.

Proof. Tt is a consequence of Theorems 4.1 and 4.9. O

Finally, we characterize when SR* (t%)(Q) and &, () coincide for
weight functions verifying the growth condition B-M-M.
Lemma 4.11. If ER*(t# () = &) (Q) algebraically, then P is hypoelliptic
and the previous equality also holds in the topological sense.

Proof. We will present the proof in the Beurling case and for Q = RY. We
put o(t) = w (ti) . Since

{f € COO(RN) : P(D)f = 0} C 5P,(U)(RN)3
our hypothesis implies that
{f €C=RY): P(D)f =0} = {f € &u)(RY) : P(D)f = 0}.

We fix a compact subset X C RY and A > 0. From the Open Mapping The-
orem we deduce that there are a constant C' > 0,m € N and a compact set
@ such that

pra(f) < C sup sup | (z)] (19)

la|<mzeQ

whenever f € C*°(RY) and P(D)f = 0. We now assume that P is not hypoel-
liptic. Then we can apply theorems [8, 11.1.5 and 10.1.25] to find a function
f € C(RM)\C>®(RY) such that P(D) = 0. We take {p,} a regularizing
sequence. Then {f * p,} is a Cauchy sequence in C"™(R”") and from inequal-
ity (19) we conclude that also {f * p,} is a Cauchy sequence in &) (RY).
This is a contradiction. 0

Theorem 4.12. Let w be a weight function verifying condition B-M-M.
Suppose P is polynomial which degree is m. Then EP*(t%)(Q) = Ew(Q)
holds algebraically if and only if P is elliptic. In this case the equality
EP,*(ti) () = E,(+)(2) is also topological.

Proof. 1f P is elliptic then &, *(t#)(Q) = &E,(1)(2) by Theorem 4.9. In order
to show the converse, we appfy once again Theorem 4.9 to the elliptic poly-
nomial Q(&) = &7 + -+ &% to get

Moreover, according to Lemma 4.11, P is hypoelliptic and we can proceed as

in Theorem 4.5 to deduce

(4. +&)2 <CIPE)|= if |¢] is large enough.
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That is, for some constant C' > 0,
&+ + Q)" < CAL+[PE).
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