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Abstract. Let AL (D) denote the closed subspace of L*(D, e~ *?d\) consisting
of analytic functions in the unit disc . For certain class of subharmonic
functions ¢ : D — R and f € L*(D), it is shown that the essential norm of
Hankel operator Hy : AL} (D) — L3(D) is comparable to the distance norm
from Hy to compact Hankel operators.
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1. Introduction and statement of main result

Let D be the unit disc in C and dA be its Lebesgue measure. For a subharmonic
function ¢ : D — R, let Li (D) be the Hilbert space of measurable functions f on
D such that

Iz = ([ 1£7e20an) " < +o0

Let ALZ(DD) be the closed subspace of L3(ID) consisting of analytic functions. Let
P4 be the orthogonal projection of Li(ID)) onto AL;(]D)) :

Pyg(z) ::/DK¢(z,w)g(w)e_2¢(w)d)\

where K is the reproduced kernel of Py. Let L3°(D) be the space of measurable
functions f on D such that e=¢f € L°°(D) and H3°(D) be the subspace of L (D)
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consisting of analytic functions. Given f € L?(ID), it is possible to define, for some
weights ¢, the Hankel operator Hy on H3°(D) by

Hyg = fg— Ps(fg)
For certain subharmonic functions ¢ on D, already defined on C by Oleinik[14]
and Oleinik-Perel’'man [15], Lin and Rochberg [7] find necessary and sufficient
conditions involving f such that the Hankel operator Hy is bounded or compact
on ALZ (D). Our aim is to estimate the essential norm of Hy :

|H¢lle :=inf{||H; — K|| : K compact operator}

The first estimate was established by Hartman-Adamyan-Arov-Krein for the Hardy
space (see [2]).

Theorem 1.1. Let f € L*>°(9D) and Hy be the Hankel operator defined on the

Hardy space H*(D) by Hyg = fg — S(fg) where S is the Szegd projection on
L?(0D) onto H?(D). Then

|H|le = inf{||H; — K|| : K compact Hankel operator}
— disty~ o (f, C(OD) + H=(D))

Later Lin and Rochberg [6] proved similar results for the Hankel operator on the
weighted Bergman space AL?(D, (1 — [z[?)%d)), s > —1.

Theorem 1.2. Let f € L?(D). Then

(1) ||Hflle ~int{||Hf — K|| : K is compact Hankel operator}
(2) ||Hflle~distgpa(f,VDA), wheredistgpa(f,VDA)=infrevpa ||f—h|BDA.

Similar results for the Hankel operator on the Bergman space of strongly pseudo-
convex domains in C" were proved in [1].

The subject of this paper is to prove the corresponding version for Hankel
operator on the Bergman space ALE, (D) for some class of subharmonic functions
¢ on D introduced by Oleinik [14] and Oleinik-Perel'man [15].

Definition 1.3. For ¢ € C?(D) and A¢ > 0 put 7(z) := (A¢(2))~/? where A is
the Laplace operator. We call ¢ € D if the following conditions hold.

(1) 3 Cy > 0 such that |7(2) — 7(w)| < Ci]z —w| Vz,weD

(2) 3 C3 > 0 such that 7(2) < Cy(1—|2]) VzeD

(3) 30 < C3 < 1and a > 0such that 7(z) < 7(w) + Cs|z —w| for |z —w| > ar(w).

Some examples of functions in class D are as follows :

(i) ¢1(2) = —4 log(1—|2[?), A > 2. The corresponding weight e 2" is the standard
weight (1 — [z]?)4 for A > 2.

(ii) ¢2(2) = 5(~Alog(1—|2|*)+ g=rzpy), A = 0, B > 0. The corresponding weight
e~2%2 is the exponential weight (1 — |z[2)Ae~B3/0-12") A >0,B > 0.

iii) ¢1 + h and ¢ + h where ¢; and ¢ are as in (i) and (ii) respectively and
h € C*[D) can be any harmonic function on D. Let a €]0, £ min(Cy ', C3 ")
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fixed. For z € D and f measurable on D, let

Fo(z) = inf{ (m /D(M(z)) Ilf — k|2dz\)l/2 : k analytic on D(aT(z))}

where D(a7(z)) == {w € D, |w — z| < ar(z)} and |D(ar(2))| = M(D(at(z))). The
function space BDA, (D), bounded distance to analytic, is defined by

BDA,(D) = {f : sup Fi(2) < 400}
zeD

The function space VDA (D), vanishing distance to analytic, is defined by
VDA, (D) = {f : limsup F,(z) = 0}

|z|—1
In theorem 1.2 the function spaces BDA and VDA are defined with respect to
hyperbolic discs D(z) with fixed raduis. For f € BDA,(D) let ||fl|zpa, =
sup,cp Fo(2). The main result is the following theorem.

Theorem 1.4 (Main Theorem). Let f € L?(D) and ¢ € D. Suppose that H (D)
is dense on ALZ(]D)). Let Hy defined on H3*(D) by Hyg = fg — Py(fg). Then

(1) ||Hflle ~int{||Hf — K|| : K compact Hankel operator},
(2) |Hylle ~ infrevpa, IIf = hllDa, for some a €]0, 55 min(CT, G5,

On Bergman space with weight ¢4(z) = $£log(1 — |2]?) (s > 2), the explicit
formula of the reproduced kernel or its local behaviour play a crucial role in the
estimates . Generally in AL% (D) the reproduced kernel Ky(z,w) is not explicit.
Using Hérmander’s estimates for 0 operator on L3(D) [4], Lin and Rochberg [7]
constructed an extremal function k., (z) € ALi(]D)) which play role of Ky(z,w)
in local estimates and have the same behaviour as K4(z,w) at the boundary. In
our case, we will modify this construction to obtain a family (k, )wcop for which
kw(z) converge to zero at each point z € D as w goes to dD. Instead of the
usual Hérmander’s estimates for 0 operator we use the L? estimates for 0 o u for
some function p, introduced by Ohsawa-Takegoshi [9] and generalized by Ohsawa
[10,11,12,13]. In the sequel the letter C' design a constant which may change values
in estimates but independently of main variables.

2. Preliminary results

Let p be a locally finite nonnegative Borel measure on the unit disk D, dA
be the area measure on D and ¢ID — R be subharmonic function. Let Li, H(D) be
the space of all measurable functions f on D such that

B 1/2
s = ([ 11Pe ) < o

Let L7 (D) denote L3 4, (D) and AL3(D) be the closed subspace of L7 (D) consisting
of analytic functions.
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Definition 2.1. p is called a Carleson measure on ALZ(D) if the inclusion map
from ALZ (D) to L} ,(D) is a bounded linear map.

Definition 2.2. p is called a vanishing Carleson measure on ALZ(]D)) if the inclusion
map from AL3(D) to L7 (D) is a compact linear map.

Necessary and sufficient conditions for which p is a Carleson measure or a vanishing
Carleson measure are given by the following theorems.

Theorem 2.3. Let ¢ € D. Then p is a Carleson measure if and only if there are

C >0 and a €0, f—Gmin(Cl_l,Cgl)[ such that

1
sup ——=u{zeD: |z —w| <ar(w)} <C
sup —szilz € D1z — |  aru)} <

Proof. See Theorem 2.4 of [7]. O

Theorem 2.4. Let ¢ € D. Then p is a vanishing Carleson measure if and only if

there exists a constant « €0, 1 min(Cy Y, Cy Y[ such that

1
lilmlsulp Wu{z eED:|z—w| <ar(w)} =0

Proof. See Theorem 2.9 in [7]. O

Lemma 2.5. Let ¢ € D. There exists a sequence (z;) C D such that

(1) z ¢ D(ar(zk)),J # k,
(2) U;D(ar(z;)) =D,

(3) D(ar(zj) C D(3ar(zj)), where

D(OZT(ZJ') = UZED(aT(zj))D(aT(z))v j=12 ...
(4) {D@3ar(z;))} is a covering of D with multiplicity N.
Proof. See Lemma of covering in [14]. O

Lemma 2.6. Let Q2 be a domain in complex plane. Let ¢ be a real valued function
in C?(Q) such that A¢ > 0. Then for every measurable function f on §) satisfying
the condition

ﬁe_wdx\ < 00
o A

there exists u € Li(ﬂ) such that Ou = f and

/ lu?e=2%d\ </ we_%d)\.
% ~Jo Ao
Proof. See Theorem 2.2.1" in [4]. O

The key Lemma for estimates of the essential norm of H is the following.
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Lemma 2.7 (Key Lemma). Let ¢ € D and suppose that H}® (D) is dense in AL3(D).
Then for each w € D, there exists an analytic function k,(z) € HZ® (D) satisfying
the following conditions.

(1) Thallzz < C,
(2) ky(z) — 0 as |w| — 1 for every z € D,
(3) there exists o €]0,1/8] such that

C
|k (2)]?e 7200 > T’ for |z —w| < 0BT (w),
where 3 = min(Cy; ", Cy 1) /2 and the constants C’s in (1) and (3) are independent
of w.

The existence of analytic functions satisfying (1) and (3) of lemma 2.7 was proved
in [14] for C and in [7] for D using L2 estimates of 0 operator (lemma 2.4). The key
point for the proof of lemma 2.5 is the replacement, in the d-equation, of 9 by 0
composed with a scalar function on the right. These are the famous L2-estimates
of Ohsawa-Takegoshi [9] for 0 o 1 operator. They introduced a way of producing
the curvature term without the contribution of the metric. This is impossible by
the usual L2-estimates of Hormander for 0 operator. This fact is explained by Siu
in [16]. Here, we state the L? existence theorem for 0 o y operator on Q cC C.

Proposition 2.8. Let ¥ and n are C? functions on €, equipped with the usual
metric, such that n > 0 and bounded on Q. Suppose that

nAY — An —n~ dn? > c(z)

everywhere on §) for some positive measurable function c(z) on Q. Then for every
function f € L3,(Q) there exists g € L3,(Q) such that d(,/ng) = f and

2
lgl2e=2Yd\ < ﬂe—”dx
Q o c(2)

provided that the right integral is finite.

Proof. See Theorem 1.7 in [11] or Proposition 3.1 in [3]. O

For the proof of key lemma 2.7 we need the following two lemmas.

Lemma 2.9. Let ¢ € D. Let § = min(C’l_l,C'z_l)/Q where C1 and Cy are the
constants of ¢ in Definition 1.3. For any fixzed w € D, let p(w) = Br(w) and @
be a function analytic in |z — w| < p(w) and continuous to the boundary such
that u := Re® = ¢ on the circle |z — w| = p(w). Then 0 < u(z) — ¢(z) < B2 for
2 —w| < p(w).

Proof. See Lemma 1 and lemma 2 of [15]. O
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Lemma 2.10. Let ¢ € D. For z and w in D let n,(2) = §?p(w)? + |z — w|* where
p(w) = Br(w). There ezist § > 0 and C > 0 such that if ¢, (2) := ¢(2)— 5 log 1w (2)
then for all z,w in D we have

1 (2) Ao (2) — A (z) — G S

Nw(2)
SN 562 2
Proof. An easy computation shows that %Ac log 1y, = #7 Acny =1 and
Thw
w2 a2 2
07| = |z = vl where A, = —— is the complex Laplacian. Hence
T Thw 020z
5Nw Onwl?  562%p(w)? z—w|?
LAclognw+Acnw+|"| _pw)” | ol
4 Thw 4ny Thw
2 2
_ 0%p(w) Lo ?
ANy 4

Let b > max(a, 987 (1 — C2)~'/2) and ¢ > 3(1 + bC13)3~ L. If |z — w| > bp(w),

|z —w?

o~ wl?Aed(z) = B

Ag(z)
S |z — wf®
~ 4(r(w) + Cs)z — w])?
1
2 161514 C5)2
2 1 b)
4(9626-2 + )

.
1

hence

O |? 9
NuwAcdw — Al — |:77—| > NuwlAed — 1

w

Y

9
2

—w|*Acp — =
|z — wl ) 1

1 9
->0

4902524 ) 4

Y

Now if |2 — w| < bp(w),
2 2
Pl = A ag)
6%p(w)?
~ A(r(w) + Cy|z — w))?
. __ o 52
T 414+ bC16)2 T 4
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hence
O |? 9
NuwlePw — Aenw — 19| > Nl — 1
2 2 9
>0 p(w) Ac¢ - Z
5232 9
>__ 9P 2.y
Il 0002 47
Since A = 4A. and |dn| = 2|90n,|, the lemma follows. O

2.1. Proof of the Key lemma

Proof. For any fixed w € D, let the function v(z) = 0(|z — w|/p(w)), where 0 €
C>®(R),0 < 0(t) < 1,0(t) =1for 0 <t <1/2,0(t)=0fort>1and |0 (t)] < 3.
Let us consider the function the function

Fulz) =7(2)e™™ — (z — 0) /1o (2)gu (2)

where 7,(2) = 6?p(w)? + |z — w[* and ® as in Lemma 2.9. The function g, is
chosen in such manner that 0F,, = 0 on D. For g,, we obtain the do /1, equation

O(VMwgw) , | 107(2) a2 _
— () = (- w) ! e e = n(z) (2.1)

It’s clear that h is a smooth function with support in I, := {p(w)/2 < |z —w| <
p(w)}. Let ¢ be as in Lemma as in Lemma 2.10 and for z € D let

bulz) = 9(z) — > logmu(2)

Then by lemma 2.10 there exists constant C' > 0 such that

_ |dn (2) [

N (2) D¢ (2) — Any (2) o (2)

>C (2.2)
Now applying Proposition 2.8 for ¢,,, we obtain a solution g,, of (2.1) such that

L lanPe-Oare) < & [ e i)
D c D

)
<O |z = w) " L (2)e®@) 220w () g)(2)

Iy az
1
< C/ ——p(w)®e®* 7224\
o o)
< Cp(w)?’, since u— ¢ < %
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Now let us bound the L? norm of F,,.

H]:“’H%i:/|-7:w(2’)|26_2¢(2)
D
< 2(/ 72(2,)62u(z)—2¢(z)d/\+/ |(Z_w)|2nw(z)|gw(z)|2€—2¢(z)d/\>
D
SQ(/ 72(2;) 2u(z)—24(2 d)\—|—/ (Z)|gw(z)|2€—2¢(z)d)\)
[z —w|<p(w)
< Cp(w)? +2/77;1/2(z)|gw(z)|2e—2¢w(z)d)\
D

2 — z
< Cp(w)? +—/|gw (z)[2e 222 (2 g\

dp(w)
< Cp(w)?.

Now let us bound |F,,(z)| below on |z — w| < yp(w) for some v > 0 which will be
chosen later. If |z — w| < p(w)/2, then v(z) = 1, therefore

[Fu(2)? = €21 — (2 — w)iugu(z)e*

Consequently, it is sufficient to bound |(z — w)\/Twgw(2)e~®*)| above with an

upper bound less than 1. Since h = 0 for |z —w| < p(w)/2, the function n11u/2gwe_q>

is analytic in |z — w| < p(w)/2. Put I, :={{ € D : 2p(w)/8 < [€ — z| < 3p(w)/8}.
For 7o €]0, 3] and |2 — w| < yop(w), apply the Cauchy formula to n11u/2gwe_q> on
the circle |€ — z| =t and then integrate both side with respect to ¢ from 2p(w)/8

to 3p(w)/8, we obtain

1/2 _

p(w) 27 -z
< gy, @@ g
-7 /I el @@l On )
o o) [, €L ©u©le O
< ﬁ( [ =@ pe Oae)

(
< o ([ @ P On©) "
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Thus
B 48 _ 2
I 2guwe™"|(2) < Ty ( /1 z 7 (€)lgu () 2e™20ar(€) ) (since ¢ —u < 0)
48
< Jeptap VP
_48Ve 1
VT pw)’

Now choose 7 €]0,1/8[ such that % < 1. Then for |z — w| < ypp(w) we have

z—w z z)e” %) w —48\/6 L
(2 = w) /1w (2)gw (2) | < v0p(w) T o) <1

Therefore for |z — w| < yop(w) = 707 (w), we have
| Fu(2)]2e200) > Ce2uz)-2¢(2) > ¢
since u — ¢ > 0 by Lemma 2.9.

For w € D fixed and z € D let

Then f,, satisfies the properties

@) Ifullez <C.
(ii) 3 o €]0,1/8] such that |fw(z)|26_2¢(z) > C/p(w)? for |z — w| < 5067 (w).

Now we show that f,,(2) — 0 as |w| — 1 at each z € D. Since

1 |z — w|
p(w)

e _(z—w w z—w 9u(2)
e = (= = ) /() [z~ wP

[z—w|
p(w)

and |z —w| > p(w) if |w| ~ 1, then 6( ) = 0. Hence we need only to show that

lim 9uw(2)

=0
Jw|—1 p(UI)




10 Asserda IEOT

Since /Mwgw is analytic near z and n,, has an uniform upper bound in z and w,
by mean value inequality

C
920 < 5 [ [n/2(€)g()lAA(E)
D(z,7(2)/4C1)
» 20=2¢w(8) )\ 1/2
7(2)2 (/17(2,7'(2)/401) l9w(&)[7e (f)) X

e26(8) 1/2
— =75 dA(§)
»/D(z,T(z)/4C1) T (€)%/2 )

C e2¢(8) 1/2
——d\
< —ptw)/plwi /D oo T (©)

C
3o/ p(w)r(z)~*%  sup 2O
(2) £€D(2,7(2)/4C1)

since the two inequalities | —w| > || —z|— |z —w]| and C1|z—w| > |7(2) —7(w)| >
7(2)/2 if |w| ~ 1 show |§ —w| > 7(z)/4C. Since nllu/z(z) > |z—w| for all w,z € D
we conclude that 7(w) g, (2) — 0 as |w| — 1. Thus f,(2) — 0 as |w| — 1.

IN

<

B

Finally we show that we can choose f,, in H3°(D). Since Hi°(D) is dense in
ALZ)(D), for any fixed w there exists a sequence f;; € H3°(D) such that | f7 —
Suwll L = 0 as n — oo. Since ¢ is continuous in D by the mean value theorem and

the Holder inequality, f"(z) — f,(2) uniformly on compact subset of D. Then
there exists a constant N71(w) > 0 such that when n > Np(w) we have

1, C
5(7'(11))2

e fr(2) — e £ (2)] < )2 for|z — w| < v f7(w),

where C' and vy are constants as in (ii). Hence

le=?() f1(2)] > |e ¢ £, (2)] — %(7(2)2)1/2
C
= %(T(w)2>1/2 forn > Ny (w) and |z — w| < o7 (w).

Also, since || f — f“’HLi — 0 as n — o0, there exists another constant Na(w) > 0
such that when n > Nao(w) we have

12 = Fullzz < 7(w)
Let N(w) = max(Ni(w), Na(w)) + 1. We define k,,(z) by

ku(2) = fa“)(2)
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Then k,, € HZ°(D) and satisfies the condition (1) and (3) of Lemma 2.5. By the
mean value theorem and Cauchy-Schwarz inequality we obtain
C
£ - ol < s [ TNOE) — Fu(€)]ar(E)
7(2) D(z,7(2)/4)

< C(2)1(w) sup e?®
£€D(2,7(2)/4)
Hence |k (2)| < B(2)7(w) 4| fuw(2)| and it’s follows that lim,,| 1 kw(z) = 0. Thus
k., satisfies the condition (2) of Lemma 2.7. This completes the proof. O

3. The essential norm of Hankel operator on the weighted
Bergman space

The following theorem is our first result about essential norm of Hy.

Theorem 3.1. Let ¢ € D and suppose that H3°(D) is dense on ALZ(]D)). Let f €
L*(D) and Hy defined on H?(D) by Hyg = fg—Py(fg). The following quantities
are equivalent.

(1) [[Hylle,

(2) limsup ||Hf(kw>||Li where (ky)wep as in Lemma 2.5,
|w|—1

(3) lilmlsup Fo(w) for some o €]0, 15 min(Cy !, Cy )| where
w|—1

Fo(z) := inf{ (m /D(M(Z)) lf — h|2d)\) i : h analytic on D(aT(z))},

D e (G ) + (B0(0) 212 for some

. 1 e 1/2
a 6]07 % mln(cl 17 02 1)[ where Ga(w) = (‘D(Oﬁl'w fD(aT(w)) |f1|2d)‘) :
Proof. The proof of theorem follows the cycle
(@): (1) =2C(2), (b):(2)=C0)
(€):(3)=C(4), (d):(4)=CQ).

Proof of (a). Let (ky)wep be the sequence of functions of lemma 2.7 and K :
AL3(D) — L7(D) be a compact operator. Then

1Hy(kw)llrz = 1K (Rw)llzz < |(Hp = K)(kw)llz2
< ko2 [1Hy — K]
<C|Hy - K|
Since k,, — 0 weakly as |w| — 1 and K is a compact operator, we have
limsup || H (k)22 < Cl[Hy|le-

|w|—1
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Proof of (b). By lemma 2.7, the functions k,, and ﬁ are analytic on D(at(w)).
This implies

702 = [ 1k = Polfha)Pe 2

Py(fky _
2/ |f_ ¢§€f )|2|/€w|2€ 20,4\
D(ar(w))

w

T(w) D(at(w)) w
> CFZ(w)

Thus
lim sup ||Hf(kw)|\L35 > C'limsup Fy, (w)

w|—1 Jw|—1
Proof of (¢). By the proof of (2) = (3) in theorem 4.1 in [7]( see also [8]), there is
a decomposition f = f; + f2 of f with fo € C1(D) such that for w € D :

1 2 2.2 at(w
Galw) = ey /. oy PN CPIF(e) - € D)
% < Csup{F.(2)? : z € D3ar(w))}
Hence

lim sup [Ga(w) + (Ag(w)) V2|5 fz(w)|] < Climsup Fy (w)

|w]—1 |w|—1
Proof of (d). Let f = f1 + f2 be a decomposition of f with fo € C*(D). Then
[Helle = Hp+p.lle < [ Hplle + [ Hplle

So we need to prove :

1Hf |le < Climsup Gq(w)

lw|—1

1zl < Climsup(Ad(w)) ™" 2101
We may suppose that limsupy,,_; Ga(w) and limsup|w|ﬁ1(A¢(w))_l/2|5f2(w)|
are finite. Since Gy (w) and (A¢(w))~Y2|d fo(w)| are continuous on D, then G (w)
and (Ag(w))~/2|d fa(w)| are bounded on D. Let r €]0, 1] and y, be the character-
istic function of D, = {z € D : |z| < r}.We consider the operator of multiplication
My, j, from ALZ(D) to L3(D) defined by My, f,(9) = x»f1g. Since x,f1 has com-
pact support and G, is bounded, M, r, is compact : let (g,,) C AL?5 be a sequence
tending weakly to zero. Then || g, || L2 is bounded and g,, converge uniformly to zero

on compact sets in . Then Ve > 0,3N > 0 such that e=?*)|g,,(2)| < ¢,Vz € D,
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and n > N :
I3y gy = [ e Plaie 2
<o [
D,
<é Z/ If1]%d\  ((z;)as in lemma 2.5)
»ND(3at(z;)

< ; 1DGa(5)|(575m TAREY

3a7(2;))| Jp@ar(z))

< 2a?C3 N, sup G2 (w)
weD

Hence limy o | My, f,gn72. = 0. Since Hy, 5, = (I — Py)M,, y,, the operator
s

H, ¢ is compact and
[Hplle < [Ha—x,) 1
So we need only to give an upper bound of ||[H_yyp, [|*. Let g € AL%7 then

||H(1—X7‘)flg||%i = H(I— P)M(l—xrflgﬂii
< [ 1gPI = x) e
D

1
<C
= i‘é%(wwr( NI Jb(arw)

since |(1—xy) f1]?d) is a Carleson measure on ALZ (| fi|*d) is a Carleson measure
by Theorem 2.3). Since 7(w) < C3(1 — |w|) and aCy < 1, we have

1
|Haoon2<C sup 7/ |12
(=) racy (|D<ar<w>>| D(arr(w) )

17—<‘w‘<1

= x)fPar) [ lgPean
D

<C  sup  (Ga(w))?

s(r)<|w|<1
and then
[Hfplle < Climsup Ga(w)

Jw|—1

For fo € CY(D) and g € ALZ) : Hy,g = fag — Py(f2g) is the solution of du = gdfa
with minimal Li norm. We can write

Hpg9 = /D So(2,w)g(w)d fa(w)e > d)

:/S,b(z,w)xrggfge_wd/\—k/S¢(z,w)(1—xr)ggf26_2¢d)\
D D
=Tig+Tag
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where Sy(z,w) is the reproduced kernel of L} minimal solution. The operator
T) is compact : let (g,) C AL% be a sequence tending weakly to zero. Then
[lg=|l L3 i bounded and g,, converge uniformly to zero on compact sets in ID. Then

Ve > O 3N > 0 such that e=%(*)|g,(2)| < € for |2| < r. Then

Tignlts = | [ ot wineodsee

Since fD S¢(z,w)xrgn5fge_2¢dA is the minimal solution of Ju = x,gn0fa, by
lemma 2.6, there exists a solution U, of du = x,¢,0f2 such that

/ U, e 2dr < © / (gn[213 22/ Ao d
D D,

This implies

ITigulliz, < 1Uallz < Cesup P20
Hence limy, o0 [|T190]| 3 = 0ie T is compact. By definition of essential norm we
have
[Hplle = I T2lle < (T2
Since

Tog = / Sy(z,w)(1 — xr)g0fae™2?dN
)

is the minimal solution of ou = (1 — x,)0f2, by lemma 2.6 there exists a solution
V of Ou = (1 — x,)0f2 such that

/|V|2 204\ < C/ |2| 2/’ e 2%d\

A¢
Hence
8f2| _
, < _ 2| 2¢
gl < € [ (1= x 1ol S8
012
<C sup
r<|w|<1 A¢( )
Thus _
10f2]

Hpll. < Cli Ll
[ Hy, || llrilillp A ()12

Combining above inequalities, we have
|Hlle < IHp e + 1 Hp e € Climsup [Ga(w) + (Ap(w) " 20Lw)]. O

Jw|—1

As a consequence of Theorem 3.1 is the following compactness criteria of
Hankel operator on AL (D) [7].
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Theorem 3.2. Let ¢ € D and f € L*(D). Suppose that H}® (D) is dense in ALZ(ID).
Then the following properties are equivalent.
(a) Hy is (extend to) a compact operator from AL% to Li.
(b) Fuo(w) — 0 as |w| — 1 for some o €]0, min(Cy Y, Cy ).
(c) There is a decomposition f = f1+ fo with fo € C*(D) such that Ga(w) — 0
and (Ag(w)) =120 f2(w)| — 0 as |w| — 1 for some a €]0, = min(C ', C3 ]

When we have Theorem 3.1, we can go further to get the corresponding
Lin-Rochberg theorem ( stated in section 1) for the Hankel operator on ALi (D).

Theorem 3.3. Let f € L*(D) and ¢ € D. Suppose that H*(D) is dense on ALZ (D).
Let Hy defined on H3*(D) by Hyg = fg— Ps(fg). Then

(1) ||Hflless ~ inf{||H; — K|| : K compact Hankel operator},

(2) [[Hylless ~ da(f, VLDAL(D)) for some a €]0, &= min(Cy ", C5 ).

Proof. (1) By the definition of essential norm, it is obvious that
|Hflless < inf{||H; — K| : K compact Hankel operator}
So we need to prove
inf{||Hy — K|| : K compact Hankel operator} < C||Hy||ess
By theorem 3.1, we have

Helloss ~ inf lim sup G (w) + lim sup(Ao(w 12155 (w
Hfliss =~ | inE_ (Bmsup Ga() + Hmsup(Ao(w) ™/ 5(0))

1/2
where G, (w) = (‘D(aiw fD(M(w)) |f1|2d)\(w)) . So we only need to prove :

inf{||Hy — K|| : Kcompact Hankel operator}

<C inf (lim sup Go (w) + limsup(Ag(w)) ™20 f2(w)])  (3.1)
f=f+f2,f26CD) " |w|—1 |w|—1
We will prove (3.1) by proving that there is a constant C' such that for any de-
composition f = fi + fo with fo € C1(D) the following is true

inf{||Hy — K| : K compact Hankel operator}
< C(limsup Go (w) + limsup(A¢(w))~/2(8 fo(w)])

|w|—1 Jw|—1
To prove (3.1), as before we may assume that limsup),,|_,; Ga(w) < +00 and
limsuplwlﬁl(AqS(w))_l/?|5f2(w)| < +oo and this implies that supp G, < 400
and supp(A¢) /2|0 f,| < +oo since both G and (A¢)~/2|0f,| are continuous
in D.
For f1,Vr €]0,1][, let x; be the characteristic function of the set {z : |z| < r}. Since

Xrf1 has compact support and supp G, is finite, the operator H,, ¢ is compact
(see the proof of Theorem 3.1 (d)). Now for fo € C1(D),Vr €]0,1] let o, € C§°(D)
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such that_crr =1on {z:]|z| <r}. Let ¢, € C*(D) such that 9, = 7,0 fs. Since
¥, € C'(D) the operator Hy, is compact ( see Zhu’s book [17]). Hence

inf{||Hy — K|| : K compact Hankel operator} < ||Hy, 5, — Hy, fi+v. ||
<|Hp = Hy. il + [ Hp, — Ho, ||
By the proof of Theorem 3.1(d), we have

||Hf1 _erle < sup Ga(w)7
s(r)<|w|<1

where s(r) — 1 as r — 1. Also the operator Hy,_,, is bounded and
[Hy, = Hy, || < CS%%(Asb(w))_wlg(fQ = ¥r)(w)|

< Osup(Ag(w)) /(1 — o (w))|0 fo

web

<C sup (Ag(w))"2|0f|

r<|w|<1

Thus for any decomposition f = f1 + f2 with fo € CY(D) and supp Go < 00 we
have

inf{||Hy — K|| : K compact Hankel operator}
< C(limsup G (w) + lim sup(Ae(w)) ~/?(8 fo(w)|)

|w|—1 lw|—1
Hence
inf{||Hy — K|| : K compact Hankel operator} < C||Hy||ess
This completes the proof. O
4. Remarks

The Theorem 3.1 can be extended to any bounded domain  with C' boundary
in the complex plane. In the definition 1.3 of D we replace the condition (2)
T(2) < Co(1 — |z]) by (2) 7(2) < Cad(z,C\ Q). For w € Q, let D(at(w)) = {z €
Q:|z—w| <ar(w)} and BDA, and VDA, are the corresponding spaces. The
method employed in the proof of Theorem 2.2 works without change to prove the
corresponding theorem for ALZ(Q) : the covering Lemma 2.5 is valid in this case
[14] and all Lemmas 2.9, 2.10 are true for  as stated for the unit disc. Hence the
key Lemma 2.5 is true in this case. Following [8] (theorem 5) and [7] (theorem 3.1)
we have

Theorem 4.1. Let Q be a bounded domain in the complex plane with C* boundary.
Let ¢ € D. Let P, denote the projection from Li(ﬂ) to AL%(Q). Suppose that
H3®(Q) is dense in AL3(Q). Let f € L*(Q) and let Hy be defined on H® () by
Hyg = fg— Ps(fg). Then the following are equivalent:

(1) Hy is bounded in the L3 norm.
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(2) The function F,(w) defined by

1 27y . L
Dlar(@) /D(M(w)) |f — h|%dX : h analytic in D(aT(w))}

is bounded for some a €]0, min(C;*,Cy*)/16].
(3) f admits a decomposition f = f1 + fo where fo € C1(Q) and satisfies

Fo(w)? = inf{

dfa
—=— e L*=(Q
while f1 satisfies the following condition : the function G, (w) defined by

1
Go(w)? = ——— 2d\
0 = T oo

is bounded for some a €]0, min(C;*, Cy*)/16].
For the essential norm of H; we have

Theorem 4.2. Let € be a bounded domain in the complex plane with C' boundary.
Let ¢ € D. Let Py denote the projection from L3(Q) to ALZ(Q). Suppose that
H3®(Q) is dense in AL3(Q). Let f € L*(Q) and let Hy be defined on HZ*(Q) by
Hpg = fg—Py(fg). Then

(1) ||Hflless ~ inf{||H; — K|| : K compact Hankel operator},

(2) ||Hflle ~infrevpa, ||f — hllBDA, for some a €]0, 11—6 min(Cl_l,C'Q_l)[.
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