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Abstract. Let D be a bounded homogeneous domain in C". In this
paper, we study the bounded and the compact weighted composition
operators mapping the Hardy space H°(D) into the Bloch space of D.
We characterize the bounded weighted composition operators, provide
operator norm estimates, and give sufficient conditions for compactness.
We prove that these conditions are necessary in the case of the unit
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domain, the bounded multiplication operators from H (D) to the Bloch
space of D are the operators whose symbol is bounded.
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1. Introduction

Let X be a Banach space of holomorphic functions on a bounded domain D in
C". For 9 a complex-valued holomorphic function on D and ¢ a holomorphic
self-map of D, we define a linear operator Wy , on X, called the weighted
composition operator with multiplicative symbol ¥ and composition symbol p,
by
Weof =w(fop), f€X.

Setting My f =9 f and Cy f = fop, we may write Wy, , = MyCy,. Then My,
is called multiplication operator with symbol 1p and C, is called composition
operator with symbol .

The study of the weighted composition operators on the Bloch space
began with the work of Ohno and Zhao in [19] where the operators from the
Bloch space of the open unit disk ID into itself were considered. In higher
dimensions, these operators on the Bloch space have been studied by Chen,
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Stevi¢ and Zhou in [6] (which was motivated by papers and [21] and [7]), and
by the authors in [4]. For related work, see [27].

In [18], Ohno investigated the weighted composition operators between
the Bloch space of D and the Hardy space H>(ID) of bounded analytic func-
tions on D.

Characterizations of the boundedness and the compactness of the
weighted composition operators from the Bloch space to H* were given
by Hosokawa, Izuchi and Ohno in [14] in the one-dimensional case, and by
Li and Stevié in the case of the unit ball [17]. In [22], Stevié¢ determined the
norm of the bounded weighted composition operators from the Bloch space
and the little Bloch space to the weighted Hardy space H;° of the unit ball
(where u is a weight). The weighted composition operators from a larger class
of spaces known as the a-Bloch spaces to H* on the polydisk where studied
by Li and Stevi¢ in [16]. In [4], we characterized the boundedness, determined
the operator norm, and gave a sufficient condition for compactness in the case
of a general bounded homogeneous domain in C".

The study of the weighted composition operators from H* to the Bloch
space in several variables was carried out by Li and Stevi¢ when the ambient
space is the unit polydisk [15]. For the case of the unit ball, the study of these
operators from H° into the a-Bloch spaces was carried out by Li and Stevié
in [17] and Zhang and Chen in [26].

In this paper, we analyze the weighted composition operators from H>°
into the Bloch space on a bounded homogeneous domain in C™.

In Section 2, we give the background on the bounded homogeneous
domains in C™ and special class of such domains that have a canonical
representation (up to biholomorphic transformation) due to Cartan [5], the
bounded symmetric domains. We then review the notion of the Bloch space
of a bounded homogeneous domain [12], [23], and of a subspace we refer to
as the x-little Bloch space. We also recall the definition of little Bloch space
on a bounded symmetric domain [24].

In Section 3, in the environment of a general bounded homogeneous
domain, we characterize the bounded weighted composition operators from
H*® into the Bloch space and into the *-little Bloch space, thereby extending
the results of Ohno [18] in the one-dimensional case, of Li and Stevié¢ for the
polydisk [15] and for the unit ball [17], and of Zhang and Chen for the unit
ball [26]. We also give estimates on the operator norm.

In Section 4, we describe sufficient conditions for the compactness of
a weighted composition operator from H*° to either the Bloch space or the
x-little Bloch space of a bounded homogeneous domain. We conjecture these
conditions to be necessary, and prove the necessity when the domain is the
unit polydisk and the unit ball. In the latter setting, we obtain a result
equivalent to a special case of Theorem 2 in [26]. Furthermore, we show
that compactness and boundedness are equivalent when the operator maps
H®(B,,) into By(B,,), a result not observed in [26].
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In Section 5, we show that the bounded multiplication operators from
H*® into the Bloch space (respectively, the *-little Bloch space) of a bounded
symmetric domain are precisely those whose symbol is bounded (respectively,
in the x-little Bloch space and bounded). Furthermore, we obtain operator
norm estimates in terms of the Bergman constant of the domain. We then
discuss the boundedness of the composition operators on a bounded homo-
geneous domain and establish operator norm estimates. While composition
operators from H* to the a-Bloch spaces of the polydisk have been studied
by Stevi¢ in [21], to our knowledge, there are no results in the literature for
the multiplication or the composition operators between H*> and the Bloch
spaces on general bounded homogeneous or symmetric domains.

Finally, in Section 6, we show there are no isometries amongst the mul-
tiplication or composition operators from the Hardy space H° into the Bloch
space when the domain is the unit disk. We also show that there are no iso-
metric weighted composition operators from the Bloch space into H® if the
ambient space is the unit polydisk. We conjecture that, likewise, there are no
isometric weighted composition operators from H° to the Bloch space.

2. Preliminaries

Let D be a domain in C". We denote by H (D) the set of holomorphic func-
tions from D into C, and by Aut(D) the set of biholomorphic maps of D. The
space H>°(D) of bounded holomorphic functions on D is a Banach algebra
equipped with norm || f||, = sup.cp |f(2)]-

A domain D is homogeneous if Aut(D) acts transitively on D. Every
homogeneous domain is equipped with a canonical metric invariant under the
action of Aut(D), called the Bergman metric [13]. A domain D is symmetric
at zo € D if there exists an involution ¢ € Aut(D) for which zg is an isolated
fixed point. A domain that is symmetric at every point is called symmetric.
A bounded symmetric domain is homogeneous and a bounded homogeneous
domain that is symmetric at one point is symmetric [13]. The unit ball

By ={z=(21,...,20) €C" : ||| =D |ax* < 1}
k=1

and the unit polydisk
D" ={(z1,...,2n) €EC" : |z < L,E=1,...,n}

are bounded symmetric domains since they are homogeneous and symmetric
at the origin via the map z — —z. While bounded homogeneous domains
in dimensions 2 and 3 are symmetric, there are examples of bounded ho-
mogeneous domains in dimensions greater than 3 which are not symmetric
[20].

In [5], Cartan showed that every bounded symmetric domain in C"
is biholomorphically equivalent to a finite product of irreducible bounded
symmetric domains, unique up to order. He classified the irreducible bounded
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symmetric domains into six classes, four of which are known as the Cartan
classical domains, and the other two, each consisting of a single domain, are
known as the exceptional domains. A bounded symmetric domain written as
such a product is said to be in standard form.

The Cartan classical domains are defined as:

Rr={Z e Mu,(C):I,,—ZZ" >0}, form>n>1,
Riy={ZeM,(C):Z=2"1,—- 27" >0}, for n > 2,
Rrr=1{Ze M,(C): Z=-2" I, — ZZ* > 0}, for n > 5,
Rrv ={z=(21,...,2,) €C" : A>0,]|z|]| < 1}, for n > 5,

where M,, ,(C) denotes the set of m x n matrices with complex entries,
M, (C) = M, ,(C), ZT and Z* are the transpose and the adjoint of Z,
respectively, and A = | Y zZ|2+1—2 ||2||*. See [11] for a description of the
exceptional domains.

The notion of Bloch function in higher dimensions was first introduced
by Hahn in [12]. In [23] and [24], Timoney studied in depth the Bloch func-
tions on a bounded homogeneous domain. In this paper, we conform to his
definition and notation, as follows.

Let D be a bounded homogeneous domain. For z € D and f € H(D),

define VOl
V(f)(z)u
z)= su ,
Qf( ) uGC"{){O} Hz(uvu)l/z
where V(f)(z) is the gradient of f at z, for u = (u1,...,uy),
N Of
V(f)(2)u = ; oy (Ve

and H, is the Bergman metric on D at z. The Bergman metric for the unit
ball B,, is defined as

n+1 (1= l2l) {u,0) + (u,2) (2,0)
2 (1 = []z1*)?

where u,v € C", z € B, and (u,v) = ) u;v;. For the unit polydisk D", the
Bergman metric is defined as

H,(u,v) =

)

n

UV,
HZ(U,U):Z Jjg )
2 (1= |2
where u,v € C"™ and z € D".
The Bloch space B(D) on a bounded homogeneous domain D is the set

of all functions f € H(D) for which
B = sup Qy(z) < 0.
ze€D

Timoney proved that B(D) is a Banach space under the norm

1l = 1f(z0)l + By,
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where 2y is some fixed point in D [23]. For convenience, we shall assume
throughout that 0 € D and choose zy = 0.
The *-little Bloch space of D is the subspace of B(D) defined as

Buu(D) = {1 € BD):_tim, Qs(2) =0}

where 0*D is the distinguished boundary of D. Timoney defined the little
Bloch space Bo(D) of a bounded symmetric domain D to be the closure of
the polynomials in B(D). Its elements f satisfy the condition

hg*lD Qs(z) =0.

z—

If D is the unit ball, then D = 9*D and thus By(D) = Bo.(D). When
D # B, By(D) is a proper subspace of By, (D), and By« (D) is a non-separable
subspace of B(D) [24].

In [23], Timoney proved that the space H>°(D) of bounded holomorphic
functions on a bounded homogeneous domain D is a subspace of B(D) and
for each f € H*(D), ||fllg < |f(0)|+c]|f]|,, where cis a constant depending
only on the domain D.

In [8], Cohen and the second author defined the Bloch constant of a
bounded homogeneous domain D in C” as

cp =sup{Qs(z): f € H*(D),||f||l, <1,z € D}.

The precise value of the Bloch constant was calculated for each Cartan classi-
cal domain to be the reciprocal of the inner radius of the domain with respect
to the Bergman metric, that is,

1
infeeop Ho(€,€)1/2

In [25], Zhang determined the Bloch constant for the two exceptional domains
Ry of dimension 16 and Ry of dimension 27. The value of ¢p for each
irreducible bounded symmetric domain D is shown in Theorem 5.2.

By Theorem 3 of [8], extended to include the exceptional domains, if
D = D; x--- x D is a bounded symmetric domain in standard form, then

Cp =

= . 1
o= g

Furthermore, it was shown that there exist polynomial functions f (hence in
the little Bloch space of D) such that ||f]|., <1 and cp = Qf(0).

Let D be a bounded homogeneous domain. In [2], we showed that a
function f € H(D) is Bloch if and only if there exists ¢ > 0 such that

|f(z) = f(w)| < ep(z,w), for each z,w € D,

where p is the Bergman distance on D. Furthermore, the Bloch seminorm
of f is precisely the infimum of all such constants c¢. As a consequence, we
obtain that for a Bloch function f on D,

F(2) = Fw)] < |Ifl]3 p(z,w), for each z,w € D. (2)



26 R. F. Allen and F. Colonna IEOT

3. Boundedness

From now on, unless specified otherwise, we shall assume D is a bounded
homogeneous domain, » € H(D), and ¢ = (¢1,...,p,) is a holomorphic
self-map of D. Define 6y , = sup,cp [¢(2)|0,(2), where

0,(2) = sup{Qrop(2) : f € HZ(D),||fll < 1}-
For z € D, denote by Jp(z) the Jacobian matrix of ¢ at z, that is, the
matrix whose (j, k)-entry is g% (2). Furthermore, define

Zk
H,(J J 1/2
by oI
ueCm\{0} H (u,u)
The quantity B, = sup,cp B, (2) is bounded above by a constant dependent
only on D [23]. By the invariance of the Bergman metric under the action of
Aut(D), if ¢ € Aut(D), then for each z € D, u € C™,
HW(Z)(JQO(Z)U, J‘)O(Z)U) = HZ(U7 u)
For f € B(D) and z € D,

Qfop(2) < By(2)Qr(0(2)).

Taking the supremum over all functions f € H*(D) with ||f||,, < 1, we
obtain

0,(2) < cpBy(2) 3)
for each z € D.
Theorem 3.1. (a) The weighted composition operator Wy, , : H*(D) — B(D)
is bounded if and only if v € B(D) and 0y, is finite.
(b) Wy : H®(D) — Bo«(D) is bounded if and only if ¥ € Bo.(D), 8y, is
finite, and

lim ]¢(2)|0,(2) = 0. (4)

z—0*D

Furthermore, if Wy, , is bounded as an operator into B(D) or Bo«(D), then
the norm of Wy, satisfies the estimates

11l < Wy ol < 9]l + Oy ()
Proof. (a) Assume first Wy, , is bounded. Then |||z = [|[Wy ,1||4, thus
¥ € B(D) and the lower estimate of (5) holds. For each f € H*(D) with
[|flloo <1, and each z € D, we have
V(@(fo9)(z) =¢()V(fop)(z) + f(e(2))V(¥)(2) (6)
so that
[%(2)| Qrop(2) < Wy o fllg + Qu(2) < Wy ol +[¥]l5-

Thus, taking the supremum over all such functions f and over all z € D, we
see that 0y, is finite.
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Conversely, assume ¢ € B(D) and 6y, is finite. Then for f € H>(D),
with || f]leo < 1, we have

Qu(fop)(2) < [1(2)|Qrop(2) + £ (9(2))|Qu(2) < by, + By-
Thus, Wy, f € B(D) and

1 (f o @)l < [9(0) (PO + by + By < [Pl + Oy

proving the boundedness of Wy, , and the upper estimate of (5).

(b) From part (a), it suffices to show that if Wy, is bounded, then (4) holds
and, conversely, if 1 € Bo.(D), 0y, is finite, and (4) holds, then for each
f € Bo«(D), ¥(f o) € Bo«(D).

Assume Wy, , is bounded. Then ¢ = Wy, ,1 € Bo.(D) and, for each
f € H®(D) and each z € D, from (6) we have

[¥(2)|Qrop(2) < Qurop)(2) + Qu(2) [Iflo -

Taking the limit as z — 0*D, we obtain |1(2)|Q fo,(2) — 0. Since this holds
for each f € H*(D), we deduce (4).

Next assume ¢ € Bo.(D), 0y, is finite, and (4) holds. Then for each
nonzero function f € H®(D) and each z € D, using the function f =
T/ f]los we see that Qfop(2) < 0,(2)||f||- Thus, for each f € H*(D)
and each z € D, we obtain

Qu(roe)(2) < Qu(2)lIflloo + [¥(2)|Q 00 (2)
< (Qu(2) + [9(2)|05(2)) [1 £l -

Taking the limit as z — 9*D, we conclude that ¥(f o ¢) € By.(D). O
In the special case of D = B,,, the finiteness of 6, ., follows from (4)

since 0*B,, = 0B,,. From this, we obtain the following characterization of the
bounded weighted composition operators from H(IB,,) into By(B,,).

Corollary 3.2. Wy, : H>(B,) — Bo(B,) is bounded if and only if
¥ € Bo(By) and

lim [(2)] 6, (2) = 0.

l[z[|—=1

In the case of D = DD, we can improve the lower bound on the operator
norm of Wy .

Lemma 3.3. Let ¢ € H(D) and ¢ a holomorphic self-map of D. Then

(1= 12*) ¢ ()]
0y, = su z N
v zeg ()l 1— |p(2)]
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Proof. Let f € H>(D) such that ||f||,, < 1. Since 8¢ < ||f]|., for all z € D,
Qrop(2) = (1= ) [ (¢(2))] 1 (2)]
i Bty (L P2
a-le@nIreen T
(1= 12" |¢'(2)]
1— o)

< A=P) ()]
T 1-le(a)

< B

Thus

(1= =) ¢ ()]
1—lp()*

On the other hand, fixing z € D, the function

0,(2) <

flw) = wlz) —w , weD,

1—o(z)w
is an automorphism of D, and thus || f||, = 1. Moreover,

(1= 12" |¢'(2)]

Qfop(2) = (8)
1—|p(2)*
—|z 2 ’ 2

and so 990(2) = a 1'_:(/))(';;‘5 )|, which yields (7) O

Theorem 3.4. Let Wy, , be bounded from H*>(D) to B(D) or Byo(D). Then

max{|[||, 0y.o} < Wy ol <19l + Oy

Proof. By Theorem 3.1, It suffices to show that 6y , < |[[Wy ,||. Fix A € D
and for z € D, let

_p(N) ==
hE= 2 Nz

Then ||f3]| = 1 and fx(¢(A)) = 0. From (8), we obtain
Wy oll = Wy falls
> flelﬂlg(l — ) [#' (2) fa(2(2)) + () (fr 0 9)' ()]
> [P (N]Q fro00(N)
A)

_ =P e (A )|
1 - lp()?

Taking the supremum over all A € D, we get ||[Wy o|| > 0y,,. O
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4. Compactness

The following lemma will be used to prove a sufficient condition for the
compactness of Wy ..

Lemma 4.1. Wy, is compact from H*(D) into B(D) if and only if for
every bounded sequence {fi} in H*(D) converging to 0 locally uniformly in
D, [[(fro@)llg — 0 as k — oo.

Proof. Assume that Wy, : H*(D) — B(D) is compact. Let {fi} be a
bounded sequence in H* (D) which converges to 0 locally uniformly in D. By
rescaling fi, we may assume ||fy|| < 1 for all £ € IN. We need to show that
l|#(fr o 9)||z — 0ask — oco. Since Wy, is compact, the sequence {1 (frop)}
has a subsequence (which for convenience we reindex as the original sequence)
converging in the Bloch norm to some function f € B(D). We are going to
show that f is identically 0 by proving that 1 (fx o ¢) — 0 locally uniformly.
Fix zp € D and, subtracting from the elements of this sequence the value of
f at zp, we may assume f(20) = 0. Then ¢ (z0) fx(¢(20)) — 0 as k — oo. For
z € D, using (2), we find

V() fi(p(2)) = f(2)] < [©(2) fe(0(2)) = f(2) = ($(20) fr(9(20)) = f(20))]
+ [¥(20) fr(e(20))]
< |[¢(fr o 9) = fllg p(z,20) + |9(20) fi (6 (20))] -

The right-hand side converges to 0 locally uniformly as k& — oo since
Y(frop) — f — 0 in B(D). On the other hand, ¢(fx o ¢) — 0 locally
uniformly, so f is identically 0.

Conversely, suppose that whenever {g;} is a bounded sequence in
H*(D) converging to 0 locally uniformly in D, ||[¢)(gr © ¢)||z — 0 as k — oo.
To prove the compactness of Wy o, it suffices to show that if {f;} is a se-
quence in H*°(D) with || fx|| < 1 for all k € IN, there exists a subsequence
{fx;} such that (fx;, o ¢) converges in norm in B(D). Fix zop € D. Re-
placing fr by fx — fx(20), we may assume that fr(z9) = 0 for all kK € IN.
Since {fx} is uniformly bounded on D, by Montel’s theorem some subse-
quence { fx, } converges locally uniformly to some holomorphic function f on
D such that |[f||,, < 1. Then, letting g, = fr, — f, we obtain a bounded
sequence in H* (D) converging to 0 locally uniformly in D. By the hypoth-
— 0 as j — oo. Therefore, 1(fx; o ) converges in norm
to ¥ (f o ), completing the proof. O

Theorem 4.2. (a) Let ¢ € B(D). Then Wy, : H*(D) — B(D) is compact if

lim =0, and lim 2)[0,(z) = 0. 9
Jim Qo) im ()] 0,(2) )

(b) Let ¢ € Box(D). Then Wy, , : H®(D) — B« (D) is compact if
lim Qu(z) =0, and lim_ ()] 6,(2) = 0. (10)



30 R. F. Allen and F. Colonna IEOT

Proof. Assume conditions (9) both hold. By Lemma 4.1, to prove that Wy, .,
is compact from H*(D) into B(D) it suffices to show that for any bounded
sequence {fj} such that ||fx||., < 1 and fi — 0 locally uniformly in D,
|(frow)llg — 0 as k — oo. Let {fx} be such a sequence and fix £ > 0.
Then, there exists > 0 such that for all & € IN, [¢(2)|Qf,00(2) < 5 and
Qy(2z) < 5 whenever p(p(z),0D) < r. Thus, if p(¢(2),0D) < r, then

Qu(frop) (2) < [¥(2)] Qfrop(2) + Qu(2) < e

On the other hand, since f; — 0 locally uniformly in D, |f%(¢(2))| — 0 uni-
formly on the compact set E, = {z € D : p(¢(2),0D) > r}. Thus, V fi(¢(2))
approaches the zero vector, and hence Qf,o(2) — 0, uniformly on E, as
k — oo. Consequently, recalling that ¢ € B(D), we see that for all k suffi-
ciently large, Qy(f,0,)(2) < € for all z € D. Furthermore, [¢(0) fx((0))[ — 0
as k — 00, so |[1(fr o )||g — 0, completing the proof of (a).

The proof of part (b) is analogous. O

Remark 1. If D is not the unit ball, the multiplicative symbol of the weighted
composition operators satisfying conditions (10) reduces to a constant, and
hence the compact weighted composition operators of this type have compo-
sition component which is compact. The case when D = B,, is discussed in
Corollary 4.3.

We conjecture that under boundedness assumptions, conditions (9) and
(10) are necessary as well.

Congecture. If D is a bounded homogeneous domain, then the bounded op-
erator Wy, , : H>(D) — B(D) is compact if and only if

li =0, and i 0.(2) = 0.
iy, Qul) =0, and tin, | [9(2)]6,(2)

4.1. Compactness from H>°(B,,) to By(1B,,) or B(B,)
We begin this section by extending Theorem 4 in [18] to the unit ball.

Corollary 4.3. Let ¢ be a holomorphic self-map of B, and ¢ € H(B,,). Then
the following are equivalent:

(a) Wy,o : H®(B,) — Bo(B,,) is bounded.

(b) Wy, : H*(By,) — Bo(B,) is compact.

(©) ¥ € Bo(B,) and. lin [6(2)|6,(2) = 0.
Proof. The implication (b)) = (a) is obvious. The implication (a) = (c)
follows from Corollary 3.2. Finally, (¢) = () follows from part (b) of The-
orem 4.2. O

We now prove the above conjecture in the case of the unit ball. The fol-
lowing result is equivalent to a characterization of the compactness obtained
by Zhang and Chen ([26], Theorem 2).
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Theorem 4.4. Let ¢ be a holomorphic self-map of B,,, and v € H(B,,). Then
Wy - H*(By,) — B(B,) is compact if and only if it is bounded,

lim Qu(z) =0, and (11)
lle(2)||—-1

lm [9()] 6,(2) =0. (12)
[le(2)||—1

Proof. 1f Wy, ,, is bounded and conditions (11) and (12) hold, then ¢ € B(BB,,),
so by Theorem 4.2, Wy, , is compact.

Conversely, suppose Wy, is compact. Then Wy ., is bounded and by
Theorem 2 in [26], condition (11) holds, and

[¥(2)| By(2) = 0.

lim
lle(2)]]—1

Condition (12) now follows from the inequality 0,(z) < By(z) for each
z € B,. O

4.2. Compactness from H>°(D") to 5(D")

In [15], Li and Stevié¢ characterized the compact weighted composition oper-
ators from H°°(D™) into B(ID™) in the following result.

Theorem 4.5 ([15], Theorem 1.2). Let ¢ = (1, ..., pn) be a holomorphic self-
map of D™ and ¢(z) a holomorphic function on D™. Then Wy, , : H>*(D") —
B(D™) is compact if and only if the following conditions are satisfied:

(a) Wy, : HX(D™) — B(D") is bounded;

n

| NETPNEN

(b) w(z%@am;(l 2l |, )] = 0;

@m0 [ -
p(z)—omn L [0z 1 — (g (o)

We will prove the conjecture posed in the previous section in the setting
of the polydisk D™. To do this, we need the following lemma.

Lemma 4.6. Let ¢ = (¢1,...,¢n) be a holomorphic self-map of D™. For
ze D",

n

[%(2) 0,(2) < ()] )

0, 1-— 2
J,k=1

Oz 11— |p(2)*
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Proof. Observe that by (1.2) of [9], for all z € D",
[¥(2)] 04 (2) < [1(2)] By (2)

1/2
n

= [W(z)| max >

Jj=1

) 2
Z 84,0] (1= |2k wg

2
Py 3zk 1 — ;i (2)]

) o\ 1/2
"L &pj ‘ (1 — |z]") [we]
< ()l max) ;(2 o= | 1= li;(2)[? >
n LIy 1—
SEOIDY afi<z)‘1_|ap%fz>|2' D
J

k,j=1

Theorem 4.7. Let ¢ be a holomorphic self-map of D™ and ¢ € B(D™). Then
Wy, - H*(D") — B(D") is compact if and only if

lim z)=0and lim 2)[0,(z) = 0. 13

i Qu) Jim )1 0,(2) (13)

Proof. By Theorem 4.2, it suffices to show that if Wy, , is compact from

H®(D™) into B(D™), then conditions (13) hold. First, observe that by The-
orem 3.3 of [9], for z € D",

2 = [ (-t e amn )|
< Y-l gh o)

Since Wy, is compact, Theorem 4.5(b) implies that
lim  Qu(z) =

¢(z)—0D™
In addition, by Lemma 4.6, we have
Op; 1— |z
10, < eI S 576
Oz 1 1= g (=)

for all z € D™. Thus, by part (c) of Theorem 4.5, we obtain
o PR (2) = 0

—obn

k,j=1

)

completing the proof. O

5. Component Operators

In this section, we look at the issues of boundedness and compactness of the
multiplication and the composition operators separately.
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5.1. Multiplication Operators from H° into the Bloch Space
Let us now consider the implications of Theorem 3.1 for the case when ¢ is
the identity and D is a bounded symmetric domain.
Theorem 5.1. Let D be a bounded symmetric domain in standard form and
let ¢ € H(D). Then

(a) My : H>®(D) — B(D) is bounded if and only if 1 € H>® (D).

(b) My : H*(D) — Bo.(D) is bounded if and only if ¢ € By (D)NH>(D).
Furthermore, if My is bounded as an operator from H(D) into the Bloch
space or the x-little Bloch space, then

max{||¢[|g,cp [[¥llo} < [[Myll < 1915 + e [[¥]]o -

where cp is the Bloch constant of D.

Proof. Suppose first D is an irreducible domain. In [8] and [25], it was shown
that there exists a polynomial p on D and £ € 9D such that p(0) = 0,
Pl = 1, [VP(0)§] = 1, and

1

0 = =Cpn. 14
DO)= = (14)
If D= D x -+ x Dy, a product of irreducible domains, then by (1), there
exists j = 1,...,k such that cp = cp,, and so there exists a polynomial p; on

Dj and &; € 9D; such that |[p;|| =1, |[V(p;)(0)§;] = 1, and @Q,,;(0) = cp.
Then letting p be the polynomial on D such that p(z) = p;(z;) (where z;
denotes the component of z in D;), and £ the vector whose component in D,
equals §; and whose components in each irreducible factor other than D; are
0, we obtain a function on D with supremum norm 1 and a vector in D such
that [V(p) (0)¢] = [V (p;) (0)&] = 1, p(0) = 0, and @, (0) = @y, (0) = cp.

Fix a € D and let S € Aut(D) be such that S(a) = 0. Since the
Jacobian matrix JS(a) is invertible, there exists a nonzero v € C™ such that
JS(a)v = £ Composing p with S, we obtain a function g € By, (D) such that
ll9]l.c =1 and Q4(a) = cp. In particular,

Oy ia = sup ()l sup{Qy(a) : [|flloc <1} = cn ||l -

Moreover, by the boundedness of My, the invariance of the Bergman metric
under the action of Aut(D), recalling that |[Vp(0)¢| = 1 and using (14), we
obtain

IV (1hg)(a)ul

Qypqela) = sup
va(@) ween\ {0} Ha(u,u)l/?

wy HOVEIOIS@
wecr\{0} Ho(JS(a)u, JS(a)u)'/?
> Wl E? Sii ~ [6(a)/Qy(0)
— [(@lep.

v

HngHB
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Taking the supremum over all a € D, we deduce ||My|| > ¢p [[¢]|,, . The
result now follows at once from Theorem 3.1. (]

Theorem 5.2 ([8],(25]). If D is an irreducible bounded symmetric domain in
C™, then

Vi D s of type Ry,

\/nil if D is of type Ryy,
cp = \/n1—1 if D is of type Rypr,

\/721 if D is of type Ryv,

o if D= Ry,

3 if D=Ry;.

Recalling that the Bloch seminorm of a bounded analytic function is
no greater than its supremum norm and observing from Theorem 5.2 that
cp < 1 for any bounded symmetric domain D in standard form, and the
only domains D for which ¢p = 1 are those which contain the unit disk as a
factor, we obtain the following result.

Corollary 5.3. Let D be a bounded symmetric domain in standard form with
D as a factor and let vp € H(D). If My is bounded from H*(D) into either
B(D) or B(D)o«, then

max{[[¢[[5, [[¥[lo} < [[Myll < 1@l + 1]l -
Furthermore, if 1(0) = 0, then

19lloe < 1Myl < |9l + 1]l -

We now characterize the compact multiplication operators from H° to
B when the underlying space is the ball or the polydisk.
Theorem 5.4. For D = B,, or D", the following statements are equivalent:
(a) My : H>*(D) — B(D) is compact.
(b) ¢ is identically zero.
Proof. (a) = (b): By Theorems 4.4 and 4.7, the compactness of My, implies
that
i () [sup{Qy (=) ¢ [l < 1} =0,
Since sup{Q(2) : |||l < 1} = ¢p, it follows that lirér)lD [1(2)| = 0, hence 1)
is identically 0.
(b) = (a) is obvious. O

Using Corollary 4.3, we deduce that there are no nontrivial bounded
multiplication operators from H*(B,,) to By(BB,,).

Corollary 5.5. The following statements are equivalent:
(a) My : H*(B,,) — Bo(B,,) is bounded.
(b) My : H*(B,,) — Bo(B,,) is compact.
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(¢) 9 is identically zero.

We next look at the case when ¢ is identically 1, that is, the weighted
composition operator reduces to the composition operator from H> (D) into
B(D).

5.2. Composition Operators from H>° into the Bloch Space

From (3) we deduce that for any holomorphic self-map of a bounded homoge-
neous domain D, the supremum 6, of 6,(z), over all z € D, is finite. Indeed,
0, < cpB,. Thus, Theorem 3.1 yields the following result.

Corollary 5.6. Let D be a bounded homogeneous domain and let ¢ be a holo-
morphic self-map of D. Then

(a) Cp: H®(D) — B(D) s bounded.

(b) Cy : H*(D) — By« (D) is bounded if and only if

z—lég"lD etp (Z) =0

Furthermore, if Cy, is bounded as an operator into B(D) or Bo«(D), then
1< |Coll < 140,

Remark 2. By Corollary 4.3, all bounded composition operators from H°(D)
to Bo(DD) are compact and the corresponding symbol ¢ must satisfy the con-

dition )
(1= 1217 l¢'(2)]
m 2
2l=1 1= Je(z)]
Besides the symbols whose range is relatively compact in D, examples of

1—2/\z)b7

—0. (15)

symbols satisfying (15) include the functions of the form ¢(z) = (
where [A\|=1and 0 <b < 1.

6. Isometries

6.1. Isometric multiplication operators

In [1] and [3], we proved that the only isometric multiplication operators from
the Bloch space of the unit disk or of a bounded symmetric domain that does
not have the disk as a factor to itself are those induced by constant functions
of modulus one. We now show that there are no isometric multiplication
operators from H°°(D) into the Bloch space B(ID) (and hence into the little
Bloch space as well).

Lemma 6.1. If My, : H*(D) — B(D) is an isometry, then ¢(0) # 0.

Proof. Arguing by contradiction, assume 1(0) = 0. Since My is an isometry,

1Yl = By = |IMy1]|g = 1.
For a € D define the automorphism of D
a—z

Lo(z) = z e D.

1—az’
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Then, L, € H>®(D) with ||L,||,, = 1. Again, since M, is an isometry, we
obtain |[¢)Ls||z = ||Lal|,, = 1. Noting that
2
[W(a)| = (1= al”) [(¥La)'(a)| < Byr, = [[PLallg =1,

taking the supremum over all a € D, it follows that [[¢|| < 1. Since
By < |lllo, we have 1 = By < [[¢[|,, < 1. Thus

1= [[Ylloe = 1My (¥)ll5 = By (16)
On the other hand, by the Schwarz-Pick lemma, we get

Byz = 2525(1 — =) ()| 19/ (2)] < 2sup [9(2)] (1 = [ (2)[)

3 4
<2 max (z —z°) =
z€[0,1] 3V/3

which contradicts (16). O

<1,

Theorem 6.2. There are no isometric multiplication operators My, from
H>(D) to B(D).

Proof. Assume My, is an isometry from H*°(D) into B(D). By Lemma 6.1,
the symbol ¢ cannot fix the origin. Since the identity function has supremum
norm 1, the function f defined by f(z) = z1(2) has Bloch semi-norm 1. Thus,
by Theorem 2.1 of [9], either f is a rotation or the zeros of f form an infinite
sequence {z;} satisfying the condition

limsup(1 — [zx|)|f'(2x)] = 1. (17)

k—o0

If f is a rotation, then % is a constant of modulus 1. Observe that constants
cannot induce isometric multiplication operators since there exist functions
in H°°(ID) with supremum norm 1 which fix the origin and have Bloch semi-
norm strictly less than 1 (e.g. the function z + 22). Thus, ¢ cannot be a
constant of modulus 1.

If f is not a rotation, then 1 has the same non-zero zeros of f and
|zk| — 1 as k — oo. Since f'(zx) = 2,9’ (21) + ¥(2k) = 21’ (2x), by (17) we
obtain

1 = limsup(l — [2|*) 259" (2)| = limsup(1 — [z&]*) |9 (2x)]-
k—o0 k—o0
Hence 3, = 1. On the other hand, since 1 does not fix the origin,
1 = |||z = [¥(0)| + By > 1, which yields a contradiction. Therefore, no
isometric multiplication operators from H°°(ID) into B(ID) can exist. O

6.2. Isometric composition operators

In [10] and [2], it was shown that there is a large class of isometric composition
operators on the Bloch space of the disk and more generally on bounded
homogeneous domains that have the disk as a factor. We shall now prove
that there are no isometries among the composition operators between the
Hardy space H*° and the Bloch space of the disk.
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Lemma 6.3. If ¢ is an analytic self-map of D inducing an isometric compo-
sition operator, then ¢(0) = 0.

Proof. Assume C, is an isometry from H°°(D) into B(ID). Then letting f be
the identity, we have

(O + 8, = llells = [ICofllg = [ fll o = 1- (18)
Furthermore, letting, for z € D,
1+2 1—-=2
g+(Z) = 9 and g,(Z) = 9

we sce that (|94l = [lg_ll.c = 1. Thus [|Cogslly = [[Cog-Ily = 1, and
hence

1+ @0)] + Bp =2 =[1 = (0)] + B,

This, combined with (18), yields |1+ ¢(0)] = 1 + |¢(0)] = |1 — ¢(0)|, which
implies ¢(0) = 0. O

Theorem 6.4. There are no isometric composition operators from H* (D) to

B(D).

Proof. Suppose C,, is an isometry from H>(D) to B(ID). Consider the func-
tion f(z) = 2% for z € D. Since C, is an isometry, we have ||C,f||z =
||fllc = 1. On the other hand, arguing as in the proof of Lemma 6.1, by
Lemma 6.3 and the Schwarz-Pick Lemma, we obtain

2
ICafllg = sup2(1—[2[") [e(2)| ¢ (=)
zeD
4
< sup2lo(2)] (1 - |p(z)]?) < <1,
s swp lo(2)] (1 = [eo( )I)f?)\/3
reaching a contradiction. O

6.3. Isometric weighted composition operators from B to H*° in the polydisk

Let D be a bounded homogeneous domain. In [4], we characterized the
bounded weighted composition operators from B(D) to H**(D). In particu-
lar, for D = D", we obtained a characterization of boundedness equivalent
to the following result proved by Li and Stevi¢ in [15].

Theorem 6.5 ([15]). Wy, : B(D") — H*(D") is bounded if and only if
Y € H*(D"™) and
= 2
sup |[¢(z log < 00. 19
up IS los (19)

As a consequence we obtain the following result.

Theorem 6.6. There are no isometric weighted composition operators from
B(D™) to H>(D™).
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Proof. Assume Wy, , : B(D") — H*°(D") is an isometry. Then

[9]loe = Wap,ellle =1

and, fixing 7 =1,...,n,
Y9l = [We,oPillo = llpillz =1,

where p; is the projection z — z;. Thus, there exists a sequence {z(m)} in
D" such that [¢(2(™)p;(2(™)| — 1 as m — occ. Since both ¢ and ¢; map
D™ into D, it follows that |1/1(z(m))| — 1 and |<pj(z(m))| — 1 asm — o00. On
the other hand, by the boundedness of Wy .., (19) implies that ¥ (2(™)) — 0,
a contradiction. O

6.4. Final remarks

By Corollary 4.3, the bounded weighted composition operators from H(1B,,)
to By(1B,,) are necessarily compact, so there exist no isometric weighted com-
position operators from H>(B,,) to By(By,).

We have not been able to prove or disprove the existence of isometric
weighted composition operators from H* to the Bloch space, even in the
case of the unit disk.

We conjecture that there are no isometric weighted composition opera-
tors from H*°(D) to B(D) for any bounded homogeneous domain D.
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