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Abstract. In the present paper, we introduce and study Beurling and
Roumieu quasianalytic (and nonquasianalytic) wave front sets, W F, of
classical distributions. In particular, we have the following inclusion

WF.(u) C WF.(Pu)UY, uecD (),

where €2 is an open subset of R"™, P is a linear partial differential oper-
ator with coefficients in a suitable ultradifferentiable class, and X is the
characteristic set of P. Some applications are also investigated.
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1. Introduction

Classes of ultradifferentiable functions have been investigated intensively
since the 20ies of the last century. According to the theorem of Denjoy—
Carleman they split in two groups: the quasianalytic and the nonquasianalytic
classes. Several authors have introduced the classes in different ways (e.g.,
Beurling [1]; Komatsu [16]; Hérmander [14]; Braun, Meise, and Taylor [9]).
In general, the classes defined in one way cannot be defined in another way
(see [8]). On the other hand, independently of the definition there are several
known methods to construct functions with prescribed properties in non-
quasianalytic classes, while this is not the case for quasianalytic classes, for
which other techniques are needed, for example, complex variable methods.

The research of the authors was partially supported by MEC and FEDER, Project
MTM2007-62643, and MEC, Project MTM2007-30904-E, and Conselleria d’Educacié de
la GVA, Ajuda complementaria ACOMP /2009/253.
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The notion of wave front set was introduced by Hormander in 1970 to
simplify the study of the propagation of singularities of distributional solu-
tions of linear partial differential operators. In 1971, Hérmander [14] estab-
lished the following microlocal regularity result:

WFEL(u) CSUWFEL(Pu), ueD(Q), (1)

where P is a linear partial differential operator with analytic coefficients, and
> is the characteristic set of P. This type of result represents a fundamental
tool in the study of propagation of singularities. This inclusion has been also
applied, modified and adapted several times since the seventies of the last
century to study the problem of iterates from a microlocal point of view (we
refer to [2, 3, 5, 24], among others; see also [4] for a survey on this topic).
In the inclusion (1) the wave front set WFy (u) is defined with respect to
the ultradifferentiable class C* of Roumieu type and u is always a classical
distribution on an open set Q of R”™. The function spaces C'* were introduced
in [14] and cover the classical spaces of Gevrey functions and of analytic
functions. In the case of the analytic wave front set, W F4, such an inclusion
was proved by Kato [15] for hyperfunctions, but for a very different definition
of WF,. We also mention that a version of inclusion (1) for wave front sets
with respect to the C*°-class and an operator P with C'°°-coefficients can be
found in [13, Chapter VIII].

In this paper we present a version of inclusion (1) for wave front sets
defined with respect to the ultradifferentiable classes as introduced by Braun,
Meise, and Taylor [9] and classical distributions. By modifying the arguments
in [14] in a suitable way, we cover both quasianalytic and non-quasianalytic
cases at the same time. These classes have the advantage that can be stud-
ied using the decay properties of their Fourier transform and the decay be-
haviour of their derivatives. We give two versions of the result. First, we
prove the Beurling case in Theorem 4.1. In this case, we require the assump-
tion w(t) = o(t), as t tends to infinity, on the weight function. The Roumieu
version is obtained as a consequence of the Beurling case and the description
of Roumieu wave front set of a classical distribution as the closure of the
union of all the Beurling wave front sets contained in it. Such a description is
proved for arbitrary weight functions, quasianalytic or not, in Proposition 4.5
(see [11] for a version for non-quasianalytic weight functions). To show our
inclusion results, Theorem 4.1 and Theorem 4.8, we need to assume that the
weight functions are equivalent to subadditive weight functions (see [18, 19]).
In particular, our results apply to the most relevant cases considered by Ko-
matsu [16] (see [8]). Finally, our results are applied to study the propagation
of singularities of the operator P = 0,,, in R".

2. Notation and preliminaries

In this preliminary section we fix the notation and provide a number of basic
results that will be used in the subsequent sections. Throughout this article



Vol. 66 (2010) Quasianalytic Wave Fronts Sets 155

| -] denotes the Euclidian norm on R™ or C™ and B,.(a) denotes the open ball
of radius r and center a.

Definition 2.1. A weight function is a continuous increasing function w :
[0, co[— [0, co[ with the following properties:

(a) there exists L > 0 such that w(2t) < L(w(t) + 1) for allt > 0,

(8) w(t) =0(t), ast tends to oo,

(7) log(t) = o(w(t)) as t tends to oo,
(9)

t — w(el) is conver.

(2
A weight function w is called quasianalytic if

/lw“’g)dt:

If this integral is finite, then w is called nonquasianalytic.
A weight function w is equivalent to a sub-additive weight if, and only
if, it has the property

(wg) ID >0 Ftr>0 YA>1 VE>tg: w(At) < ADw(t).

The condition above should be compared with [19, p.19] and [18, Lemma 1].
The Young conjugate ¢* : [0, 00[— R of ¢ is given by

©*(s) := sup{st — ¢(t),t > 0}.

There is no loss of generality to assume that w vanishes on [0, 1]. Then
©* has only non-negative values, it is convex and ¢*(t)/t is increasing and
tends to co as t — oo and ¢** = p. For more details on properties of w and
©* we refer to [9, 12].

Example 2.2. The following are examples of weight functions (eventually after
a change on the interval [0, d] for a suitable § > 0):

(1) wt) =t*, 0 < a< 1
(2) w(t) = (log(1 +1))”, ﬂ>h
(3) w(t) =t(logle+1)~", B>0;

(4) w(t) =t.
The weight function in (3) is quasianalytic for 4 €]0, 1] and nonquasianalytic
for 8 > 1. The weight function in (4) is also quasianalytic. Moreover, all
the weight functions above satisfy property (ap). For further examples of
quasianalytic weight functions we refer to [8].

Definition 2.3. Let w be a weight function. For an open set Q C R™ we set
Ew)(Q) :={f € C=(Q) : [[fllx.x < 00, for every K CC Q and every A > 0},
and

1y (Q) :={f € C™(Q) : for every K CCQ, there exists
A > 0such that| fllxx < oo},
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where

I£lia = sup sup 7 @) exp (-~ ag* ().
z€K aeNY

The spaces &,y (2) and £(,1(€2) are endowed with their natural topolo-
gies. Then &£,)(Q?) is a nuclear Fréchet space, while £r,3(Q) is a countable
projective limit of (DFN)-spaces, which is reflexive and complete. If w is non-
quasianalytic, the space £,,1(€2) is ultrabornological, see [9, Proposition 4.9].
If w is quasianalytic, the space £y, (Q2) is surely ultrabornological under the
assumption of convexity of 2 and, this follows from [21, Satz 3.25], together
with [22, Theorem 3.4], and [23, Theorem 3.5].

The elements in the space &,)(§2) (respectively, in the space E¢.,y(€2))
are called w-ultradifferentiable functions of Beurling type (respectively, of
Roumieu type) in . By £/, (2) and £, (2) we denote the duals of &) (2)
and ¢,y (2). When w is quasianalytic the elements of 5(’ w)(Q) (respectively,
Ei w}(Q)) are called quasianalytic functionals of Beurling (respectively,
Roumieu) type.

We observe that in the case w(t) = t*, 0 < a < 1, the corresponding
Roumieu class is the Gevrey class with exponent s = 1/a. In particular,
E1.3(Q) coincides with the space A(f2) of all real analytic functions on Q.

We will write * to denote (w) or {w} when it is not necessary to distin-
guish between both cases.

If w is quasianalytic, the elements with compact support in £y, () or
in £4,(2) are trivial. While, if w is nonquasianalytic, the space D,(K) :=
E.(Q) N DK) # {0}, being K C 2 a compact set. Then D.(Q) :=
ind,, D« (K,,), where (K,) is any compact exhaustion of §2. The elements of
Dzw)(ﬂ) (respectively, Df{w}(Q)) are called w-ultradistributions of Beurling
(respectively, Roumieu) type.

The *-singular support of a classical distribution v € D'(Q), denoted
by sing, supp wu, is the complementary in 2 of the biggest open set U C
satisfying u|y € E.(U).

Remark 2.4. We also recall the following properties (see, for example, [12,

Remark 2.8]):
(a) If o(t) = o(w(t)) as t tends to infinity, then
£} () € €0 ()
with continuous inclusion.
(b) If w(t) = o(t) as t tends to infinity, then for each constant | € N,
there is a constant C; > 0 such that
Y

ylogy < y+lg0*(7) +C, y>0.

3. Quasianalytic wave front sets and properties

In this section, we introduce and study Beurling and Roumieu quasianalytic
and non quasianalytic wave front sets of a classical distribution. To provide
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this, we begin with two lemmas which clarify the behaviour of the Fourier
transform with respect to the weight function in Roumieu and Beurling set-
tings. The first one treats the Roumieu case.

Lemma 3.1. Let f be a continuous function defined in a cone T C R™\ {0}
taking values in [0, +o0o|[. The following statements are equivalent:

(1) There exist constants C,e > 0 such that

f(§) < Cexp(—ew(§)), £€T,

(13) There exists a constant C' > 0 such that

N
f(§)§0N+1N!<w(1€)> , N=0,1,2,..., £€T,

(#91) There exists a constant C' > 0 such that

o
w(§)

(iv) There exist constants C > 0 and k € N satisfying

N
f(§)§0< > , N=0,1,2,..., £eT,

ENf(€) < Cet?" P N =0,1,2,..., ¢el.
(v) There exist constants C > 0 and k € N such that
|€|Nf(€)SCN+16%¢*(NI€)7 N=0,1,2,..., (el.

Proof. (i) <= (#i) <= (iii) can be proved as in [20, Lemma 1.6.2]. We first
show (i) <= (iv). To prove this, it is sufficient to check, for ¢ > 1, that:

e #M) < inf ¢ Nere (NR) < gmgwt)tlogt, (2)
~ NeNy o

Indeed, since log(t) = o(w(t)) as t — oo, for 0 < & < ¢ there is t, > 0 so that
—zw(t) 4+ logt < —ew(t) for all ¢ > to.

The first inequality in (2) follows by observing that (¢*)* = ¢ and
hence, we have

w(t) = sup{slogt — ¢"(s)}
s>0
> sup {Nklogt — ¢*(Nk)}
NeNg

1
=k sup {Nlogt — —p*(Nk)}.
NeNg k
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The second inequality in (2) follows by observing that ¢* is increasing and
hence, we have

w(t) = sup{slogt — " (s)}

>0
= sup ( sup {slogt — @*(s)})
NeNg \ Nk<s<(N+1)k
< sup {(N + 1)klogt — " (NEk)}
NeNy
= klogt+ sup {Nklogt — ¢*(Nk)}
NeNg
1
=k <1ogt + sup {Nlogt — @*(Nk)}) .
NeNy k

It is obvious that (iv) implies (v). To finish the proof, it remains to
show that (v) implies (iv). We proceed as in [10, p. 404]. We take s € N to
be the smallest natural number such that C' < e°; being C' the constant that
appears in (iv). Let m the smallest natural number bigger than kL®, where
k is the constant of (iv) and L > 1 the one that appears in property («) of
the weight function w. We have

1
(Nk)+Ns<—<p (Nm) + ZLJ

and hence,

CNFlete (NR) < QeNst ke (NE) < Cem Zima VY emee” (Nm), O
The following lemma treats the Beurling case.

Lemma 3.2. Let f be a continuous function defined in a cone T C R™\ {0}
taking values in [0, +o00[. The following statements are equivalent:

(¢) For every k € N there exists a constant Cy, > 0 such that
f(§) < Crexp(—kw(§)), £€T,
(13) For every k € N there exists a constant Cy, > 0 such that

1

N
M — =
f(f)ngN.<kw(§)> , N=0,1,2,..., (€T,

(791) For every k € N there exists a constant Cy, > 0 such that

N N
f(§)§0k<kw(£)) , N=0,1,2,..., €T,

(iv) For every k € N there exists a constant Cy, > 0 such that
1IN (&) < Creke™ NP N =0,1,2,..., £€T.

(v) There exists a constant C > 0 such that for every k € N there exists a
constant Cy, > 0 for which

1IN F(€) < CLONeRe /R N —0,1,2,..., £€T.
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Proof. Tt follows easily that () implies (i¢) by using the Taylor expansion of
the exponential function. It is clear that (i7) implies (#i¢). On the other hand,
(iii) implies (ii) since NV < eV N! and therefore, if f satisfies (iii) for some
sequence {Cy}, then for every k € N,

F6) < CseN'kw(©)]™™, N=0,1,2,..., £€l.

(i) implies that, for each k € N, f(&)kNw(&)N/N! < Cor(1/2)N for all
N =0,1,2,....So, using the expansion of the exponential function, we obtain

f(&) exp(kw(§)) < 2C,

and hence, (7) is satisfied.

(1) <= (4v) is proved in a similar way to Lemma 3.1. It remains to
prove that (v) implies (iv). As in the Roumieu setting, we take s € N such
that C' < e®, being C' the constant that appears in (v). By (v) for each k € N
there is Cy, > 0 such that, for Ay = k(L*+---+ L),

F(E) < CuON hL™ @ (N/(RL) < ¢y oAr ko™ (N/R), 0

The following proposition describes the *-singular support of a classical
distribution. The proof follows the lines of [14] (see also [12, Lemma 4.7]).

Proposition 3.3. Let Q C R™ be an open set, u € D'(Q) and z € Q.

(a) Then u is a Egy-function in some neighborhood of xo if and only if for
some neighborhood U of xq there exists a bounded sequence uy € E'(S2)
which is equal to u in U and satisfies, for some C > 0 and k € N, the
estimates

N [an (€)] < Cex® B N =12...., ¢eR" (3)

(b) Then u is a & -function in some neighborhood of xo if and only if for
some neighborhood U of xq there exists a bounded sequence uy € £'(Q)
which is equal to uw in U and such that for every k € N there exists a
constant Cy, > 0 satisfying

€N [an ()] < Crete™ VR N =1,2,..., ¢eR™ (4)

Proof. (a) Necessity. Let u € Er,y(U) with U = Bs,.(2¢) and choose xny €
D(Q) so that xy = 1in B,(z9) and xny = 0 on (Ba,(x0))¢ in such a way that
[D%xn| < (CiN)I?, o] < N, (5)

where C does not depend on N (we refer to [14] for a proof of the existence of
sequences {yn} satisfying (5)). Now, we put uy = xnyu. Then, for |a| < N,

« L o*(m|a—
D% ()] < 3 () (@) P, e, (©)
BLa
being D, the value of the seminorm ||u||m 1/m- Since @™ is a convex
function, we have Lo*(m|a— B]) + L*(m|B]) < L¢*(m|a|) and therefore,

m
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the right hand side of (6) is less than or equal to

Do tnla) 3 ( ) 1B110g(C1 N) = & " (m8])

B<la
< 2NDT6%‘P (mN) sup elBllog(C1N) =™ (m|B))
IBI<N
S 2ND7-6711 (mN)em sup‘m<N{m|B|log(ClN) 4 (m\,@\)}
<9VD, em @ (mN) o™ (log(C1N))
<D, eNerw(ClN)Jr @ (’mN)7

where we have used the fact that ¢** = ¢, the definition of ¢ and |a| < N.
Then, we have, for || = N,

€% un (&)| = ’/€_i<x’£>DaUN($)d$ < CD,eNtm@ (@)t 5" (mN)

where the constant C' depends on the Lebesgue measure of Ba,.(z0). Now, we
select ¢ = 1,...,n such that |{;| = maxi<;<, |{;| and set @ = Ne;, where e;
is the i—th vector of the canonical basis of R™. Then,

€1 <02 max Jg|7 = n"2gG N = /20,

Consequently,
€™ ()] < 2|6t ()]
< CDTnN/QeNJr%w(ClN)ercp (Nm)
— ODT-E% lognJrNJr%w(ClN)Jr#Lp*(Nm).
Since w(t) = O(t) as ¢ tends to infinity, we can find a positive constant Cs
such that w(t) < Cot + Co for all ¢ > 0. Now, proceeding as in the proof
Lemma 3.2, (v) = (iv), we take s € N greater than 1 + log" + 0102 . Then,

if k£ is the smallest natural number bigger than mL?, where L > 1 is the
constant that appears in property («) of the weight function w, we have

1 1
—p*(N Ns < —p"(Nk) + — L.
@ (Nm) + N < —¢'( H’f;
Hence, we obtain

€1V ()] < OD, N EH14 50+ e (Vm)

Cy Ns+-Lop*(N Lo*(NE
< CD,e“%e s+ " (Nm) Scmekw( ),

where the constant C,, = C’DTeCﬁ%E;:l 4 depends on m, on the weight
w, on 7, and the selection of x .
Sufficiency. For x € U, we have

Du(x) = (2m) " / T ()9 de,
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when N > |a] +n+ 1, for &%y (£) is then integrable since (3) is satisfied by
hypothesis. Now, as {uy} is a bounded sequence in £'(2), an application of
the Banach-Steinhaus Theorem gives, for all N € N,

[an(€)] < Ci(1+ )™,

for some constants C; > 0 and M € N that do not depend on N.
Hence, for z € U,

D%u(z)| < (2m)° / €Ay (€)ldé = I, + I,

where I; denotes the integral when |¢| < exp(zk¢*(kN)), and I denotes
the integral when |¢| > exp(7& ¢*(kN)). Since [£2| < [¢]lo],

al . M
I; < mnCleﬁ‘p (NE) (1 + eFN® (kN)> ,

being m,, the Lebesgue measure of the set {¢& : [¢| < exp(zhe*(kN))}
in R™, that is less than or equal to the Lebesgue measure of the hypercube
{€ ¢ |l€lloe < exp(z9"(kN))}, where || - || denotes the maximum norm in
R", which is equal to 2" exp (& ¢*(kN)). Summing up, we have

< oM i (k(ntlal+M)

I < 2n+Mc1 (eﬁw*(kN))n+|a\+M

when N =n + |a| + M. On the other hand, by (3),
s /§> NE e (Nk) |£|N_n_1|aN(£)|d§
x 1
< Cet® <N’f>/ —d
B | e et (em) €[+ ¢

L 1
< Cex?® <Nk>/ de.
g1>1 g+

Therefore, we deduce that there is a constant C’ > 0, that depends only on
n and M, such that

|D%u| < O e " (k(lal+ntM))
on U. Now, from the convexity of ¢* we obtain

Lo (K(lal +n+ M) < og* (Klal) + 52" (2K(n + M),

= 2k 2k "
and hence, C'er®" (k(loltntM)) < ¢y emre”(mle) with m = 2k, which con-
cludes the proof of (a).
(b) The proof is similar to the one of (a), and we only indicate the main
changes. Necessity. As in (a), we put uy = xnyu. Then, for |o] < N and
k € N there is C}, > 0 such that

[D*(xnu)| < Cr Y (a) (CLN)IBl ko™ (ja=BI/k) )

Ba



162 Albanese, Jornet and Oliaro IEOT

Proceeding as in the Roumieu case, the right hand side of (7) is less than or
equal to

Ck6N+k:w(ClN)+ktp*(N/k),
and therefore,
|§|N|aN(§)| < DCke% 10gn+N+kw(C1N)+k<p*(N/k)’
where the constant D depends on the Lebesgue measure of Ba,.(zg).

Now, since w(t) = o(t) as ¢ tends to infinity, we can find, for each k € N,
a positive constant Ay such that kw(t) <t + Ay for ¢ > 0. Hence, if we put

Ci = DCre?* and B = e%"‘“‘cl, we obtain
€1V [an (€)] < CuBNeke™ (N/P),

Proceeding as in Lemma 3.2, (v) = (iv), we obtain an estimate like (4).
Sufficiency. As in (a), for x € U, and a fixed k € N,

D*u(z)] < (2m)" / €@ (©)lde = I + I,

where I denotes the last integral when |£| < exp (%gp* (%)), and I5 denotes
the integral when |¢| > exp (2£¢* (2))). Since [¢*] < €|l

M

I < mnszkflVa‘“”*(%) (1 +e%“"*(%))

being m,, the Lebesgue measure of the set {£ : || < exp (2—1\?90* (2—1\12))} in R™,
We obtain, as in (a),

n+|a|+M
gty

ﬂ))nHaHM - 2n+M01€2k¢*(

I <otMcy (e%w(zk
when N =n+ |a| + M, and by (4),

e T e VIS

2k

«( N 1
< ke (ﬁ)/ e
B g1 €7+

Therefore, we deduce that there is a constant C’ > 0, that depends only on
n and M, such that

D] < ke ()
on U. Now, from the convexity of ¢* we obtain
ok <|a| +n+M

2% ) < ko*(la]/k) + k™ ((n+ M) /E). 0

We can now give the definition of quasianalitic (and non quasianlytic)
wave front set of a classical distribution in Roumieu and Beurling settings.
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Definition 3.4. Let @ C R™ be an open set and u € D' (). Let w be a weight
function. The {w}—wave (respectively (w)—wave) front set W Fy,)(u) (re-
spectively W F(,)(u)) of u is the complement in Q x (R™ \ 0) of the set of
points (xo,&) such that there exist an open neighborhood U of xo in Q, a
conic neighborhood T of &y and a bounded sequence uy € E'(Q) equal to u in
U satisfying (3) (respectively satisfying (4)) in T.

Lemma 3.5. Let u € D'(Q) and let K be a compact subset of & with non-
empty interior, F' a closed cone in R™. Let w be a weight function. Suppose
that {x~n} C D(K) and, for every a € Nj and N € N, that

D"+ x| < Ca (Cal), 8] < N. (8)
Then {xnu} is a bounded sequence in eM if w is of order M in a neighbor-
hood of K. Moreover:
(a) If WFpy(u) N (K x F) =0, there exist a constant C > 0 and k € N
such that
1N vu(€)] < CNHere BN N =12, ¢eF (9)

b) If WF (u)N (K x F) =0 and w(t) = o(t) ast tends to infinity, there
(w)
is a constant C' > 0 such that for every k € N there is Cy, > 0 for which

1IN IxNu(©)| < CLCNeFe () N =1,2,..., €€F (10)

Proof. The condition (8) with § = 0 implies that the sequence xx is bounded
in D(K) and hence yyu is bounded in & if u is of order M in a neighbor-
hood of K.

Let zg € K, & € F \ {0} and choose U, T and uy according to Defini-
tion 3.4. If the support of xn is in U, we have yyu = xyun.

We first prove (a). By hypothesis ux satisfies in T’

1N [N (€)] < Diex?® VR N =12, (11)

for some constant Dy > 0 that does not depend on N. On the other hand,
[un (€)| < Da(1 4+ [€])M for some constants Dy, M > 0 and all £ € R", as the
sequence uy is bounded in £,

Since the function ¢*(z)/x is increasing and k > 1, it follows from (8)

that
. 18l
D x| < Ca (Cae e OR) T 15 < Y,

where C, denotes again a suitable positive constant depending only on a.
Therefore, we obtain

exp (ﬁ(p*(Nk))N
(Inl + exp (Fye*(NEK)))

The properties of the Fourier transform give

Twu(e) = (2m)~" / v (m)an (€ — m)dn.

Xn (] <V N (L) M e R (12)
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Let 0 < ¢ < 1. We split the integral into two parts:
xnvu(§)

o St S (13)
= (2m) (/ X ()N (€ = n)dn + / X (n)un (€ — n)d77>-
[n|<cl¢| [n]>clg]
In the second integral we have [¢—n| < (1+c¢~!)|n|, and from the boundedness
of {un}, it can be estimated by

Do(1+cHM - X ()1 + )™ dn. (14)

Now, we estimate the first integral in (13) by

IXnllz, sup [un(§—mn)l. (15)
[n]<cl¢]
On the other hand, for a conic closed neighborhood I'y of &y contained in
'\ {0} we can choose the constant ¢ so that n € T'if £ € T'y and | —n| < ¢[¢].
We observe that |n| > (1—c¢)|¢| and that the last supremum can be written as
SUpP|¢_p <cl¢| |[Un ()] Therefore, we conclude, from formulas (11), (12), (14)
and (15), and for N > 0,

Sup 1Y IXvu@©)l < (1= o)V, sup [t ()] ™
1

#Da(L4 VM [ (0 )M gl R
< (1 — c)_NC’lCNDle%“’*(Nk) + Dg(l + C_l)N—HVICQe%(p*(Nk),

where the constants Cy,Cs, D1, Dy do not depend on N. Now, F' can be
covered by a finite number of neighborhoods like T'y so that (9) is valid if
supp xy C U for a sufficiently small neighborhood of 3. We can cover K
by such neighborhoods U;, j = 1,...,J, and choose xn; € D(U;) so that
Yo xn,; = 1in K and xn; satisfies (8) for j = 1,...,J. But, if xy € D(K)
satisfies (8), the same is valid also for the product xn jxn with some other
constants. Hence (9) is valid with yn replaced by xn jxn. The proof of (a)
is complete since > xn XN = XN-
We now prove (b). By hypothesis, uy satisfies in T’

1N [an (6)] < Crebe™ NV/R) - N =12,

for some sequence {C}} of positive constants that does not depend on N. On
the other hand, |tix(€)| < D(1 + €)M for some constants D, M > 0 and all
¢ € R, as the sequence uy is bounded in &M,

It follows from (8) that

> NN —n—1— n
X ()] SCN+1W(1+|U|) MO eR™

Now we can proceed as in the Roumieu case (a) taking into account that
NN < eNN! and the following property: as w(t) = o(t) as t tends to infinity,
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from Remark 2.4(b) and Lemma 3.2, it follows that for every B > 0 and
A > 0 there is a constant C'p y > 0 such that

B"n! < CB},\e’\“"*(ﬂ, n € N. O
At this point, we can give some properties and consequences.

Theorem 3.6. Let Q2 C R™ be an open set and w be a weight function. Then
the projection of W F,(u) in Q is equal to sing,suppu if u € D'(Q).

Proof. We give the proof only for the Roumieu case. The Beurling case is
similar. If u is a &f,,y-function in a neighborhood of z it follows from Propo-
sition 3.3 that (zo,&) ¢ WF.y(u) for each & € R™ \ {0}. Assume that
(w0,&0) & WF{uy(u) for every & € R™\ {0}. Then we can choose a compact
neighborhood K of g so that W Fy (u)N(K xR") = (. By Lemma 3.5 there
is a sequence xy € D(K) which is equal to 1 in a neighborhood of z( such
that xnyu is bounded in € and satisfies (3). Therefore, z¢ ¢ singy,ysuppu
by Proposition 3.3. (]

The condition (8) is satisfied by any fixed function in &,(€2) with support
in K, where * = {w} or (w). Therefore, if w is a non-quasianalytic weight
function, an equivalent definition of wave front set is given by the following
proposition.

Proposition 3.7. Let Q C R™ be an open set and u € D'(Q). Let w be a
nonquasianalytic weight function. Then (x0,&) € Q x (R™\ 0) is not in
the wave front set W Fry(u) (resp. WF)(u)) of u if and only if there is a
neighborhood U C § of xg, a conic neighborhood T' of & and v € Eiw}(Q)
(resp. v € wa)(Q)) which is equal to w in U and has a Fourier transform
satisfying (3) (resp. (4)) in T.

Combining Proposition 3.7 with Proposition 3.3 and Lemmas 3.1 and
3.2, we recover the definition of wave front set in the Gevrey setting, [20,
p. 36], and in the nonquasianalytic Beurling setting, [11].

The properties of the Young conjugate ¢} of ¢, for a given weight
function w lead to the following property:

Proposition 3.8. Let 2 C R™ be an open set. If w and o are two weight
functions such that w = O(c), then W Fi 1 (u) C W Fiy(u), and W EF(,)(u) C
W F 5y (u), for each u € D'(Q).

Since logt = o(w), and w = O(wy ), where wq () = max(t—1,0) for every
weight function w, we observe that
WPF(u) C WFy(u) C WFs(u), ueD'(Q),

being W F'(u) the classical wave front set, and W Fa(u) the Roumieu wave
front set with respect to wy. Moreover, if w(t) = o(t) as t tends to infinity,
we have

WF(u) C WF,y(u) C WE,)(u) C WFs(u), ueD'(Q).
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Proposition 3.9. If Q2 C R™ is an open set and S is a closed cone in Qx (R™\0),
then there is u € D' () with

WEF(u) =WFy(u) =S (respectively, WF(u) = WFq(u) = 5)

for every weight function w (respectively, for every weight function w satisfy-
ing w(t) = o(t) ast tends to infinity).

Proof. By [13, Theorem 8.4.14], there is u € D’'(2) such that
WEF(u) =WFa(u) =5.
Since
WF(U) - WF{W}(’LL) - WFA(U)
(respectively,
WF(u) C WF(u) C WF(u))

for every weight function w (respectively, for every weight function w satis-
fying w(t) = o(t) as ¢ tends to infinity), the result follows. O

The conditions in (8) remain valid if we multiply all xn by the same
function in &,(€2). Therefore, we obtain

Theorem 3.10. WF, (au) C WF,(u) if a € £,(Q) and u € D'().
On the other hand, it is clear that
WF{M}(ﬁu/axj) - WF{W}(U,).

In fact,

o —

ou N | . N+1
Bor (€)| = lgiin1(©)] < Cle| (erwime? (VDR /jg))
J

= Cex® (NHDF) |e|N < O|¢|~Nezr e (2NK) 250" (25)
If we combine this property with Theorem 3.10, we obtain

Theorem 3.11. Let Q& C R™ be an open set and Pz, D) = 37, <,, a(x) D"
be a linear partial differential operator with coefficients in E.(Q). Then

WF{W}(P(x, D)u) C WF{UJ} (u), u e 'D/(Q),
(respectively,
WF)(P(z,D)u) C WF)(u), ueD'(Q))

for every weight function w (respectively, for every weight function w satisfy-
ing w(t) = o(t) ast tends to infinity).
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4. Propagation of singularities

In this section we prove a converse of Theorem 3.11 related to the propagation
of singularities of solutions of linear partial differential operators. We first
study the Beurling case. The corresponding Roumieu version is then obtained
as a consequence of a description of Roumieu wave front sets via a suitable
union of Beurling wave front sets.

Theorem 4.1. Let 2 C R”™ be an open set. Let o be a weight function satisfying
property (ap) and w be a weight function such that w(t) = o(o(t)) as t tends
to infinity. If P := P(x,D) = Zla\<m aq(x)D® is a linear partial differential
operator with coefficients in the Roumieu class E101(Q), then

WF(UJ)(U) C WF(w)(PU) U, wue D/(Q), (16)

where Py, (xz,§) = Z\a|=m aq ()€Y is the principal symbol of P and ¥ the
characteristic set of P which is defined by

Y={(x,8) € A x (R"\0) : Pp(z,§) =0}.

Proof. We must prove that if (xg, ) does not belong to the right hand side of
(16) and &y # 0, then (zo,&) & WE(,)(u). If we assume this hypothesis, we
can choose a compact neighborhood K of xg and a closed conic neighborhood
T of & in R™\ 0 such that

Po(x,) #0 in K xT, (17)
(K x T') N W Fy)(Pu) = 0. (18)

Now, we take a sequence yy € D(K) equal to 1 in a fixed neighborhood U
of xg satisfying property (8) for every . Then, the sequence uy = xanu is
bounded in £ and equal to v in U. The theorem will be proved if we show
that (4) is valid for the weight w when £ € T and [¢] > N, since (4) is true
for |¢] < N. In fact, when |{] < N we can argue in the following way. As
in Proposition 3.3, |uy(€)| < C1(1 + [¢)M < C1(1 + N)M < CN for some
positive constants C7,C and a natural number M € N. On the other hand,
since w(t) = o(t) as t tends to infinity, we have that, for each k¥ € N, there
exists C, > 0 satisfying NN < Cre?¢s(V/k) Then, we obtain

€N ()] < CYNN < CrOMekeu /R,
To estimate ty (§) in T we will solve in an approximate way the equation
Pto(z) = xon (z)e 8, (19)

Following [14], we put v = e~*®&w/P,,(z,£) and observe that the principal
symbol of Pt is P, (z,—¢£). Hence, we obtain instead of (19) an equation of
the form

w—Rw=xxony, R=Ri+Ro+---+Rp, (20)

where R;|¢|7 is a differential operator of order less than or equal to j with
E{y-coefficients which is homogeneous of degree 0 with respect to & for £ € I'
and x € K.
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‘We now write

wy = > Rj, -+ Rj, xan- (21)
Jitetin<N—m

From this formula, we obtain

wy — Rwy = Xan — > Rj - Rjxan  (22)
Jrbei> Nom> o+
= X2N — €N,

which means that

P'(z, D)(e” " wy(2,)/ Pu(x,€) = "9 (xan (2) = en(,£)).
With integrals denoting action of distributions we obtain, with f = P(z, D)u,

/u(x)XQN(x)e_“z’g)dx = /u(x)eN(x,f)e_“z’g)dx (23)
+ [ @ Oy (w,€) /P,

To estimate the right-hand side of (23) we need the following lemma:

Lemma 4.2. There exists a constant C' > 0 such that for j = j1 + -+ + jg
and j +|B] < 2N,
3 IN+1 (| sic ek (2hN) B L
D7y, -+ Rjyxan| < V4 (extwes @MY e ger. (24)
Proof of Lemma 4.2. By homogeneity it suffices to prove the lemma when

|¢] =1 (x € K). But then, this lemma is a consequence of the next one. [

Lemma 4.3. Let K C Q be a compact set and xn € D(K) be a sequence
satisfying property (8). If ay,...,a;_1 are functions in E;5y () such that, for
some constant C' > 0 and some h € N, that

sup |D%a,| < Cen#s(hlal) (25)
K

for every o € Ny and s = 1,...,j — 1, we have, for some constant C; > 0
that depends only on C' and the sequence {xn}, and j < N,

; . J
sup |Dj, a1 Dy, - aj_1Di;xn| < C{H! (eﬁ%(hN)) (26)
K

Proof of Lemma 4.3. Since o(t) = O(t) as t tends to infinity, NV <
CNe#s(N) for a sufficiently large constant C' > 0. Therefore, from (8), for
a = 0, we obtain
. 18]

D7 x| < Co (Coe¥ ™) |8 < N. (27)

It is clear that D; a1 D;, - - - aj—1D;;xn is a sum of terms of the form
(D% ay) -+ (D% taj_1) D x;

with |041| + -+ ‘Olj| =7.
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If there are Cy, .., terms with |a1| = ki,...,|a;| = k;, we have

|D¢1 ar Dy, - -+ aj71Di_,»XN|

k,
<3 Oy ey CF LR D) okl () 0y O (,ﬁw:(m) g (28)
rea(hk) ot (hkj1)

R

j . . k;
SZCM..JCJ- kil-- kj—l!cj_1 ‘ C'ocgj (G%WU(N)) .

As in [10], since o satisfies property (ag), we can suppose that o is equivalent
to a sub-additive weight and then, we have

ehes(hk1)  okeh(hkio)) kel (A(i—ks)

.. <
kq! k‘j,ﬂ - (]—kj)'

We also observe that
k1!.~-~kj,1! _ ].ﬁ!“'kj!j!' <9
(J — k) (7 — k;j)k;15! 4!
and that > C, . ki!---k;! = (25 — 1)!. We can assume that C,Cy > 1
and hence, if we put C; = CCy, we have Cj’lcngj < 9T Since ¢F (z)/x
is increasing, from (28), we obtain

|Di1a1D7;2 s ijlei]-XN|

.....

* . j—k; .
SO Oy gl byt (T H MY (eﬁsﬂﬂw))k]

J(2j — 1)
127

9

<(40, )7+ (eﬁgﬁi(hN))

which concludes the proof of the lemma since (2§,E})” <1 |

We now finish the proof of Theorem 4.1. If M is the order of w in a
neighborhood of K, we can estimate the first term on the right-hand side of
(23) for large N and |¢| > N, with £ € T', by

C Y (+[EhM 1 sup D (w, 6).

lo| <M

The number of terms in e cannot exceed 2V, and each term can be estimated
by means of (24), where j; + ...+ jr =j > N —m by (22), which gives the
bound

" N+|af
|Dgen(@,€)] < CNHIN (emtwer @) T e,
Therefore, the first term on the right-hand side of (23) can be estimated by

C/N+12N+M (eﬁ¢;(2hN))N+M ‘§|M—N+m (29)



170 Albanese, Jornet and Oliaro IEOT

Now, as ¢* is convex and % (z)/x is increasing, we have

N+M N+M
(62h1\r ¢0(2hN)) th(N-HM) @5 (2h( NJFM))) (30)
< eﬁ@Z(Qh(N—&-M)) < B9y (4hM) 7 0% (4hN)
= Ch Meﬁ‘ﬂ:(‘th).

Since w(t) = o(o(t)) as t tends to oo, if N is replaced by N +m + M, the
bound (29) and (30) imply an estimate of the form (11) for the first integral
on the right of (23). Indeed, from w(t) = o(o(t)) as t tends to oo we deduce
that for every k € N there exists dj > 0 such that

1 N
175 (4hN) <dk+kgow<k>, NeN. (31)

Now, combining (29) togheter (31) and (30) with N replaced by N +m + M,
we easily obtain an estimate of the form (11) for the first integral on the right
of (23).

To estimate the last term in (23) we observe that (24) gives

x 18l
[Dowy| < OYH (extnes @) T |5 <N, €T, ¢ > N, (32)

We have a similar bound for wy|£|™ /P, (z,&). The proof is completed by
the following lemma:

Lemma 4.4. Let f € D'(Q). Let K C Q be a compact set and ' a closed cone
C R"™\ 0 such that

W Foy(f) N (K xT) = 0.

If wy € D(K) and (32) is fulfilled, then there exists Cy > 0 such that for
every k € N there exists Cy, > 0 such that

on (@) < Gof (vt CE=) ) T (3

if€el, £l > N, and N > M+n. Here M is the order of f in a neighborhood
of K.

Proof. By Lemma 3.5 we can find a sequence fy which is bounded in &M
and equal to f in a neighborhood of K so that there exists D > 0 such that
for every k € N there exists Dy > 0 for which

~ N N
[Fu(m)| < DDN (X2 p) " N =0,1,2,..., neT,

where I' is a conic neighborhood of I". Then wy f = wy fn/, N = N—M —n.
On the other hand, using (32) and proceeding as in Lemma 3.5 to show (12),
we obtain that there exists £ > 0 such that

@ (n)| < ENTL(emn 90 ChN) j(emm ¢oGRN) i )N - € R
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Proceeding again as in the proof of Lemma 3.5, it follows (the integrals that
appear there are convergent from the selection of N'), that there exists D' > 0
such that for every k € N there exists D) > 0 for which

sup |€|N"1m(€)‘ < D;CD/N (eks&:,(N//k) + eﬁ@;(QhN)) , é‘ €F, |§| > N.
ger
(34)
We now observe that the convexity of ¢ implies that

(2hN) < — (@2 (4h(N — M —n)) + @4 (4h(M +n))], N > M+n.

~ 4h
(35)
On the other hand, w(t) = o(o(t)) as ¢ tends to co and hence, for every k € N
there exists Dj/ > 0 such that

%on

N
—Gi(AhN) < DY + kel (=), NeN. (36)
4h k
Combining (34) with (35) and (36), (33) follows. Thus the lemma is proved.

O

The last lemma gives the key to estimate the second integral on the
right-hand side of (23), and finishes the proof of Theorem 4.1. O

An examination of the proofs above shows that we can repeat the same
arguments to prove the analogous result of Theorem 4.1 in the Roumieu
setting, even assuming the coefficients of P(x, D) in £} (Q) with w a weight
function satisfying property (o). We point out that it is necessary only to
state and prove Lemma 4.4 appropriately. But, we also present another proof
of the Roumieu version based on an application of Theorem 4.1 and of the
following proposition, which is an extension to the quasianalytic case of [11,
Proposition 2] and could be of independent interest.

Given two weight functions oy and w such that o¢(t) = o(w(t)) as t
tends to infinity, we set

S := {o weight function : o9 <o =o(w)}.
Proposition 4.5. Let w be weight function. If og and o are as above, we have

WFy(w) = | WF(w), ueD(Q).
oces

Proof. The inclusion Uy sW F(o)(u) C W F{,1 (u) follows easily from the defi-
nition of S, and the facts that ¢, () C £,)(Q) if 0 = o(w) (see Remark 2.4)
and that the wave front set is closed.

Conversely, suppose that (zo,§) ¢ I' := UsesW F,)(u). We can then
find a compact neighborhood K of zy and a closed conic neighborhood F' of
& in R™\ 0 such that

(K X F) n Uge5WF(U)(u) =0.
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For each N € N let xy € D(K) be equal to 1 in a fixed neighborhood U of
xo such that, for every o € Ny,

|D*Pyn| < Co(CaN)Pl, 8] < N.

Then, by Lemma 3.5.(b), xyu is a bounded sequence in &M if M is the
order of u in a neighborhood of K and, for every o € S and k € N, there is
C7 > 0 so that

€N xwvu()] < Cgelee N e e By N =0,1,2,.... (37)

We will deduce from this fact that (zo,&) ¢ W F(,(u), after showing that
there exist C' > 0 and h € N for which

€|V IXru(€)| < CNFlervbN) e e BN =0,1,2, ... (38)

In order to prove such an inequality, we will proceed as follows. By (37) we
obtain that, for every o € S, k € N, and r > 0,
gn(r) =Y sup  |[xmu(é)] < CgeFeNB N =0,1,2,. ..
||=rceF
and hence

supgn (r) < Cgefea VR - N =0,1,2,....
>0

This implies that, for every ¢ € S and k € N,

N
ay = logsgggN(T) < kg (k> +logCy, N=0,12,.... (39)

We claim that (39) implies that there exist h € N and C' > 0 so that
1
aNS?pZ(Nh)—l—CZ N=0,1,2,.... (40)

Proceeding by contradiction we can construct an increasing sequence (N (h))p,
of positive integers (N (1) := 0) such that
1 *
aN(n) > Egow (N(h)h) -+ Ch, (41)
for every h € N (C}, := h).
We will show that inequalities (41) are in contradiction with inequalities
(39) by constructing a weight function o € S for which the inequality

Lan (V) + G < @3 (N () +105 7 (42)

does not hold for infinitely many indices h € N.

Without loss of generality, we can suppose that w|(r, o[ isa C ! function
for some R > 0 (see [9, Lemma 1.7]). Then the function ¢ := ¢, is a C*
function too on [R,+oo[ and ¢’ is a nondecreasing continuous function on
[R, +oo[. In particular, lim,_, o ¢’ (2) = +00 because log(1 + t) = o(w(t))
as t tends to infinity. Then, ¢'([0, +00[) D [¢'(R), +0].

Consequently, we can find an increasing sequence (z3), C [0, +00[
(x1 := 0) satisfying z, — oo and ¢'(zp) = N(h)h for all h € N. Set
xy =y = 21 = 0. As x;, — oo, we can inductively define an increasing
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sequence (h(n))y, of positive integers (h(0) = h(1) = 1) and the sequences
(Yn)n and (2, )n With zp2) > R, y2 = 20 = xp(2) and for all n > 3

N(h(n — 1))h(n — 1)

N(h(n)) > hn—3) , (43)
Lh(n) > Yn—1+ 1, (44)
oo(e”) < h;(pn(x—) 0 for all x > xpp), (45)
P 2 hln 1) Y olz), (a0
¢ (yn) = Zén ' (Thn)); (47)
and
[h(n —1) = h(n — 2)]¢(zn) (48)
= h(n — 1)p(znn)) — h(n = 2)@(yn) + h(n — 1)(Yn — Tam))¢' (Tnn))-
We have that

for all n € N.
From (47) we get that y, > z5(,) as ¢’ is a nondecreasing function.
Hence, by (48) we get

(zn) = p(Tn(m)
Yn = Zh(n)
_ 1
~ h(n—1)—h(n—2)
o = Do) = h(n = 2)¢(yn) — (A(n — 1) — h(n = 2))e(@n@w)

Yn — Th(n)
h(n —1) ,
+ h(n — 1) — h(n — 2)90 (xh(n))
_ h(n —2) ‘P(mh(n)) —o(yn) h(n —1) '(z )
TR 1)~ h(n—2) e any | h(n— 1) —h(n—2)" )
h(n —2) ©(yn) — ©(Tnn))

/ _ >0
“hin—1)—hn—2) |7 (@nem) Un — Ty |

because ¢’ is a nondecreasing function. On the other hand, (48) also implies
that

[(n = 1) = h(n = 2)]@(zn) = h(n = D[e(@n@m) + Un = Tam)$ (Tnm)]
—h(n = 2)p(yn) < [A(n —1) = h(n = 2)l¢(yn)

because ¢ is a convex function.
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We define a function ) on [0, +o0] by setting
n—2 h(i)—h(i—1)

L o(@nmy) + Sy B ()
h( 2) Th(n) h( 1)h( ) * lf xh(n) S T < Yn,

d(a) =4 +7 gy (Th(n)) (50)
( )_|_ n—1 h(i)—h(i—1) if < <
h(n 1) Z W‘P(zz+l) UYn ST = Thint1)-

From (47) and (48) it follows that v is a C'' function. Moreover, it is
convex because it consists of linear parts and of dilated and shifted parts of
¢. We define o by o(t) = ¥(max(logt,0)), which is again a C* function.

Proceeding as in the proof of [9, Lemma 1.7], it is easily seen that

1
Y(z) > m@(if) for all x € [p(n), Th(ns1)], 1 > 3;
hence by (45) we deduce

1 1
oo(t) < HZ(n = )Lp(x) < hn = 1)¢(x) for all = € [zpn), ZTh(nt1)l, 7 > 3.

Therefore oo(t) = o(c(t)) as t — co. We also have

2
Zﬁgz; h(n —2) for all z € [xh(n), xh(nJrl)], n > 2,
and hence, o(t) = o(w(t)) as t — oo.
Now, we have, for every n € N, that
" (N (h(n))h(n)) = N(h(n))h(n)zhm) — e(Thn))- (51)

Indeed,
¢’ (@n(n) = N(h(n))h(n),
and, since ¢’ is nondecreasing, N (h(n))h(n) —¢'(s) > 0 for all 0 < s < x,p,).
Moreover, N(h(n))h(n)s — ¢(s) — —oo as s — +oo and (N(h(n))h(n)s —
(5))(0) = 0.
On the other hand, by (50) and proceeding as above we deduce, for
every n € N, that

¢ (N(h(n))) = N(h(n))Cn — (), (52)
where 1'((,) = N(h(n)) (indeed, the function d,,(s) = N(h(n))s —1(s) is C*
with derivative ¢/,(s) = N(h(n)) — ¢’(s) and hence 9, (s) > 0 if and only if
1/) ( ) < N(h( ))) In particular, ¢, € [ynflaxh(n)]' In fact, ifx € [ynfl,xh(n)]
then, by (50),

@' WYn-1) _ ¢ (h(n))
hn—2) V@S 5o
Moreover, by (43) and (47),
"(Yn—1 1 , N(h(n—1))h(n—1
Pl g ) = T I ),

while
¢'(xnm))  N(h(n))h(n)
h(n —2) h(n —2)
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Consequently, we have N(h(n)) € ¥'([yn—1,Znn)]) and so we can conclude
from the fact that ¢’ is continuous.

Therefore, we have constructed a C'—function o: [0, +o00[— [0, +o0]
such that oo(t) = o(o(t)) and o(t) = o(w(t)) as t — +oo. Then, by [9,
Lemma 1.7] we can find a weight function v such that o(t) = o(v(t)) and
v(t) = o(w(t)) as t — 400 (hence, v € S), and

P(t) < @u(t) forallt>0.
This implies that

oi(t) <4*(t) forallt>0. (53)
As v € S, by (39) and (41) we then obtain
1 * * v
M (N(h(n))h(n)) + h(n) < oy (N(h(n))) + log C7,
for all n € N. Thus, by (53) we get
1

@w*(N(h(n))h(n)) +h(n) <¢*(N(h(n)) +1log CF,

for all n € N. By (51) and (52) we also have

Then, by (50), since ¢’ is a nondecreasing function and since ¢'(zp(,)) =
N(h(n))h(n), we obtain

N(h(n))(@h(n) — Ca) + h(n)
P(@hmy)  pG)

N(h(n)znm) — + h(n) < N(h(n))¢n — ¥(¢n) +log CF.

2

W‘P('ZHl) + log CY

h(n) h(n—2) 4 h(i—1)h(i
So(xh(n)) @(Cn) ‘P(Cn) @(Cn) v
- - 1
S TRy hm) T hm) -2 TleG
) /(o)
< ds +log CY
/cn h(n) '
) ¢ oni)
< ————=ds +1og CY
= /Cn h(n) S + OgCl
= N(h(n))(@n(n) — Cn) +log C7,
which is a contradiction.
Clearly, (41) implies (38) and the proof is complete. O

An immediate consequence of Proposition 4.5 is the following result.

Corollary 4.6. Let w be a weight function and 2 be an open set in R™. Then
Ey(Q) = ) £ (D).

oc€S
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Proof. Let g € D'(Q2). By Theorem 3.6, we have that g € £,,;(Q) if, and
only if, WF,(g) is empty. Then, WF,)(g) is empty for all o € S, and the
conclusion follows. O

There exists an unpublished version of Corollary 4.6, with a different
proof, for open convex sets, due to J. Bonet and R. Meise, and is an exten-
sion for quasianalytic classes of [6, Proposition 3.5]. Another consequence of
Proposition 4.5 is the following:

Corollary 4.7. Let w be a weight function and §2 be an open set in R™. Then

singy,y supp (u) = U sing ) supp (u), u € D'(Q).
oes

Proof. Fix u € D'(£2). Then, combining Proposition 4.5 and Theorem 3.6, we
easily obtain

singy,y supp (u) C U sing .y supp (u).

oceS
The opposite inclusion follows from Remark 2.4(a) and the fact that the
singular support is always a closed set. |

We now state and prove the Roumieu version of Theorem 4.1. We do
not need any change of weight function, but the weight function must satisfy
property (ap), as in the Beurling version (Theorem 4.1).

Theorem 4.8. Let w be a weight function satisfying property (ag) and Q C
R™ be an open set. If P(x, D) is a linear partial differential operator whose
coefficients belong to .} (), then

WF{W}(U) C WF{W}(P’U,) uX, wue 'D/(Q),
where X is the characteristic set of P.

Proof. Let S be the set of weight functions ¢ such that ¢ = o(w). Then, for
each o € S and u € D'(2), by Theorem 4.1 we have

WF(U)’U, C WF(U) (Pu)UX, wuc€ D/(Q),

as the coefficients of P(x, D) belong to £(,}(€2). Now, we apply Proposi-
tion 4.5 to conclude. O

Finally, we point out that from Theorems 4.1 and 4.8 we immediately
get (see, for example, [20, p.105]):

Corollary 4.9. Let P = P(x, D) be an elliptic linear partial differential oper-
ator defined on an open set Q of R™ (elliptic means that > = 0)). Then:

(a) If w is a weight function satisfying property (cp) and the coefficients of
P belong to E,,1(S2), we have

WF{M}(U) = WF{M}(PU), u e D/(Q),
and hence,

sing,, supp (u) = singy,,y supp (Pu), u € D'(Q).
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(b) If w and o are two weight functions such that w satisfies property (o)
and w = o(0), and the coefficients of P belong to E(5(Q2), then

WF(W) (u) = WF(W) (Pu), u e D/(Q),
and hence,
sing,,) supp (u) = sing,,y supp (Pu), u € D'(Q).

We conclude the paper by studying the wave front set of the solutions
of the following (non hypoelliptic) partial differential operator of principal
type in R™:

p=2
o0xy,
Observe that the characteristic set of P is

2 ={(2,6) ER*™: &, =0, £#0}.
Moreover, we point out that u € D’(R™) is a solution of Pu = 0 if, and only
if, u = v®1 for some v € D'(R"~ 1), being 1 the function identically 1 in the
xp-variable. Indeed, if u is of the form v ® 1, then %(v ® 1) = 0. On the
other hand, if Pu = 0, then u satisfies T,u = u for every h = (0,...,0, hy),
where 7,u denotes the h-translation of the distribution u (see, for example,
[20]). From this fact, by an approximation procedure, it is easy to conclude
that u must be of the form v ® 1 for some distribution v € D'(R"~1).
We can now state the following result:

Proposition 4.10. Let w be a weight function satisfying property (ap), and
write, as usual, x for {w} or (w). Let u € D'(R™) be a solution of the equation
Pu = 0. If (x0,%) € WF(u), then (z9,%) € X, and splitting R" > = =
(«',z,) = (x1,...,Tpn-1,2yn), we have that the straight line

L= {(x’o,xn,ﬁo), Tn € R}

is contained in WF.(u). Moreover, if w is non-quasianalytic, for every
(x0,&0) € X there exists a solution u € DL(R™) of Pu = 0 whose *-wave
front set is given by the set

{(xIO?xna /\£O)a Ty € R, A > O}

Proof. Since u € D'(R") is a solution of Pu = 0, by Theorems 4.1 and 4.8
we have

WF,(u) CX
and u = v ® 1 for some suitable v € D'(R"~!). We claim that
WF.(u) ={(z,§) € X: (2/,¢) € WF,v}. (54)

First, we show property (54) in Beurling case proceeding as follows. Let
(7,6) € X If (E’,EI) ¢ WE,)(v) then, by Definition 3.4, there exist an open
neighborhood U’ of Z’, a conic neighborhood I of E/ and a bounded sequence
vy € E'(R"™ 1), v = vin U’, such that for every k € N there exists a positive
constant C}, satisfying

€N o (€)] < Crere” (NP (55)
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in IV, for N =1,2,.... Let x € D(R), be a function equal to 1 in a neigh-
borhood I of Z,. Then, we have that uy := vy ® x is a bounded sequence
in &(R"), uy =uwin U := U’ x I. Let " be a conic neighborhood of (EI,O)
(since (7,€) € ¥ we have £, = 0) satisfying I'N {&, = 0} C I". Then there
exists a positive constant ¢; such that

‘fnl < Cl|§/‘ for f = (glagn) er. (56)

We also observe that

in(€) = un @ X(€) = v (€)X (6n)-
Now, from (55) and (56), it follows that for every k € N,

NN (9] < (1€ + I£n|)NI6N(£’)I IX(&n)]
< @+ e)VE P o (E)]IR(En))
< ey Cp (14 ¢q)Neke™ N/

for each N € N and § € I'. In view of Definition 3.4 and Lemma 3.2, this
inequality implies that (z,&) ¢ WF(,)(u). Then, we deduce that

WF(M)(U) C {(:L',f) eEX: (ac',{’) S WF(w)(U)}

Conversely, let (Z,€) € ¥ such that (7,¢) ¢ W F(,)(u). By Definition 3.4
there exist an open neighborhood U of Z, a conic neighborhood T' of £ and a
bounded sequence uy € £'(R™), uy = w in U, such that (4) is satisfied in T
Since u = v® 1, without loss of generality we can assume that uy = vy @ xn,
eventually multiplying uy by a tensor product test function equal to 1 in a
neighborhood V of Z with V' C U (see Lemmas 3.5 and 3.2 and remarks before
Proposition 3.7). Therefore, there exists a sequence C}, of positive constants
such that

€1 A (€)] = 1]V [On (€)] IR N (€n)| < Crpehe™ V7R (57)

for N € N and ¢ € I'. We may also suppose that yny =: x is independent of
N and satisfies Y(0) # 0. So, from (57) it follows that

N C x
€N [on (€)] < ke (N/B)

for N=1,2,... and ¢ € I’ = TN {¢, = 0}. Then (#,€) ¢ WF,)(v), and
so we have shown that

{(z,§) e : (2',&) e WEF,)(v)} C WE,)(u).

This concludes the proof of (54). In the Roumieu case the proof is similar
with minor changes.

Now, it follows immediately that if (z, &) € W F,(u), being u a solution
of Pu =0, then every point of the kind (x{,, z,, &), with z,, € R, belongs to
W F,(u). Thereby, the straight line L is contained in W F, (u).
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In the following, let w be a non-quasianalytic weight function. Now, we
show that there exists an *-ultradistribution v € D (R™) solution of Pu =0
with the prescribed wave front set

WPFE,(u) ={(x,) € R" x R"\ {0} : & = (x(, ), &= Ao, T, € R, X\ > 0}.

(58)
Fix (x0,&p) € X. Proceeding in a similar way as in Example 1 in [11], we can
construct o € £/ (R"™1) satisfying

={(@,¢)eR" ' xR\ {0}:2" =0, & =(0,...,0,&-1), En1 >0}
By a linear change of variable and a translation, we then find v satisfying
WE,(v)={(2/,¢) e R" ' x R" 1\ {0} : 2/ =, & =\, A >0}.

Set u = v®1 € D,(R™). Then, we have that Pu = 0 and that, by (54),
equality (58) is satisfied. O

Observe that an analogous result holds for the equation Pu = f, with
f € C>=(R"™). Indeed, every solution u € D'(R™) of Pu = f can be written as

u(z) = ug(x) + /“fn fl@' tydt, x=(2',2,) €R",
0

where ug is a solution of Pu = 0. If (z9,&) € ¥ and (z0, &) ¢ WF.(f), then
(x0,&0) € WF,(u) implies that (z{,xn,&) € WF.(u) for x,, in a suitable
interval I containing x, o. In fact, if (zo,&) ¢ WF.(f) then there exists a
neighborhood U of (zg,&p) with empty intersection with WF,(f). So, in a
neighborhood of xy the wave front set of u coincides with the wave front set
of Uugp-
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