
Integr. Equ. Oper. Theory 66 (2010), 153–181 
DOI 10.1007/s00020-010-1742-6
Published online January 29, 2010
© Birkhäuser Verlag Basel/Switzerland 2010

Integral Equations
and Operator Theory

Quasianalytic Wave Front Sets for Solutions
of Linear Partial Differential Operators

A. A. Albanese, D. Jornet and A. Oliaro

Abstract. In the present paper, we introduce and study Beurling and
Roumieu quasianalytic (and nonquasianalytic) wave front sets, WF∗, of
classical distributions. In particular, we have the following inclusion

WF∗(u) ⊂ WF∗(Pu) ∪ Σ, u ∈ D′(Ω),

where Ω is an open subset of Rn, P is a linear partial differential oper-
ator with coefficients in a suitable ultradifferentiable class, and Σ is the
characteristic set of P . Some applications are also investigated.
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1. Introduction

Classes of ultradifferentiable functions have been investigated intensively
since the 20ies of the last century. According to the theorem of Denjoy–
Carleman they split in two groups: the quasianalytic and the nonquasianalytic
classes. Several authors have introduced the classes in different ways (e.g.,
Beurling [1]; Komatsu [16]; Hörmander [14]; Braun, Meise, and Taylor [9]).
In general, the classes defined in one way cannot be defined in another way
(see [8]). On the other hand, independently of the definition there are several
known methods to construct functions with prescribed properties in non-
quasianalytic classes, while this is not the case for quasianalytic classes, for
which other techniques are needed, for example, complex variable methods.

The research of the authors was partially supported by MEC and FEDER, Project
MTM2007-62643, and MEC, Project MTM2007-30904-E, and Conselleria d’Educació de
la GVA, Ajuda complementaria ACOMP/2009/253.
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The notion of wave front set was introduced by Hörmander in 1970 to
simplify the study of the propagation of singularities of distributional solu-
tions of linear partial differential operators. In 1971, Hörmander [14] estab-
lished the following microlocal regularity result:

WFL(u) ⊂ Σ ∪ WFL(Pu), u ∈ D′(Ω), (1)

where P is a linear partial differential operator with analytic coefficients, and
Σ is the characteristic set of P . This type of result represents a fundamental
tool in the study of propagation of singularities. This inclusion has been also
applied, modified and adapted several times since the seventies of the last
century to study the problem of iterates from a microlocal point of view (we
refer to [2, 3, 5, 24], among others; see also [4] for a survey on this topic).
In the inclusion (1) the wave front set WFL(u) is defined with respect to
the ultradifferentiable class CL of Roumieu type and u is always a classical
distribution on an open set Ω of Rn. The function spaces CL were introduced
in [14] and cover the classical spaces of Gevrey functions and of analytic
functions. In the case of the analytic wave front set, WFA, such an inclusion
was proved by Kato [15] for hyperfunctions, but for a very different definition
of WFA. We also mention that a version of inclusion (1) for wave front sets
with respect to the C∞-class and an operator P with C∞-coefficients can be
found in [13, Chapter VIII].

In this paper we present a version of inclusion (1) for wave front sets
defined with respect to the ultradifferentiable classes as introduced by Braun,
Meise, and Taylor [9] and classical distributions. By modifying the arguments
in [14] in a suitable way, we cover both quasianalytic and non-quasianalytic
cases at the same time. These classes have the advantage that can be stud-
ied using the decay properties of their Fourier transform and the decay be-
haviour of their derivatives. We give two versions of the result. First, we
prove the Beurling case in Theorem 4.1. In this case, we require the assump-
tion ω(t) = o(t), as t tends to infinity, on the weight function. The Roumieu
version is obtained as a consequence of the Beurling case and the description
of Roumieu wave front set of a classical distribution as the closure of the
union of all the Beurling wave front sets contained in it. Such a description is
proved for arbitrary weight functions, quasianalytic or not, in Proposition 4.5
(see [11] for a version for non-quasianalytic weight functions). To show our
inclusion results, Theorem 4.1 and Theorem 4.8, we need to assume that the
weight functions are equivalent to subadditive weight functions (see [18, 19]).
In particular, our results apply to the most relevant cases considered by Ko-
matsu [16] (see [8]). Finally, our results are applied to study the propagation
of singularities of the operator P = ∂xn in Rn.

2. Notation and preliminaries

In this preliminary section we fix the notation and provide a number of basic
results that will be used in the subsequent sections. Throughout this article
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| · | denotes the Euclidian norm on Rn or Cn and Br(a) denotes the open ball
of radius r and center a.

Definition 2.1. A weight function is a continuous increasing function ω :
[0,∞[→ [0,∞[ with the following properties:

(α) there exists L ≥ 0 such that ω(2t) ≤ L(ω(t) + 1) for all t ≥ 0,
(β) ω(t) = O(t), as t tends to ∞,
(γ) log(t) = o(ω(t)) as t tends to ∞,
(δ) ϕ : t → ω(et) is convex.

A weight function ω is called quasianalytic if∫ ∞

1

ω(t)
t2

dt = ∞.

If this integral is finite, then ω is called nonquasianalytic.
A weight function ω is equivalent to a sub-additive weight if, and only

if, it has the property

(α0) ∃D > 0 ∃t0 > 0 ∀λ ≥ 1 ∀t ≥ t0 : ω(λt) ≤ λDω(t).

The condition above should be compared with [19, p.19] and [18, Lemma 1].
The Young conjugate ϕ∗ : [0,∞[→ R of ϕ is given by

ϕ∗(s) := sup{st − ϕ(t), t ≥ 0}.
There is no loss of generality to assume that ω vanishes on [0, 1]. Then

ϕ∗ has only non-negative values, it is convex and ϕ∗(t)/t is increasing and
tends to ∞ as t → ∞ and ϕ∗∗ = ϕ. For more details on properties of ω and
ϕ∗ we refer to [9, 12].

Example 2.2. The following are examples of weight functions (eventually after
a change on the interval [0, δ] for a suitable δ > 0):

(1) ω(t) = tα, 0 < α < 1;
(2) ω(t) = (log(1 + t))β

, β > 1;
(3) ω(t) = t (log(e + t))−β

, β > 0;
(4) ω(t) = t.

The weight function in (3) is quasianalytic for β ∈]0, 1] and nonquasianalytic
for β > 1. The weight function in (4) is also quasianalytic. Moreover, all
the weight functions above satisfy property (α0). For further examples of
quasianalytic weight functions we refer to [8].

Definition 2.3. Let ω be a weight function. For an open set Ω ⊂ Rn we set

E(ω)(Ω) :={f ∈ C∞(Ω) : ‖f‖K,λ < ∞, for every K ⊂⊂ Ω and every λ > 0},
and

E{ω}(Ω) := {f ∈ C∞(Ω) : for every K ⊂⊂ Ω, there exists

λ > 0 such that ‖f‖K,λ < ∞},
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where

‖f‖K,λ := sup
x∈K

sup
α∈NN

0

|f (α)(x)| exp
(
− λϕ∗( |α|

λ

))
.

The spaces E(ω)(Ω) and E{ω}(Ω) are endowed with their natural topolo-
gies. Then E(ω)(Ω) is a nuclear Fréchet space, while E{ω}(Ω) is a countable
projective limit of (DFN)-spaces, which is reflexive and complete. If ω is non-
quasianalytic, the space E{ω}(Ω) is ultrabornological, see [9, Proposition 4.9].
If ω is quasianalytic, the space E{ω}(Ω) is surely ultrabornological under the
assumption of convexity of Ω and, this follows from [21, Satz 3.25], together
with [22, Theorem 3.4], and [23, Theorem 3.5].

The elements in the space E(ω)(Ω) (respectively, in the space E{ω}(Ω))
are called ω-ultradifferentiable functions of Beurling type (respectively, of
Roumieu type) in Ω. By E ′

(ω)(Ω) and E ′
{ω}(Ω) we denote the duals of E(ω)(Ω)

and E{ω}(Ω). When ω is quasianalytic the elements of E ′
(ω)(Ω) (respectively,

E ′
{ω}(Ω)) are called quasianalytic functionals of Beurling (respectively,

Roumieu) type.
We observe that in the case ω(t) = tα, 0 < α ≤ 1, the corresponding

Roumieu class is the Gevrey class with exponent s = 1/α. In particular,
E{ω}(Ω) coincides with the space A(Ω) of all real analytic functions on Ω.

We will write ∗ to denote (ω) or {ω} when it is not necessary to distin-
guish between both cases.

If ω is quasianalytic, the elements with compact support in E{ω}(Ω) or
in E(ω)(Ω) are trivial. While, if ω is nonquasianalytic, the space D∗(K) :=
E∗(Ω) ∩ D(K) = {0}, being K ⊂ Ω a compact set. Then D∗(Ω) :=
indnD∗(Kn), where (Kn) is any compact exhaustion of Ω. The elements of
D′

(ω)(Ω) (respectively, D′
{ω}(Ω)) are called ω-ultradistributions of Beurling

(respectively, Roumieu) type.
The ∗-singular support of a classical distribution u ∈ D′(Ω), denoted

by sing∗ supp u, is the complementary in Ω of the biggest open set U ⊂ Ω
satisfying u|U ∈ E∗(U).

Remark 2.4. We also recall the following properties (see, for example, [12,
Remark 2.8]):

(a) If σ(t) = o(ω(t)) as t tends to infinity, then

E{ω}(Ω) ⊂ E(σ)(Ω)

with continuous inclusion.
(b) If ω(t) = o(t) as t tends to infinity, then for each constant l ∈ N,

there is a constant Cl > 0 such that

y log y ≤ y + lϕ∗(y

l

)
+ Cl, y > 0.

3. Quasianalytic wave front sets and properties

In this section, we introduce and study Beurling and Roumieu quasianalytic
and non quasianalytic wave front sets of a classical distribution. To provide
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this, we begin with two lemmas which clarify the behaviour of the Fourier
transform with respect to the weight function in Roumieu and Beurling set-
tings. The first one treats the Roumieu case.

Lemma 3.1. Let f be a continuous function defined in a cone Γ ⊂ Rn \ {0}
taking values in [0, +∞[. The following statements are equivalent:

(i) There exist constants C, ε > 0 such that

f(ξ) ≤ C exp(−εω(ξ)), ξ ∈ Γ,

(ii) There exists a constant C > 0 such that

f(ξ) ≤ CN+1N !
(

1
ω(ξ)

)N

, N = 0, 1, 2, . . . , ξ ∈ Γ,

(iii) There exists a constant C > 0 such that

f(ξ) ≤ C

(
CN

ω(ξ)

)N

, N = 0, 1, 2, . . . , ξ ∈ Γ,

(iv) There exist constants C > 0 and k ∈ N satisfying

|ξ|Nf(ξ) ≤ Ce
1
k ϕ∗(Nk), N = 0, 1, 2, . . . , ξ ∈ Γ.

(v) There exist constants C > 0 and k ∈ N such that

|ξ|Nf(ξ) ≤ CN+1e
1
k ϕ∗(Nk), N = 0, 1, 2, . . . , ξ ∈ Γ.

Proof. (i) ⇐⇒ (ii) ⇐⇒ (iii) can be proved as in [20, Lemma 1.6.2]. We first
show (i) ⇐⇒ (iv). To prove this, it is sufficient to check, for t > 1, that:

e−
1
k ω(t) ≤ inf

N∈N0
t−Ne

1
k ϕ∗(Nk) ≤ e−

1
k ω(t)+log t. (2)

Indeed, since log(t) = o(ω(t)) as t → ∞, for 0 < ε < 1
k there is t0 > 0 so that

− 1
kω(t) + log t ≤ −εω(t) for all t ≥ t0.

The first inequality in (2) follows by observing that (ϕ∗)∗ = ϕ and
hence, we have

ω(t) = sup
s>0

{s log t − ϕ∗(s)}
≥ sup

N∈N0

{Nk log t − ϕ∗(Nk)}

= k sup
N∈N0

{N log t − 1
k

ϕ∗(Nk)}.
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The second inequality in (2) follows by observing that ϕ∗ is increasing and
hence, we have

ω(t) = sup
s>0

{s log t − ϕ∗(s)}

= sup
N∈N0

(
sup

Nk≤s≤(N+1)k

{s log t − ϕ∗(s)}
)

≤ sup
N∈N0

{(N + 1)k log t − ϕ∗(Nk)}

= k log t + sup
N∈N0

{Nk log t − ϕ∗(Nk)}

= k

(
log t + sup

N∈N0

{N log t − 1
k

ϕ∗(Nk)}
)

.

It is obvious that (iv) implies (v). To finish the proof, it remains to
show that (v) implies (iv). We proceed as in [10, p. 404]. We take s ∈ N to
be the smallest natural number such that C ≤ es, being C the constant that
appears in (iv). Let m the smallest natural number bigger than kLs, where
k is the constant of (iv) and L > 1 the one that appears in property (α) of
the weight function ω. We have

1
k

ϕ∗(Nk) + Ns ≤ 1
m

ϕ∗(Nm) +
1
m

s∑
j=1

Lj ,

and hence,

CN+1e
1
k ϕ∗(Nk) ≤ CeNs+ 1

k ϕ∗(Nk) ≤ Ce
1
m

∑ s
j=1 Lj

e
1
m ϕ∗(Nm). �

The following lemma treats the Beurling case.

Lemma 3.2. Let f be a continuous function defined in a cone Γ ⊂ Rn \ {0}
taking values in [0, +∞[. The following statements are equivalent:
(i) For every k ∈ N there exists a constant Ck > 0 such that

f(ξ) ≤ Ck exp(−kω(ξ)), ξ ∈ Γ,

(ii) For every k ∈ N there exists a constant Ck > 0 such that

f(ξ) ≤ CkN !
(

1
kω(ξ)

)N

, N = 0, 1, 2, . . . , ξ ∈ Γ,

(iii) For every k ∈ N there exists a constant Ck > 0 such that

f(ξ) ≤ Ck

(
N

kω(ξ)

)N

, N = 0, 1, 2, . . . , ξ ∈ Γ,

(iv) For every k ∈ N there exists a constant Ck > 0 such that

|ξ|Nf(ξ) ≤ Ckekϕ∗(N/k), N = 0, 1, 2, . . . , ξ ∈ Γ.

(v) There exists a constant C > 0 such that for every k ∈ N there exists a
constant Ck > 0 for which

|ξ|Nf(ξ) ≤ CkCNekϕ∗(N/k), N = 0, 1, 2, . . . , ξ ∈ Γ.
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Proof. It follows easily that (i) implies (ii) by using the Taylor expansion of
the exponential function. It is clear that (ii) implies (iii). On the other hand,
(iii) implies (ii) since NN ≤ eNN ! and therefore, if f satisfies (iii) for some
sequence {Ck}, then for every k ∈ N,

f(ξ) ≤ C3kN ! [k ω(ξ)]−N
, N = 0, 1, 2, . . . , ξ ∈ Γ.

(ii) implies that, for each k ∈ N, f(ξ)kNω(ξ)N/N ! ≤ C2k(1/2)N for all
N = 0, 1, 2, . . . . So, using the expansion of the exponential function, we obtain

f(ξ) exp(k ω(ξ)) ≤ 2C2k,

and hence, (i) is satisfied.
(i) ⇐⇒ (iv) is proved in a similar way to Lemma 3.1. It remains to

prove that (v) implies (iv). As in the Roumieu setting, we take s ∈ N such
that C ≤ es, being C the constant that appears in (v). By (v) for each k ∈ N

there is Ck > 0 such that, for Ak = k(Ls + · · · + L),

f(ξ) ≤ CkCNekLsϕ∗(N/(kLs)) ≤ CkeAkekϕ∗(N/k). �

The following proposition describes the ∗-singular support of a classical
distribution. The proof follows the lines of [14] (see also [12, Lemma 4.7]).

Proposition 3.3. Let Ω ⊂ Rn be an open set, u ∈ D′(Ω) and x0 ∈ Ω.

(a) Then u is a E{ω}-function in some neighborhood of x0 if and only if for
some neighborhood U of x0 there exists a bounded sequence uN ∈ E ′(Ω)
which is equal to u in U and satisfies, for some C > 0 and k ∈ N, the
estimates

|ξ|N |ûN (ξ)| ≤ Ce
1
k ϕ∗(Nk), N = 1, 2, . . . , ξ ∈ Rn. (3)

(b) Then u is a E(ω)-function in some neighborhood of x0 if and only if for
some neighborhood U of x0 there exists a bounded sequence uN ∈ E ′(Ω)
which is equal to u in U and such that for every k ∈ N there exists a
constant Ck > 0 satisfying

|ξ|N |ûN (ξ)| ≤ Ckekϕ∗(N/k), N = 1, 2, . . . , ξ ∈ Rn. (4)

Proof. (a) Necessity. Let u ∈ E{ω}(U) with U = B3r(x0) and choose χN ∈
D(Ω) so that χN = 1 in Br(x0) and χN = 0 on (B2r(x0))c in such a way that

|DαχN | ≤ (C1N)|α|, |α| ≤ N, (5)

where C1 does not depend on N (we refer to [14] for a proof of the existence of
sequences {χN} satisfying (5)). Now, we put uN = χNu. Then, for |α| ≤ N ,

|Dα(χNu)| ≤
∑
β≤α

(
α

β

)
(C1N)|β|Dre

1
m ϕ∗(m|α−β|), (6)

being Dr the value of the seminorm ‖u‖
B2r(x0),1/m

. Since ϕ∗ is a convex
function, we have 1

mϕ∗(m|α− β|) + 1
mϕ∗(m|β|) ≤ 1

mϕ∗(m|α|) and therefore,
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the right hand side of (6) is less than or equal to

Dre
1
m ϕ∗(m|α|) ∑

β≤α

(
α

β

)
e|β| log(C1N)− 1

m ϕ∗(m|β|)

≤ 2NDre
1
m ϕ∗(mN) sup

|β|≤N

e|β| log(C1N)− 1
m ϕ∗(m|β|)

≤ 2NDre
1
m ϕ∗(mN)e

1
m sup|β|≤N{m|β| log(C1N)−ϕ∗(m|β|)}

≤ 2NDre
1
m ϕ∗(mN)e

1
m ϕ∗∗(log(C1N))

≤ Dre
N+ 1

m ω(C1N)+ 1
m ϕ∗(mN),

where we have used the fact that ϕ∗∗ = ϕ, the definition of ϕ and |α| ≤ N .
Then, we have, for |α| = N ,

|ξαûN (ξ)| =
∣∣∣∣∫ e−i〈x,ξ〉DαuN (x)dx

∣∣∣∣ ≤ CDre
N+ 1

m ω(C1N)+ 1
m ϕ∗(mN),

where the constant C depends on the Lebesgue measure of B2r(x0). Now, we
select i = 1, . . . , n such that |ξi| = max1≤j≤n |ξj | and set α = Nei, where ei

is the i−th vector of the canonical basis of Rn. Then,

|ξ|N ≤ nN/2 max
1≤j≤n

|ξj |N = nN/2|ξi|N = nN/2|ξα|.

Consequently,

|ξ|N |ûN (ξ)| ≤ nN/2|ξαûN (ξ)|
≤ CDrn

N/2eN+ 1
m ω(C1N)+ 1

m ϕ∗(Nm)

= CDre
N
2 log n+N+ 1

m ω(C1N)+ 1
m ϕ∗(Nm).

Since ω(t) = O(t) as t tends to infinity, we can find a positive constant C2

such that ω(t) ≤ C2t + C2 for all t > 0. Now, proceeding as in the proof
Lemma 3.2, (v) ⇒ (iv), we take s ∈ N greater than 1 + log n

2 + C1C2
m . Then,

if k is the smallest natural number bigger than mLs, where L > 1 is the
constant that appears in property (α) of the weight function ω, we have

1
m

ϕ∗(Nm) + Ns ≤ 1
k

ϕ∗(Nk) +
1
k

s∑
j=1

Lj .

Hence, we obtain

|ξ|N |ûN (ξ)| ≤ CDre
C2+N( log n

2 +1+ 1
m C2C1)+

1
m ϕ∗(Nm)

≤ CDre
C2eNs+ 1

m ϕ∗(Nm) ≤ Cme
1
k ϕ∗(Nk),

where the constant Cm = CDre
C2+

1
k

∑ s
j=1 Lj

depends on m, on the weight
ω, on r, and the selection of χN .

Sufficiency. For x ∈ U , we have

Dαu(x) = (2π)−n

∫
ξαûN (ξ)ei〈x,ξ〉dξ,
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when N ≥ |α|+ n + 1, for ξαûN (ξ) is then integrable since (3) is satisfied by
hypothesis. Now, as {uN} is a bounded sequence in E ′(Ω), an application of
the Banach-Steinhaus Theorem gives, for all N ∈ N,

|ûN (ξ)| ≤ C1(1 + |ξ|)M ,

for some constants C1 > 0 and M ∈ N that do not depend on N .
Hence, for x ∈ U ,

|Dαu(x)| ≤ (2π)−n

∫
|ξα||ûN (ξ)|dξ = I1 + I2,

where I1 denotes the integral when |ξ| ≤ exp( 1
kN ϕ∗(kN)), and I2 denotes

the integral when |ξ| ≥ exp( 1
kN ϕ∗(kN)). Since |ξα| ≤ |ξ||α|,

I1 ≤ mnC1e
|α|
kN ϕ∗(Nk)

(
1 + e

1
kN ϕ∗(kN)

)M

,

being mn the Lebesgue measure of the set {ξ : |ξ| ≤ exp( 1
kN ϕ∗(kN))}

in Rn, that is less than or equal to the Lebesgue measure of the hypercube
{ξ : ‖ξ‖∞ ≤ exp( 1

kN ϕ∗(kN))}, where ‖ · ‖∞ denotes the maximum norm in
Rn, which is equal to 2n exp

(
n

kN ϕ∗(kN)
)
. Summing up, we have

I1 ≤ 2n+MC1

(
e

1
kN ϕ∗(kN)

)n+|α|+M

≤ 2n+MC1e
1
k ϕ∗(k(n+|α|+M)),

when N = n + |α| + M . On the other hand, by (3),

I2 ≤
∫
|ξ|≥e

1
Nk

ϕ∗(Nk)
|ξ|N−n−1|ûN (ξ)|dξ

≤ Ce
1
k ϕ∗(Nk)

∫
|ξ|≥e

1
kN

ϕ∗(kN)

1
|ξ|n+1

dξ

≤ Ce
1
k ϕ∗(Nk)

∫
|ξ|≥1

1
|ξ|n+1

dξ.

Therefore, we deduce that there is a constant C ′ > 0, that depends only on
n and M , such that

|Dαu| ≤ C ′e
1
k ϕ∗(k(|α|+n+M)),

on U . Now, from the convexity of ϕ∗ we obtain
1
k

ϕ∗(k(|α| + n + M)) ≤ 1
2k

ϕ∗(2k|α|) +
1
2k

ϕ∗(2k(n + M)),

and hence, C ′e
1
k ϕ∗(k(|α|+n+M)) ≤ Cke

1
m ϕ∗(m|α|), with m = 2k, which con-

cludes the proof of (a).
(b) The proof is similar to the one of (a), and we only indicate the main

changes. Necessity. As in (a), we put uN = χNu. Then, for |α| ≤ N and
k ∈ N there is Ck > 0 such that

|Dα(χNu)| ≤ Ck

∑
β≤α

(
α

β

)
(C1N)|β|ekϕ∗(|α−β|/k). (7)
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Proceeding as in the Roumieu case, the right hand side of (7) is less than or
equal to

CkeN+kω(C1N)+kϕ∗(N/k),

and therefore,

|ξ|N |ûN (ξ)| ≤ DCke
N
2 log n+N+kω(C1N)+kϕ∗(N/k),

where the constant D depends on the Lebesgue measure of B2r(x0).
Now, since ω(t) = o(t) as t tends to infinity, we can find, for each k ∈ N,

a positive constant Ak such that kω(t) ≤ t + Ak for t > 0. Hence, if we put
Ck = DCkeAk and B = e

log n
2 +1+C1 , we obtain

|ξ|N |ûN (ξ)| ≤ CkBNekϕ∗(N/k).

Proceeding as in Lemma 3.2, (v) ⇒ (iv), we obtain an estimate like (4).
Sufficiency. As in (a), for x ∈ U , and a fixed k ∈ N,

|Dαu(x)| ≤ (2π)−n

∫
|ξα||ûN (ξ)|dξ = I1 + I2,

where I1 denotes the last integral when |ξ| ≤ exp
(

2k
N ϕ∗ (

N
2k

))
, and I2 denotes

the integral when |ξ| ≥ exp
(

2k
N ϕ∗ (

N
2k

))
. Since |ξα| ≤ |ξ||α|,

I1 ≤ mnC1e
2k|α|

N ϕ∗( N
2k )

(
1 + e

2k
N ϕ∗( N

2k )
)M

,

being mn the Lebesgue measure of the set {ξ : |ξ| ≤ exp
(

2k
N ϕ∗ (

N
2k

))} in Rn.
We obtain, as in (a),

I1 ≤ 2n+MC1

(
e

2k
N ϕ∗( N

2k )
)n+|α|+M

≤ 2n+MC1e
2kϕ∗(n+|α|+M

2k ),

when N = n + |α| + M , and by (4),

I2 ≤
∫
|ξ|≥e

2k
N

ϕ∗( N
2k ) |ξ|

N−n−1|ûN (ξ)|dξ

≤ Ce2kϕ∗( N
2k )

∫
|ξ|≥1

1
|ξ|n+1

dξ.

Therefore, we deduce that there is a constant C ′ > 0, that depends only on
n and M , such that

|Dαu| ≤ C ′e2kϕ∗( |α|+n+M
2k ),

on U . Now, from the convexity of ϕ∗ we obtain

2kϕ∗
( |α| + n + M

2k

)
≤ kϕ∗(|α|/k) + kϕ∗((n + M)/k). �

We can now give the definition of quasianalitic (and non quasianlytic)
wave front set of a classical distribution in Roumieu and Beurling settings.
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Definition 3.4. Let Ω ⊂ Rn be an open set and u ∈ D′(Ω). Let ω be a weight
function. The {ω}−wave (respectively (ω)−wave) front set WF{ω}(u) (re-
spectively WF(ω)(u)) of u is the complement in Ω × (Rn \ 0) of the set of
points (x0, ξ0) such that there exist an open neighborhood U of x0 in Ω, a
conic neighborhood Γ of ξ0 and a bounded sequence uN ∈ E ′(Ω) equal to u in
U satisfying (3) (respectively satisfying (4)) in Γ.

Lemma 3.5. Let u ∈ D′(Ω) and let K be a compact subset of Ω with non-
empty interior, F a closed cone in Rn. Let ω be a weight function. Suppose
that {χN} ⊂ D(K) and, for every α ∈ Nn

0 and N ∈ N, that

|Dα+βχN | ≤ Cα (CαN)|β| , |β| ≤ N. (8)

Then {χNu} is a bounded sequence in E ′M if u is of order M in a neighbor-
hood of K. Moreover:
(a) If WF{ω}(u) ∩ (K × F ) = ∅, there exist a constant C > 0 and k ∈ N

such that

|ξ|N |χ̂Nu(ξ)| ≤ CN+1e
1
k ϕ∗(kN), N = 1, 2, . . . , ξ ∈ F. (9)

(b) If WF(ω)(u) ∩ (K × F ) = ∅ and ω(t) = o(t) as t tends to infinity, there
is a constant C > 0 such that for every k ∈ N there is Ck > 0 for which

|ξ|N |χ̂Nu(ξ)| ≤ CkCNekϕ∗( N
k ), N = 1, 2, . . . , ξ ∈ F. (10)

Proof. The condition (8) with β = 0 implies that the sequence χN is bounded
in D(K) and hence χNu is bounded in E ′M if u is of order M in a neighbor-
hood of K.

Let x0 ∈ K, ξ0 ∈ F \ {0} and choose U , Γ and uN according to Defini-
tion 3.4. If the support of χN is in U , we have χNu = χNuN .

We first prove (a). By hypothesis uN satisfies in Γ

|ξ|N |ûN (ξ)| ≤ D1e
1
k ϕ∗(Nk), N = 1, 2, . . . , (11)

for some constant D1 > 0 that does not depend on N . On the other hand,
|ûN (ξ)| ≤ D2(1 + |ξ|)M for some constants D2, M > 0 and all ξ ∈ Rn, as the
sequence uN is bounded in E ′M .

Since the function ϕ∗(x)/x is increasing and k ≥ 1, it follows from (8)
that

|Dα+βχN | ≤ Cα

(
Cαe

1
kN ϕ∗(Nk)

)|β|
, |β| ≤ N,

where Cα denotes again a suitable positive constant depending only on α.
Therefore, we obtain

|χ̂N (η)| ≤ CN+1 exp
(

1
kN ϕ∗(Nk)

)N(|η| + exp
(

1
kN ϕ∗(Nk)

))N
(1+ |η|)−n−1−M , η ∈ Rn. (12)

The properties of the Fourier transform give

χ̂Nu(ξ) = (2π)−n

∫
χ̂N (η)ûN (ξ − η)dη.
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Let 0 < c < 1. We split the integral into two parts:

χ̂Nu(ξ)

= (2π)−n

(∫
|η|≤c|ξ|

χ̂N (η)ûN (ξ − η)dη +
∫
|η|≥c|ξ|

χ̂N (η)ûN (ξ − η)dη

)
.

(13)

In the second integral we have |ξ−η| ≤ (1+c−1)|η|, and from the boundedness
of {uN}, it can be estimated by

D2(1 + c−1)M

∫
|η|≥c|ξ|

|χ̂N (η)|(1 + |η|)Mdη. (14)

Now, we estimate the first integral in (13) by

‖χ̂N‖L1 sup
|η|≤c|ξ|

|ûN (ξ − η)|. (15)

On the other hand, for a conic closed neighborhood Γ1 of ξ0 contained in
Γ\{0} we can choose the constant c so that η ∈ Γ if ξ ∈ Γ1 and |ξ−η| ≤ c|ξ|.
We observe that |η| ≥ (1−c)|ξ| and that the last supremum can be written as
sup|ξ−η|≤c|ξ| |ûN (η)|. Therefore, we conclude, from formulas (11), (12), (14)
and (15), and for N ≥ 0,

sup
Γ1

|ξ|N |χ̂Nu(ξ)| ≤ (1 − c)−N‖χ̂N‖L1 sup
Γ

|ûN (η)| · |η|N

+ D2(1 + c−1)N+M

∫
(1 + |η|)M |η|N |χ̂N (η)|dη

≤ (1 − c)−NC1C
ND1e

1
k ϕ∗(Nk) + D2(1 + c−1)N+MC2e

1
k ϕ∗(Nk),

where the constants C1, C2, D1, D2 do not depend on N . Now, F can be
covered by a finite number of neighborhoods like Γ1 so that (9) is valid if
supp χN ⊂ U for a sufficiently small neighborhood of x0. We can cover K
by such neighborhoods Uj , j = 1, . . . , J , and choose χN,j ∈ D(Uj) so that∑

χN,j = 1 in K and χN,j satisfies (8) for j = 1, . . . , J. But, if χN ∈ D(K)
satisfies (8), the same is valid also for the product χN,jχN with some other
constants. Hence (9) is valid with χN replaced by χN,jχN . The proof of (a)
is complete since

∑
χN,jχN = χN .

We now prove (b). By hypothesis, uN satisfies in Γ

|ξ|N |ûN (ξ)| ≤ Ckekϕ∗(N/k), N = 1, 2, . . . ,

for some sequence {Ck} of positive constants that does not depend on N . On
the other hand, |ûN (ξ)| ≤ D(1 + |ξ|)M for some constants D, M > 0 and all
ξ ∈ Rn, as the sequence uN is bounded in E ′M .

It follows from (8) that

|χ̂N (η)| ≤ CN+1 NN

(|η| + N)N
(1 + |η|)−n−1−M , η ∈ Rn.

Now we can proceed as in the Roumieu case (a) taking into account that
NN ≤ eNN ! and the following property: as ω(t) = o(t) as t tends to infinity,
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from Remark 2.4(b) and Lemma 3.2, it follows that for every B > 0 and
λ > 0 there is a constant CB,λ > 0 such that

Bnn! ≤ CB,λeλϕ∗(n
λ ), n ∈ N. �

At this point, we can give some properties and consequences.

Theorem 3.6. Let Ω ⊂ Rn be an open set and ω be a weight function. Then
the projection of WF∗(u) in Ω is equal to sing∗suppu if u ∈ D′(Ω).

Proof. We give the proof only for the Roumieu case. The Beurling case is
similar. If u is a E{ω}-function in a neighborhood of x0 it follows from Propo-
sition 3.3 that (x0, ξ0) /∈ WF{ω}(u) for each ξ0 ∈ Rn \ {0}. Assume that
(x0, ξ0) /∈ WF{ω}(u) for every ξ0 ∈ Rn \ {0}. Then we can choose a compact
neighborhood K of x0 so that WF{ω}(u)∩(K×Rn) = ∅. By Lemma 3.5 there
is a sequence χN ∈ D(K) which is equal to 1 in a neighborhood of x0 such
that χNu is bounded in E ′ and satisfies (3). Therefore, x0 /∈ sing{ω}suppu
by Proposition 3.3. �

The condition (8) is satisfied by any fixed function in E∗(Ω) with support
in K, where ∗ = {ω} or (ω). Therefore, if ω is a non-quasianalytic weight
function, an equivalent definition of wave front set is given by the following
proposition.

Proposition 3.7. Let Ω ⊂ Rn be an open set and u ∈ D′(Ω). Let ω be a
nonquasianalytic weight function. Then (x0, ξ0) ∈ Ω × (Rn \ 0) is not in
the wave front set WF{ω}(u) (resp. WF(ω)(u)) of u if and only if there is a
neighborhood U ⊂ Ω of x0, a conic neighborhood Γ of ξ0 and v ∈ E ′

{ω}(Ω)
(resp. v ∈ E ′

(ω)(Ω)) which is equal to u in U and has a Fourier transform
satisfying (3) (resp. (4)) in Γ.

Combining Proposition 3.7 with Proposition 3.3 and Lemmas 3.1 and
3.2, we recover the definition of wave front set in the Gevrey setting, [20,
p. 36], and in the nonquasianalytic Beurling setting, [11].

The properties of the Young conjugate ϕ∗
ω of ϕω for a given weight

function ω lead to the following property:

Proposition 3.8. Let Ω ⊂ Rn be an open set. If ω and σ are two weight
functions such that ω = O(σ), then WF{ω}(u) ⊂ WF{σ}(u), and WF(ω)(u) ⊂
WF(σ)(u), for each u ∈ D′(Ω).

Since log t = o(ω), and ω = O(ω1), where ω1(t) = max(t−1, 0) for every
weight function ω, we observe that

WF (u) ⊂ WF{ω}(u) ⊂ WFA(u), u ∈ D′(Ω),

being WF (u) the classical wave front set, and WFA(u) the Roumieu wave
front set with respect to ω1. Moreover, if ω(t) = o(t) as t tends to infinity,
we have

WF (u) ⊂ WF{ω}(u) ⊂ WF(ω)(u) ⊂ WFA(u), u ∈ D′(Ω).
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Proposition 3.9. If Ω ⊂ Rn is an open set and S is a closed cone in Ω×(Rn\0),
then there is u ∈ D′(Ω) with

WF (u) = WF{ω}(u) = S (respectively, WF (u) = WF(ω)(u) = S)

for every weight function ω (respectively, for every weight function ω satisfy-
ing ω(t) = o(t) as t tends to infinity).

Proof. By [13, Theorem 8.4.14], there is u ∈ D′(Ω) such that

WF (u) = WFA(u) = S.

Since

WF (u) ⊂ WF{ω}(u) ⊂ WFA(u)

(respectively,

WF (u) ⊂ WF(ω)(u) ⊂ WFA(u))

for every weight function ω (respectively, for every weight function ω satis-
fying ω(t) = o(t) as t tends to infinity), the result follows. �

The conditions in (8) remain valid if we multiply all χN by the same
function in E∗(Ω). Therefore, we obtain

Theorem 3.10. WF∗(au) ⊂ WF∗(u) if a ∈ E∗(Ω) and u ∈ D′(Ω).

On the other hand, it is clear that

WF{ω}(∂u/∂xj) ⊂ WF{ω}(u).

In fact,∣∣∣∣∣ ∂̂uN+1

∂xj
(ξ)

∣∣∣∣∣ = |ξj ûN+1(ξ)| ≤ C|ξ|
(
e

1
(N+1)k

ϕ∗((N+1)k)/|ξ|
)N+1

= Ce
1
k ϕ∗((N+1)k)/|ξ|N ≤ C|ξ|−Ne

1
2k ϕ∗(2Nk)e

1
2k ϕ∗(2k).

If we combine this property with Theorem 3.10, we obtain

Theorem 3.11. Let Ω ⊂ Rn be an open set and P (x, D) =
∑

|α|≤m aα(x)Dα

be a linear partial differential operator with coefficients in E∗(Ω). Then

WF{ω}(P (x, D)u) ⊂ WF{ω}(u), u ∈ D′(Ω),

(respectively,

WF(ω)(P (x, D)u) ⊂ WF(ω)(u), u ∈ D′(Ω))

for every weight function ω (respectively, for every weight function ω satisfy-
ing ω(t) = o(t) as t tends to infinity).
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4. Propagation of singularities

In this section we prove a converse of Theorem 3.11 related to the propagation
of singularities of solutions of linear partial differential operators. We first
study the Beurling case. The corresponding Roumieu version is then obtained
as a consequence of a description of Roumieu wave front sets via a suitable
union of Beurling wave front sets.

Theorem 4.1. Let Ω ⊂ Rn be an open set. Let σ be a weight function satisfying
property (α0) and ω be a weight function such that ω(t) = o(σ(t)) as t tends
to infinity. If P := P (x, D) =

∑
|α|≤m aα(x)Dα is a linear partial differential

operator with coefficients in the Roumieu class E{σ}(Ω), then

WF(ω)(u) ⊂ WF(ω)(Pu) ∪ Σ, u ∈ D′(Ω), (16)

where Pm(x, ξ) =
∑

|α|=m aα(x)ξα is the principal symbol of P and Σ the
characteristic set of P which is defined by

Σ = {(x, ξ) ∈ Ω × (Rn \ 0) : Pm(x, ξ) = 0} .

Proof. We must prove that if (x0, ξ0) does not belong to the right hand side of
(16) and ξ0 = 0, then (x0, ξ0) /∈ WF(ω)(u). If we assume this hypothesis, we
can choose a compact neighborhood K of x0 and a closed conic neighborhood
Γ of ξ0 in Rn \ 0 such that

Pm(x, ξ) = 0 in K × Γ, (17)
(K × Γ) ∩ WF(ω)(Pu) = ∅. (18)

Now, we take a sequence χN ∈ D(K) equal to 1 in a fixed neighborhood U
of x0 satisfying property (8) for every α. Then, the sequence uN = χ2Nu is
bounded in E ′ and equal to u in U . The theorem will be proved if we show
that (4) is valid for the weight ω when ξ ∈ Γ and |ξ| ≥ N , since (4) is true
for |ξ| ≤ N. In fact, when |ξ| ≤ N we can argue in the following way. As
in Proposition 3.3, |ûN (ξ)| ≤ C1(1 + |ξ|)M ≤ C1(1 + N)M ≤ CN for some
positive constants C1, C and a natural number M ∈ N. On the other hand,
since ω(t) = o(t) as t tends to infinity, we have that, for each k ∈ N, there
exists Ck > 0 satisfying NN ≤ Ckekϕ∗

ω(N/k). Then, we obtain

|ξ|N |ûN (ξ)| ≤ CNNN ≤ CkCNekϕ∗
ω(N/k).

To estimate ûN (ξ) in Γ we will solve in an approximate way the equation

P tv(x) = χ2N (x)e−i〈x,ξ〉. (19)

Following [14], we put v = e−i〈x,ξ〉w/Pm(x, ξ) and observe that the principal
symbol of P t is Pm(x,−ξ). Hence, we obtain instead of (19) an equation of
the form

w − Rw = χ2N , R = R1 + R2 + · · · + Rm (20)

where Rj |ξ|j is a differential operator of order less than or equal to j with
E{σ}-coefficients which is homogeneous of degree 0 with respect to ξ for ξ ∈ Γ
and x ∈ K.
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We now write

wN =
∑

j1+···+jk≤N−m

Rj1 · · ·Rjk
χ2N . (21)

From this formula, we obtain

wN − RwN = χ2N −
∑

j1+···+jk>N−m≥j2+···+jk

Rj1 · · ·Rjk
χ2N (22)

= χ2N − eN ,

which means that

P t(x, D)(e−i〈x,ξ〉wN (x, ξ)/Pm(x, ξ)) = e−i〈x,ξ〉(χ2N (x) − eN (x, ξ)).

With integrals denoting action of distributions we obtain, with f = P (x, D)u,∫
u(x)χ2N (x)e−i〈x,ξ〉dx =

∫
u(x)eN (x, ξ)e−i〈x,ξ〉dx (23)

+
∫

f(x)e−i〈x,ξ〉wN (x, ξ)/Pm(x, ξ)dx.

To estimate the right-hand side of (23) we need the following lemma:

Lemma 4.2. There exists a constant C ′ > 0 such that for j = j1 + · · · + jk

and j + |β| ≤ 2N ,

|DβRj1 · · ·Rjk
χ2N | ≤ C ′N+1

(
e

1
2hN ϕ∗

σ(2hN)
)j+|β|

|ξ|−j , ξ ∈ Γ. (24)

Proof of Lemma 4.2. By homogeneity it suffices to prove the lemma when
|ξ| = 1 (x ∈ K). But then, this lemma is a consequence of the next one. �

Lemma 4.3. Let K ⊂ Ω be a compact set and χN ∈ D(K) be a sequence
satisfying property (8). If a1, . . . , aj−1 are functions in E{σ}(Ω) such that, for
some constant C > 0 and some h ∈ N, that

sup
K

|Dαas| ≤ Ce
1
h ϕ∗

σ(h|α|) (25)

for every α ∈ Nn
0 and s = 1, . . . , j − 1, we have, for some constant C1 > 0

that depends only on C and the sequence {χN}, and j ≤ N ,

sup
K

|Di1a1Di2 · · · aj−1Dij
χN | ≤ Cj+1

1

(
e

1
hN ϕ∗

σ(hN)
)j

(26)

Proof of Lemma 4.3. Since σ(t) = O(t) as t tends to infinity, NN ≤
CNeϕ∗

σ(N) for a sufficiently large constant C > 0. Therefore, from (8), for
α = 0, we obtain

|DβχN | ≤ C0

(
C0e

1
N ϕ∗

σ(N)
)|β|

, |β| ≤ N. (27)

It is clear that Di1a1Di2 · · · aj−1Dij χN is a sum of terms of the form

(Dα1a1) · · · (Dαj−1aj−1)Dαj χj

with |α1| + · · · + |αj | = j.
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If there are Ck1,...,kj
terms with |α1| = k1,. . . ,|αj | = kj , we have

|Di1a1Di2 · · · aj−1Dij
χN |

≤
∑

Ck1,...,kj
Cj−1e

1
h ϕ∗

σ(hk1) · · · e 1
h ϕ∗

σ(hkj−1)C0C
kj

0

(
e

1
N ϕ∗

σ(N)
)kj

(28)

≤
∑

Ck1,...,kj k1! · · · kj−1!Cj−1 e
1
h ϕ∗

σ(hk1)

k1!
· · · e

1
h ϕ∗

σ(hkj−1)

kj−1!
C0C

kj

0

(
e

1
N ϕ∗

σ(N)
)kj

.

As in [10], since σ satisfies property (α0), we can suppose that σ is equivalent
to a sub-additive weight and then, we have

e
1
h ϕ∗

σ(hk1)

k1!
· · · e

1
h ϕ∗

σ(hkj−1)

kj−1!
≤ e

1
h ϕ∗

σ(h(j−kj))

(j − kj)!
.

We also observe that
k1! · · · kj−1!
(j − kj)!

=
k1! · · · kj !j!

(j − kj)!kj !j!
≤ 2j k1! · · · kj !

j!

and that
∑

Ck1,...,kj
k1! · · · kj ! = (2j − 1)!!. We can assume that C, C0 > 1

and hence, if we put C1 = CC0, we have Cj−1C0C
kj

0 ≤ Cj+1
1 . Since ϕ∗

σ(x)/x
is increasing, from (28), we obtain

|Di1a1Di2 · · · aj−1Dij χN |

≤Cj+1
1 2j/j!

∑
Ck1,...,kj k1! · · · kj !e

1
h ϕ∗

σ(h(j−kj))
(
e

1
hN ϕ∗

σ(hN)
)kj

≤(2C1)j+1/j!
∑

Ck1,...,kj k1! · · · kj !
(
e

1
h(j−kj) ϕ∗

σ(h(j−kj))
)j−kj (

e
1

hN ϕ∗
σ(hN)

)kj

≤(4C1)j+1
(
e

1
hN ϕ∗

σ(hN)
)j (2j − 1)!!

j!2j
,

which concludes the proof of the lemma since (2j−1)!!
j!2j ≤ 1. �

We now finish the proof of Theorem 4.1. If M is the order of u in a
neighborhood of K, we can estimate the first term on the right-hand side of
(23) for large N and |ξ| > N, with ξ ∈ Γ, by

C
∑

|α|≤M

(1 + |ξ|)M−|α| sup
x

|DαeN (x, ξ)|.

The number of terms in eN cannot exceed 2N , and each term can be estimated
by means of (24), where j1 + . . . + jk = j > N − m by (22), which gives the
bound

|Dα
x eN (x, ξ)| ≤ C ′N+12N

(
e

1
2hN ϕ∗

σ(2hN)
)N+|α|

|ξ|−N+m.

Therefore, the first term on the right-hand side of (23) can be estimated by

C ′N+12N+M
(
e

1
2hN ϕ∗

σ(2hN)
)N+M

|ξ|M−N+m. (29)
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Now, as ϕ∗
σ is convex and ϕ∗

σ(x)/x is increasing, we have(
e

1
2hN ϕ∗

σ(2hN)
)N+M

≤
(
e

1
2h(N+M) ϕ∗

σ(2h(N+M))
)N+M

(30)

≤ e
1
2h ϕ∗

σ(2h(N+M)) ≤ e
1
4h ϕ∗

σ(4hM)e
1
4h ϕ∗

σ(4hN)

= Ch,Me
1
4h ϕ∗

σ(4hN).

Since ω(t) = o(σ(t)) as t tends to ∞, if N is replaced by N + m + M , the
bound (29) and (30) imply an estimate of the form (11) for the first integral
on the right of (23). Indeed, from ω(t) = o(σ(t)) as t tends to ∞ we deduce
that for every k ∈ N there exists dk > 0 such that

1
4h

ϕ∗
σ(4hN) ≤ dk + kϕ∗

ω

(
N

k

)
, N ∈ N. (31)

Now, combining (29) togheter (31) and (30) with N replaced by N +m+M ,
we easily obtain an estimate of the form (11) for the first integral on the right
of (23).

To estimate the last term in (23) we observe that (24) gives

|DβwN | ≤ CN+1
1

(
e

1
2hN ϕ∗

σ(2hN)
)|β|

, |β| ≤ N, ξ ∈ Γ, |ξ| > N. (32)

We have a similar bound for wN |ξ|m/Pm(x, ξ). The proof is completed by
the following lemma:

Lemma 4.4. Let f ∈ D′(Ω). Let K ⊂ Ω be a compact set and Γ a closed cone
⊂ Rn \ 0 such that

WF(ω)(f) ∩ (K × Γ) = ∅.
If wN ∈ D(K) and (32) is fulfilled, then there exists C2 > 0 such that for
every k ∈ N there exists Ck > 0 such that

|ŵNf(ξ)| ≤ CkCN
2

(
e

k
N−M−n ϕ∗

ω(N−M−n
k )/|ξ|

)N−M−n

(33)

if ξ ∈ Γ, |ξ| > N , and N > M +n. Here M is the order of f in a neighborhood
of K.

Proof. By Lemma 3.5 we can find a sequence fN which is bounded in E ′M

and equal to f in a neighborhood of K so that there exists D > 0 such that
for every k ∈ N there exists Dk > 0 for which

|f̂N (η)| ≤ DkDN
(
e

k
N ϕ∗

ω(N/k)/|η|
)N

, N = 0, 1, 2, . . . , η ∈ Γ′,

where Γ′ is a conic neighborhood of Γ. Then wNf = wNfN ′ , N ′ = N−M−n.
On the other hand, using (32) and proceeding as in Lemma 3.5 to show (12),
we obtain that there exists E > 0 such that

|ŵN (η)| ≤ EN+1(e
1

2hN ϕ∗
σ(2hN)/(e

1
2hN ϕ∗

σ(2hN) + |η|))N , η ∈ Rn.
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Proceeding again as in the proof of Lemma 3.5, it follows (the integrals that
appear there are convergent from the selection of N ′), that there exists D′ > 0
such that for every k ∈ N there exists D′

k > 0 for which

sup
ξ∈Γ

|ξ|N ′ |ŵNf(ξ)| ≤ D′
kD′N

(
ekϕ∗

ω(N ′/k) + e
1
2h ϕ∗

σ(2hN)
)

, ξ ∈ F, |ξ| > N.

(34)
We now observe that the convexity of ϕ∗

σ implies that

1
2h

ϕ∗
σ(2hN) ≤ 1

4h
[ϕ∗

σ(4h(N − M − n)) + ϕ∗
σ(4h(M + n))] , N > M + n.

(35)
On the other hand, ω(t) = o(σ(t)) as t tends to ∞ and hence, for every k ∈ N

there exists D′′
k > 0 such that

1
4h

ϕ∗
σ(4hN) ≤ D′′

k + kϕ∗
ω

(
N

k

)
, N ∈ N. (36)

Combining (34) with (35) and (36), (33) follows. Thus the lemma is proved.
�

The last lemma gives the key to estimate the second integral on the
right-hand side of (23), and finishes the proof of Theorem 4.1. �

An examination of the proofs above shows that we can repeat the same
arguments to prove the analogous result of Theorem 4.1 in the Roumieu
setting, even assuming the coefficients of P (x, D) in E{ω}(Ω) with ω a weight
function satisfying property (α0). We point out that it is necessary only to
state and prove Lemma 4.4 appropriately. But, we also present another proof
of the Roumieu version based on an application of Theorem 4.1 and of the
following proposition, which is an extension to the quasianalytic case of [11,
Proposition 2] and could be of independent interest.

Given two weight functions σ0 and ω such that σ0(t) = o(ω(t)) as t
tends to infinity, we set

S := {σ weight function : σ0 ≤ σ = o(ω)}.
Proposition 4.5. Let ω be weight function. If σ0 and σ are as above, we have

WF{ω}(u) =
⋃
σ∈S

WF(σ)(u), u ∈ D′(Ω).

Proof. The inclusion ∪σ∈SWF(σ)(u) ⊂ WF{ω}(u) follows easily from the defi-
nition of S, and the facts that E{ω}(Ω) ⊂ E(σ)(Ω) if σ = o(ω) (see Remark 2.4)
and that the wave front set is closed.

Conversely, suppose that (x0, ξ0) ∈ Γ := ∪σ∈SWF(σ)(u). We can then
find a compact neighborhood K of x0 and a closed conic neighborhood F of
ξ0 in Rn \ 0 such that

(K × F ) ∩ ∪σ∈SWF(σ)(u) = ∅.
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For each N ∈ N let χN ∈ D(K) be equal to 1 in a fixed neighborhood U of
x0 such that, for every α ∈ Nn

0 ,

|Dα+βχN | ≤ Cα(CαN)|β|, |β| ≤ N.

Then, by Lemma 3.5. (b), χNu is a bounded sequence in E ′M if M is the
order of u in a neighborhood of K and, for every σ ∈ S and k ∈ N, there is
Cσ

k > 0 so that

|ξ|N |χ̂Nu(ξ)| ≤ Cσ
k ekϕ∗

σ(N/k), ξ ∈ F, N = 0, 1, 2, . . . . (37)

We will deduce from this fact that (x0, ξ0) ∈ WF{ω}(u), after showing that
there exist C > 0 and h ∈ N for which

|ξ|N |χ̂Nu(ξ)| ≤ CN+1e
1
h ϕ∗

ω(hN), ξ ∈ F, N = 0, 1, 2, . . . . (38)

In order to prove such an inequality, we will proceed as follows. By (37) we
obtain that, for every σ ∈ S, k ∈ N, and r > 0,

gN (r) := rN sup
|ξ|=r,ξ∈F

|χ̂Nu(ξ)| ≤ Cσ
k ekϕ∗

σ(N/k), N = 0, 1, 2, . . .

and hence
sup
r>0

gN (r) ≤ Cσ
k ekϕ∗

σ(N/k), N = 0, 1, 2, . . . .

This implies that, for every σ ∈ S and k ∈ N,

aN := log sup
r>0

gN (r) ≤ kϕ∗
σ

(
N

k

)
+ log Cσ

k , N = 0, 1, 2, . . . . (39)

We claim that (39) implies that there exist h ∈ N and C > 0 so that

aN ≤ 1
h

ϕ∗
ω(Nh) + C, N = 0, 1, 2, . . . . (40)

Proceeding by contradiction we can construct an increasing sequence (N(h))h

of positive integers (N(1) := 0) such that

aN(h) >
1
h

ϕ∗
ω(N(h)h) + Ch, (41)

for every h ∈ N (Ch := h).
We will show that inequalities (41) are in contradiction with inequalities

(39) by constructing a weight function σ ∈ S for which the inequality
1
h

ϕ∗
ω(N(h)h) + Ch < ϕ∗

σ(N(h)) + log Cσ
1 (42)

does not hold for infinitely many indices h ∈ N.
Without loss of generality, we can suppose that ω|[R,+∞[ is a C1 function

for some R ≥ 0 (see [9, Lemma 1.7]). Then the function ϕ := ϕω is a C1

function too on [R, +∞[ and ϕ′ is a nondecreasing continuous function on
[R, +∞[. In particular, limx→+∞ ϕ′(x) = +∞ because log(1 + t) = o(ω(t))
as t tends to infinity. Then, ϕ′([0, +∞[) ⊃ [ϕ′(R), +∞[.

Consequently, we can find an increasing sequence (xh)h ⊂ [0, +∞[
(x1 := 0) satisfying xh → ∞ and ϕ′(xh) = N(h)h for all h ∈ N. Set
x1 = y1 = z1 = 0. As xh → ∞, we can inductively define an increasing
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sequence (h(n))n of positive integers (h(0) = h(1) = 1) and the sequences
(yn)n and (zn)n with xh(2) > R, y2 = z2 = xh(2) and for all n ≥ 3

N(h(n)) >
N(h(n − 1))h(n − 1)

h(n − 3)
, (43)

xh(n) > yn−1 + n, (44)

σ0(ex) ≤ ϕ(x)
h2(n − 1)

for all x ≥ xh(n), (45)

ϕ(xh(n)) ≥ h(n − 1)
n−1∑
i=1

ϕ(zi), (46)

ϕ′(yn) =
h(n − 1)
h(n − 2)

ϕ′(xh(n)), (47)

and
[h(n − 1) − h(n − 2)]ϕ(zn)

= h(n − 1)ϕ(xh(n)) − h(n − 2)ϕ(yn) + h(n − 1)(yn − xh(n))ϕ′(xh(n)).
(48)

We have that
xh(n) ≤ zn ≤ yn (49)

for all n ∈ N.
From (47) we get that yn ≥ xh(n) as ϕ′ is a nondecreasing function.

Hence, by (48) we get

ϕ(zn) − ϕ(xh(n))
yn − xh(n)

=
1

h(n − 1) − h(n − 2)

× h(n − 1)ϕ(xh(n−1)) − h(n − 2)ϕ(yn) − (h(n − 1) − h(n − 2))ϕ(xh(n))
yn − xh(n)

+
h(n − 1)

h(n − 1) − h(n − 2)
ϕ′(xh(n))

=
h(n − 2)

h(n − 1) − h(n − 2)
ϕ(xh(n)) − ϕ(yn)

yn − xh(n)
+

h(n − 1)
h(n − 1) − h(n − 2)

ϕ′(xh(n))

≥ h(n − 2)
h(n − 1) − h(n − 2)

[
ϕ′(xh(n)) −

ϕ(yn) − ϕ(xh(n))
yn − xh(n)

]
≥ 0,

because ϕ′ is a nondecreasing function. On the other hand, (48) also implies
that

[h(n − 1) − h(n − 2)]ϕ(zn) = h(n − 1)[ϕ(xh(n)) + (yn − xh(n))ϕ′(xh(n))]

− h(n − 2)ϕ(yn) ≤ [h(n − 1) − h(n − 2)]ϕ(yn)

because ϕ is a convex function.
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We define a function ψ on [0, +∞[ by setting

ψ(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1

h(n−2)ϕ(xh(n)) +
∑n−2

i=1
h(i)−h(i−1)
h(i−1)h(i) ϕ(zi+1)

+x−xh(n)

h(n−2) ϕ′(xh(n))
if xh(n) ≤ x < yn,

1
h(n−1)ϕ(x) +

∑n−1
i=1

h(i)−h(i−1)
h(i−1)h(i) ϕ(zi+1) if yn ≤ x ≤ xh(n+1).

(50)

From (47) and (48) it follows that ψ is a C1 function. Moreover, it is
convex because it consists of linear parts and of dilated and shifted parts of
ϕ. We define σ by σ(t) = ψ(max(log t, 0)), which is again a C1 function.

Proceeding as in the proof of [9, Lemma 1.7], it is easily seen that

ψ(x) ≥ 1
h(n − 1)

ϕ(x) for all x ∈ [xh(n), xh(n+1)], n ≥ 3;

hence by (45) we deduce

σ0(t) ≤ 1
h2(n − 1)

ϕ(x) ≤ 1
h(n − 1)

ψ(x) for all x ∈ [xh(n), xh(n+1)], n ≥ 3.

Therefore σ0(t) = o(σ(t)) as t → ∞. We also have

ψ(x)
ϕ(x)

≤ 2
h(n − 2)

for all x ∈ [xh(n), xh(n+1)], n ≥ 2,

and hence, σ(t) = o(ω(t)) as t → ∞.
Now, we have, for every n ∈ N, that

ϕ∗(N(h(n))h(n)) = N(h(n))h(n)xh(n) − ϕ(xh(n)). (51)

Indeed,
ϕ′(xh(n)) = N(h(n))h(n),

and, since ϕ′ is nondecreasing, N(h(n))h(n)−ϕ′(s) ≥ 0 for all 0 ≤ s ≤ xh(n).
Moreover, N(h(n))h(n)s − ϕ(s) → −∞ as s → +∞ and (N(h(n))h(n)s −
ϕ(s))(0) = 0.

On the other hand, by (50) and proceeding as above we deduce, for
every n ∈ N, that

ψ∗(N(h(n))) = N(h(n))ζn − ψ(ζn), (52)

where ψ′(ζn) = N(h(n)) (indeed, the function δn(s) = N(h(n))s−ψ(s) is C1

with derivative δ′n(s) = N(h(n)) − ψ′(s) and hence δ′n(s) ≥ 0 if and only if
ψ′(s) ≤ N(h(n))). In particular, ζn ∈ [yn−1, xh(n)]. In fact, if x ∈ [yn−1, xh(n)]
then, by (50),

ϕ′(yn−1)
h(n − 2)

≤ ψ′(x) ≤ ϕ′(xh(n))
h(n − 2)

.

Moreover, by (43) and (47),

ϕ′(yn−1)
h(n − 2)

=
1

h(n − 3)
ϕ′(xh(n−1)) =

N(h(n − 1))h(n − 1)
h(n − 3)

< N(h(n)),

while
ϕ′(xh(n))
h(n − 2)

=
N(h(n))h(n)

h(n − 2)
> N(h(n)).
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Consequently, we have N(h(n)) ∈ ψ′([yn−1, xh(n)]) and so we can conclude
from the fact that ψ′ is continuous.

Therefore, we have constructed a C1–function σ : [0, +∞[→ [0, +∞[
such that σ0(t) = o(σ(t)) and σ(t) = o(ω(t)) as t → +∞. Then, by [9,
Lemma 1.7] we can find a weight function v such that σ(t) = o(v(t)) and
v(t) = o(ω(t)) as t → +∞ (hence, v ∈ S), and

ψ(t) ≤ ϕv(t) for all t ≥ 0.

This implies that
ϕ∗

v(t) ≤ ψ∗(t) for all t ≥ 0. (53)

As v ∈ S, by (39) and (41) we then obtain

1
h(n)

ϕ∗(N(h(n))h(n)) + h(n) < ϕ∗
v(N(h(n))) + log Cv

1 ,

for all n ∈ N. Thus, by (53) we get

1
h(n)

ϕ∗(N(h(n))h(n)) + h(n) < ψ∗(N(h(n)) + log Cv
1 ,

for all n ∈ N. By (51) and (52) we also have

N(h(n))xh(n) −
ϕ(xh(n))

h(n)
+ h(n) < N(h(n))ζn − ψ(ζn) + log Cv

1 .

Then, by (50), since ϕ′ is a nondecreasing function and since ϕ′(xh(n)) =
N(h(n))h(n), we obtain

N(h(n))(xh(n) − ζn) + h(n)

<
ϕ(xh(n))

h(n)
− ϕ(ζn)

h(n − 2)
−

n−2∑
i=1

h(i) − h(i − 1)
h(i − 1)h(i)

ϕ(zi+1) + log Cv
1

<
ϕ(xh(n))

h(n)
− ϕ(ζn)

h(n)
+

ϕ(ζn)
h(n)

− ϕ(ζn)
h(n − 2)

+ log Cv
1

≤
∫ xh(n)

ζn

ϕ′(s)
h(n)

ds + log Cv
1

≤
∫ xh(n)

ζn

ϕ′(xh(n))
h(n)

ds + log Cv
1

= N(h(n))(xh(n) − ζn) + log Cv
1 ,

which is a contradiction.
Clearly, (41) implies (38) and the proof is complete. �

An immediate consequence of Proposition 4.5 is the following result.

Corollary 4.6. Let ω be a weight function and Ω be an open set in Rn. Then

E{ω}(Ω) =
⋂
σ∈S

E(σ)(Ω).
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Proof. Let g ∈ D′(Ω). By Theorem 3.6, we have that g ∈ E{ω}(Ω) if, and
only if, WF{ω}(g) is empty. Then, WF(σ)(g) is empty for all σ ∈ S, and the
conclusion follows. �

There exists an unpublished version of Corollary 4.6, with a different
proof, for open convex sets, due to J. Bonet and R. Meise, and is an exten-
sion for quasianalytic classes of [6, Proposition 3.5]. Another consequence of
Proposition 4.5 is the following:

Corollary 4.7. Let ω be a weight function and Ω be an open set in Rn. Then

sing{ω} supp (u) =
⋃
σ∈S

sing(ω) supp (u), u ∈ D′(Ω).

Proof. Fix u ∈ D′(Ω). Then, combining Proposition 4.5 and Theorem 3.6, we
easily obtain

sing{ω} supp (u) ⊂
⋃
σ∈S

sing(ω) supp (u).

The opposite inclusion follows from Remark 2.4(a) and the fact that the
singular support is always a closed set. �

We now state and prove the Roumieu version of Theorem 4.1. We do
not need any change of weight function, but the weight function must satisfy
property (α0), as in the Beurling version (Theorem 4.1).

Theorem 4.8. Let ω be a weight function satisfying property (α0) and Ω ⊂
Rn be an open set. If P (x, D) is a linear partial differential operator whose
coefficients belong to E{ω}(Ω), then

WF{ω}(u) ⊂ WF{ω}(Pu) ∪ Σ, u ∈ D′(Ω),

where Σ is the characteristic set of P .

Proof. Let S be the set of weight functions σ such that σ = o(ω). Then, for
each σ ∈ S and u ∈ D′(Ω), by Theorem 4.1 we have

WF(σ)u ⊂ WF(σ)(Pu) ∪ Σ, u ∈ D′(Ω),

as the coefficients of P (x, D) belong to E{ω}(Ω). Now, we apply Proposi-
tion 4.5 to conclude. �

Finally, we point out that from Theorems 4.1 and 4.8 we immediately
get (see, for example, [20, p.105]):

Corollary 4.9. Let P = P (x, D) be an elliptic linear partial differential oper-
ator defined on an open set Ω of Rn (elliptic means that Σ = ∅). Then:
(a) If ω is a weight function satisfying property (α0) and the coefficients of

P belong to E{ω}(Ω), we have

WF{ω}(u) = WF{ω}(Pu), u ∈ D′(Ω),

and hence,

sing{ω} supp (u) = sing{ω} supp (Pu), u ∈ D′(Ω).



Vol. 66 (2010) Quasianalytic Wave Fronts Sets 177

(b) If ω and σ are two weight functions such that ω satisfies property (α0)
and ω = o(σ), and the coefficients of P belong to E{σ}(Ω), then

WF(ω)(u) = WF(ω)(Pu), u ∈ D′(Ω),

and hence,

sing(ω) supp (u) = sing(ω) supp (Pu), u ∈ D′(Ω).

We conclude the paper by studying the wave front set of the solutions
of the following (non hypoelliptic) partial differential operator of principal
type in Rn:

P =
∂

∂xn
.

Observe that the characteristic set of P is

Σ = {(x, ξ) ∈ R2n : ξn = 0, ξ = 0}.
Moreover, we point out that u ∈ D′(Rn) is a solution of Pu = 0 if, and only
if, u = v⊗1 for some v ∈ D′(Rn−1), being 1 the function identically 1 in the
xn-variable. Indeed, if u is of the form v ⊗ 1, then ∂

∂xn
(v ⊗ 1) = 0. On the

other hand, if Pu = 0, then u satisfies τhu = u for every h = (0, . . . , 0, hn),
where τhu denotes the h-translation of the distribution u (see, for example,
[20]). From this fact, by an approximation procedure, it is easy to conclude
that u must be of the form v ⊗ 1 for some distribution v ∈ D′(Rn−1).

We can now state the following result:

Proposition 4.10. Let ω be a weight function satisfying property (α0), and
write, as usual, ∗ for {ω} or (ω). Let u ∈ D′(Rn) be a solution of the equation
Pu = 0. If (x0, ξ0) ∈ WF∗(u), then (x0, ξ0) ∈ Σ, and splitting Rn � x =
(x′, xn) = (x1, . . . , xn−1, xn), we have that the straight line

L = {(x′
0, xn, ξ0), xn ∈ R}

is contained in WF∗(u). Moreover, if ω is non-quasianalytic, for every
(x0, ξ0) ∈ Σ there exists a solution u ∈ D′

∗(R
n) of Pu = 0 whose ∗-wave

front set is given by the set

{(x′
0, xn, λξ0), xn ∈ R, λ > 0}.

Proof. Since u ∈ D′(Rn) is a solution of Pu = 0, by Theorems 4.1 and 4.8
we have

WF∗(u) ⊂ Σ
and u = v ⊗ 1 for some suitable v ∈ D′(Rn−1). We claim that

WF∗(u) = {(x, ξ) ∈ Σ : (x′, ξ′) ∈ WF∗v}. (54)

First, we show property (54) in Beurling case proceeding as follows. Let
(x, ξ) ∈ Σ. If (x′, ξ

′
) /∈ WF(ω)(v) then, by Definition 3.4, there exist an open

neighborhood U ′ of x′, a conic neighborhood Γ′ of ξ
′
and a bounded sequence

vN ∈ E ′(Rn−1), vN = v in U ′, such that for every k ∈ N there exists a positive
constant Ck satisfying

|ξ′|N |v̂N (ξ′)| ≤ Ckekϕ∗(N/k) (55)
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in Γ′, for N = 1, 2, . . . . Let χ ∈ D(R), be a function equal to 1 in a neigh-
borhood I of xn. Then, we have that uN := vN ⊗ χ is a bounded sequence
in E ′(Rn), uN = u in U := U ′ × I. Let Γ be a conic neighborhood of (ξ

′
, 0)

(since (x, ξ) ∈ Σ we have ξn = 0) satisfying Γ ∩ {ξn = 0} ⊂ Γ′. Then there
exists a positive constant c1 such that

|ξn| ≤ c1|ξ′| for ξ = (ξ′, ξn) ∈ Γ. (56)

We also observe that

ûN (ξ) = v̂N ⊗ χ(ξ) = v̂N (ξ′)χ̂(ξn).

Now, from (55) and (56), it follows that for every k ∈ N,

|ξ|N |ûN (ξ)| ≤ (|ξ′| + |ξn|
)N |v̂N (ξ′)| |χ̂(ξn)|

≤ (1 + c1)N |ξ′|N |v̂N (ξ′)| |χ̂(ξn)|
≤ c2 Ck (1 + c1)Nekϕ∗(N/k),

for each N ∈ N and ξ ∈ Γ. In view of Definition 3.4 and Lemma 3.2, this
inequality implies that (x, ξ) /∈ WF(ω)(u). Then, we deduce that

WF(ω)(u) ⊂ {(x, ξ) ∈ Σ : (x′, ξ′) ∈ WF(ω)(v)}.
Conversely, let (x, ξ) ∈ Σ such that (x, ξ) /∈ WF(ω)(u). By Definition 3.4
there exist an open neighborhood U of x, a conic neighborhood Γ of ξ and a
bounded sequence uN ∈ E ′(Rn), uN = u in U , such that (4) is satisfied in Γ.
Since u = v⊗1, without loss of generality we can assume that uN = vN ⊗χN ,
eventually multiplying uN by a tensor product test function equal to 1 in a
neighborhood V of x with V ⊂ U (see Lemmas 3.5 and 3.2 and remarks before
Proposition 3.7). Therefore, there exists a sequence Ck of positive constants
such that

|ξ|N |ûN (ξ)| = |ξ|N |v̂N (ξ′)| |χ̂N (ξn)| ≤ Ckekϕ∗(N/k) (57)

for N ∈ N and ξ ∈ Γ. We may also suppose that χN =: χ is independent of
N and satisfies χ̂(0) = 0. So, from (57) it follows that

|ξ′|N |v̂N (ξ′)| ≤ Ck

|χ̂(0)|e
kϕ∗(N/k)

for N = 1, 2, . . . and ξ′ ∈ Γ′ = Γ ∩ {ξn = 0}. Then (x′, ξ
′
) /∈ WF(ω)(v), and

so we have shown that

{(x, ξ) ∈ Σ : (x′, ξ′) ∈ WF(ω)(v)} ⊂ WF(ω)(u).

This concludes the proof of (54). In the Roumieu case the proof is similar
with minor changes.

Now, it follows immediately that if (x, ξ) ∈ WF∗(u), being u a solution
of Pu = 0, then every point of the kind (x′

0, xn, ξ0), with xn ∈ R, belongs to
WF∗(u). Thereby, the straight line L is contained in WF∗(u).
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In the following, let ω be a non-quasianalytic weight function. Now, we
show that there exists an ∗-ultradistribution u ∈ D′

∗(R
n) solution of Pu = 0

with the prescribed wave front set

WF∗(u) = {(x, ξ) ∈ Rn × Rn \ {0} : x = (x′
0, xn), ξ = λξ0, xn ∈ R, λ > 0}.

(58)
Fix (x0, ξ0) ∈ Σ. Proceeding in a similar way as in Example 1 in [11], we can
construct ṽ ∈ E ′

∗(R
n−1) satisfying

WF∗(ṽ)

= {(x′, ξ′) ∈ Rn−1 × Rn−1 \ {0} : x′ = 0, ξ′ = (0, . . . , 0, ξn−1), ξn−1 > 0}.
By a linear change of variable and a translation, we then find v satisfying

WF∗(v) = {(x′, ξ′) ∈ Rn−1 × Rn−1 \ {0} : x′ = x′
0, ξ′ = λξ′0, λ > 0}.

Set u = v ⊗ 1 ∈ D′
∗(R

n). Then, we have that Pu = 0 and that, by (54),
equality (58) is satisfied. �

Observe that an analogous result holds for the equation Pu = f , with
f ∈ C∞(Rn). Indeed, every solution u ∈ D′(Rn) of Pu = f can be written as

u(x) = u0(x) +
∫ xn

0

f(x′, t) dt, x = (x′, xn) ∈ Rn,

where u0 is a solution of Pu = 0. If (x0, ξ0) ∈ Σ and (x0, ξ0) /∈ WF∗(f), then
(x0, ξ0) ∈ WF∗(u) implies that (x′

0, xn, ξ0) ∈ WF∗(u) for xn in a suitable
interval I containing xn,0. In fact, if (x0, ξ0) /∈ WF∗(f) then there exists a
neighborhood U of (x0, ξ0) with empty intersection with WF∗(f). So, in a
neighborhood of x0 the wave front set of u coincides with the wave front set
of u0.
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