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Abstract. We study convolution operators in Bessel potential spaces and
(fractional) Sobolev spaces over a finite interval. The main purpose of the
investigation is to find conditions on the convolution kernel or on a Fourier
symbol of these operators under which the solutions inherit higher regularity
from the data. We provide conditions which ensure the transmission property
for the finite interval convolution operators between Bessel potential spaces
and Sobolev spaces. These conditions lead to smoothness preserving prop-
erties of operators defined in the above-mentioned spaces where the kernel,
cokernel and, therefore, indices do not depend on the order of differentiability.
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sentation of its inverse is presented in terms of the canonical factorization of
a related Fourier symbol matrix function.
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1. Introduction

It is well known that the theory of convolution equations

(@) + / halw - y)oly) dy = f(2), @ €l0.dl, (L1)

where k, € L1(]—a,a[), on semi-infinite intervals (a = c0) is rather well developed.
In particular, the solvability theory of (1.1) is well known (see, e.g., [11, 12, 15,
16, 21, 29, 30]) for various classes of kernel functions and different space settings
of Besov-Triebel-Lizorkin type (also weighted spaces).

The situation is completely different for convolution equations on finite inter-
vals (e.g., when 0 < a < +00), which one encounters in several applications [28]. A
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part of the problems arises due to the difficulty of application of the Wiener-Hopf
method [33] to such convolution equations (cf. [11, 14, 25, 26]). Another part of
problems arises when we try to relate such equations to equations on the half-line:
the appearance of semi-almost periodic terms leads to particular and cumbersome
difficulties (see, e.g., [2, 3,4, 7,9, 13, 19, 28]).

Here, we will work in the setting of Bessel potential spaces H(R) and (frac-
tional) Sobolev spaces W;(IR). Using the Fourier transformation F, the space
H5(R), with s € R and p €]1, 400, is defined as the space of tempered distri-
butions ¢ such that

o IHS(R)|| = | F~'A° - Fo|Lyp(R)|| < +oo, (1.2)
for A\(&) = (1 +§2)1/2, § € R. As is well known, if s > 0, W75 (R) is the space of
elements in LP(R) such that

[s]

. Dllp(z) — DFlp(y)|”
H80|WP(R)||p = };J ||Dh50||£p(R) —|—/]R/]R | o y|1+p{s} | dxdy < oo

(where D denotes differentiation, [s] is the largest integer less or equal to s and
s = [s] + {s}). For s < 0, W3(R) = (W;S(R))/, where 1/p 4+ 1/q = 1 assuming
p,q €]1, 400 (throughout this paper).

Moreover, we denote by ﬁl;(]o, al) the closed subspace of H(R) consisting
of those distributions which are supported in [0, a]. H5(]0,a[) denotes the space
of generalized functions on ]0,a][ which have extensions into R that belong to
H5(R). The space H(]0,a[) is endowed with the norm of the quotient space
H(R) /ﬁ;(R\[O,a]). Analogous spaces are considered if we start with W7. For
1/p—1 < s < 1/p the spaces ﬁ;(]o, a[) and H3(]0, a[) as well as the corresponding
spaces for Wy can be identified. In particular, these definitions are valid for the
Lebesgue spaces and we use the notation L, (R ) for the space Hg(R+).

For a Banach space Y, by [Y]" we denote the Banach space of n-tuples y =
(Y1, -y Yn), Wwith y1,...,yn € Y, endowed with the norm

lyll = > lly; Y- (1.3)
j=1

From now on, throughout the paper, we take 0 < a < 400 and use the
abbreviation X7 to represent indistinctly H) and Wj.

First we recall a well-known boundedness property of the operator K, in
the left hand side of (1.1) for the case of the “tilde”-space domains. For this
purpose, let 7g_jo,q[ denote the restriction operator from R to |0, a[ (acting between
corresponding spaces), let k € L1 (R) denote any extension of k, from | — a,a| to
the full line and k = Fk. Now let, for appropriate function spaces,

Wl=F"to-F (1.4)



Vol. 52 (2005) Finite Interval Convolution Operators 167

denote the translation invariant operator on the real axis R. The operator in the
left hand side of (1.1) can be written in the form

K, = TRé]O)a[W&E (1.5)

and does not depend on the particular choice of the extension k = ¢k, € L1 (R) of
kq (one can take even the extension by zero k = fok, where k(x) = 0 for |z| > a).

Proposition 1.1. If there is a positive constant C such that
[Wo, oty @®)|| < Cllvl @) for all 4 € X5(R)
(which reads: 1+ k is a p-multiplier; see [11, 31]) then
IKal300,aD | < € |@lR;00,aD||  for all ¢ € X5(0,a])-
Proof. Let ¢ € X;(]O,a[). The result follows directly from the definition of the

norms in X3 (]0, a[) and X;(]O, a]) together with estimates for convolutions of L (R)
and L, (R) functions:

[Kael X510, a]) |

g0 F M1+ ) - Folx3 (00, al)|

= inf‘
[

Ers g0, F (14 R) - FolX3(R)|

C||I%; 10, aD)|

where £¢) stands for any extension of ¢ into X7 (R) and the infimum is taken with
respect to all possible extensions. O

IN

)

As a consequence the operator
Ko :X3(0,a]) — X5(0,a)),  s€R, pell,+odf, (1.6)

is bounded in the present space setting. Further it is known (see [11, Theorem 8.8],
[6, §2] and [24]) that the Fredholm property and its characteristics (defect numbers
and index) depend on the smoothness parameter s and on p as well.

Let us assume that equation (1.1) has a solution ¢ € X;(]O, a[) for a given
f € X5(]0,a[). Now if the right hand side has an additional smoothness f €
X§+m(]0,a[), m = 1,2,..., for ensuring the same additional smoothness for the
solution ¢ € FNQIS,‘”"(]O7 a[) we must impose m orthogonality conditions on f.

We can choose another option: consider a space setting different from (1.6) in
order to obtain a result which is independent of the smoothness order. Such results
are important for several reasons, including applications in numerical methods (see,

e.g., [23]).
For this purpose we change the space setting (1.6) to the following one

Ko : X5(]0,a) — X5(]0, a[), (1.7)

which is common in the theory of pseudodifferential equations on manifolds with
boundary (see [5, 12, 18, 27, 29]). Conditions on the symbols of the operators or on
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the kernel which ensure boundedness of pseudodifferential operators in “non-tilde”
space settings are known in the literature as a transmission property.

Therefore we have first to find conditions for the kernel function k, which
ensures the boundedness of the operator in (1.7). This will lead to a priori smooth-
ness o € X5 (]0, a[) of the solution, whenever the right-hand side is given in the
same space, f € X;"””(]O7 al), and without imposing any orthogonality conditions
on f.

Besides the boundedness and a priori smoothness, we will look for the Fred-
holm property and a representation of the inverse of I, provided it exists.

2. Relations with Wiener-Hopf Operators

In this section we present some auxiliary results. In particular, we will present
relations between the finite interval convolution operator K, and corresponding
Wiener-Hopf operators in the form of operator matrix identities. This will help us
later to extract and transfer information from the Wiener-Hopf operators to our
initial operator K.

Theorem 2.1. Assume that we have non-critical space orders: 1 < p < oo, s—1/p €
R\Z and s = s'+s" > —14+1/p withs’ € Ng ={0,1,2,...} end s” €]—-14+1/p,1/p|.

Let k € Li(R) and W = W, 3 =1z, F {1 +k) - Fly : X3(Ry) —
X5 (Ry) be bounded as a restriction (s > 0) or as a continuous extension (s <0),
respectively, from L,(R;) where £y denotes the extension by zero into the full
line. Then finite interval convolution operator K, (see (1.7)) is equivalent after
extension to the Wiener-Hopf operator

_ £ 0
Wor, =rr-r, F 1\11.}—[ 0 éo}

X R X (reor, Ky R4)) = KRS, (21)

where £ : X5 (Ry) — X5(R) denotes any extension (i.e. the operator is independent
of that choice) and

U= (i_l)_ T-a 0 (2.2)
1—|—E Ta

with Ax(€) = € £ and 714(€) = e, for ¢ € R. This means, by definition [1],
that there are additional Banach spaces Y and Z. and invertible bounded operators
E and F so that

Ke 0 Wyr, 0
=F F. (2.3)
0 Iy 0 Iz

In the present case, the extension by Iz can be omitted.
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Proof. According to the symmetric space setting, I, is equivalent to a general
Wiener-Hopf operator [29]

Ko = PW pxs(ry)

where the projector P projects along mp g TGXZ(RQ (with T, = F~'7,-F) and
W = TR—>R+-7:_1(1 + k) - Fly.
We can take the complementary projector as
Q =]—-P= TR_,R+TGA_T_S,€0TR_>R+A1,T_¢1£
because
X3(RY) = rem, X5(R) = re g, (TGA;S 06X (Ry) & TuATY 66X (R_)>
= ImQ® KerQ
where A§ = F~1\% - F.

It is known (e.g. from [8, formula (4.6)]) that K, is equivalent after extension
to

T=PW+Q:X(Ry) — X5 (Ry) (2.4)
which has the form of a paired operator on X3 (R).
Now, rewriting @) in the form of the following factorization
Q=W Wy = (’/‘R_}R+.7:_l/\;sl7'a : .7:50) (TR—>R+]:_1)\3./T—¢1 ']'_5)
we obtain, by the extension method of [8, (4.6)-(4.12)], that T = PW + W, W is
equivalent after extension to
Wy 0
w W

which obviously represents a bounded 2 x 2 matrix Wiener-Hopf operator with the
symbol

] P XE(Ry) x X8 (Ry) — X3 (Ry) x X3(R4) (2.5)

Uy =

/\j_,T_a 0
1+ A7

At the end, lifting into the X;(R;) setting yields equivalence with

W2 0 Ixs (v 1) 0
w Wl 0 TR—R Aj_,éo

/

_ TR_)RJrAzs ZO 0
Wy r, = [ 0 xymy)

X R) X (reer, Kp(R)) = KORP (26)

and the three factors amalgamate into the form of (2.1). The fact that E and F
in (2.3) are bounded invertible operators results from the assumption that W is
bounded. This is needed in (2.4) and (2.5) to guarantee that the relations (in brief)

PWP+Q = (I — PWQ)(PW + Q)



170 Castro, Duduchava and Speck IEOT

R | | R | Ty

(2.7)
have bounded entries I — PWQ and —Wa(W — I), respectively (all other terms
contributing to F and F are bounded anyway). O

Remark 2.2. First let us note that the operator Wy g, does not depend on the
particular extension f¢; € X5(R) that is taken for the first component 1 €
X (R).

Secondly, what happens, if we drop the boundedness of W from the assump-
tions in Theorem 2.1 ? Following the proof we find that (2.3) remains true in the
sense of a so-called algebraic equivalence after extension relation [9, 22] where E
and F' are not necessarily bounded but densely defined and injective operators
with dense images.

Proposition 2.3. Under the same assumptions, the operator Wy r, , introduced in
(2.1), is equivalent to the Wiener-Hopf operator

_ £ 0
W<1>,R+=TR_,R+]: 1(1)'.7:[0 éo:|

LX(RY) X X2 (Ry) = X(Ry) x X2 (Ry),
where
I
(¢ = ., e (2.8)
T kA, —1+k
is an invertible matriz of elements in the Wiener algebra provided E)xi € FLi(R).

Proof. For s = 0, this result can be found e.g. in [13] (see also [25]).
Let us consider the following auxiliary bounded linear operators
00
| 0 fo |
L X5(R,) x (TRH&X;(RQ) - X5(Ry) x XI(Ry),

-1
WG+,R+:TR—>R+]: G+.7:

S
L 0 é() A
PXE(Ry) x X5 (Ry) — X5(Ry) x X5(Ry),

I/Vgﬂ]]{+ = TR_,R+.7:_1G_ - F

with
[ 1 Ta
G+ == ,
0 =A%
a T_oA_° AL —A\_°
i 1 0
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Evidently the operators Wg, r, are bounded invertible. Moreover, the struc-
ture of W, r, and Wg_ g, allows to prove by a straightforward computation the
identity

We_r, Wor, Wa, r, = Wyr,, (2.9)

which provides the equivalence between Wy g, and Wer, .

3. The Boundedness of Convolution Operators with Transmission
Property

Let us recall a result from [12] (we will apply these definitions later). The spaces
defined below ensure a transmission property for the corresponding convolution
operators on the half-line.

Let 1 <p < oo, s>—1+41/p and define

TX;R) = {¢ €Li(R): [eTX®R)| = lelLa @) + g™ < +o0}, (3.1)

where
0, if -1+1/p<s<l1/p
N . . n—1+1/p<s<n+1/p,
||SD||§§ p) = ||7"R—>R+SO|Xp 1(R+)|| ) lf n = 1727 /p /p

inf, s ||re—r, oI XE 7 HRY)||, if s=n+1/p,n=0,1,...

Next we define similar spaces which ensure a transmission property for the
kernels on the interval | — a, a[. Let again 1 < p < 00, s > —1+ 1/p and define

TXS(] — a,af) = {gp eLi(-a,al):

loITX5( = a, D = lelLa (] = a,aDll + &7 < +oo}

where
0, if -1+1/p<s<l1/p
. . . n—1+1/p<s<n+1/p,
el =< [lelxs=( = a,a)), 10 /p &

inf,> H<P|XZ_1(] —a,al)

Lemma 3.1. Let k, € TX)(] — a,a).

i. There exists k € TX)(R) such that ko = rg_)—q,a[k-
ii. Further there exists a continuous linear extension operator

E; . TX0(] — a,a]) — TX}(R)
with the property i. where k = E  kq.

, if s=n+1/p,n=0,1,...
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iii. Moreover all extensions can be chosen such that suppk C [—a — €,a + €|, for
any gen € > 0.

Proof. Proposition i. follows from the extensibility of X5(] — a,a[) distributions
into X5 (IR) [31], e.g. with any compact support £ DD | —a, a[ such that k € L1(R),
because L, (K) C Lq(K) for bounded measurable K. Continuous extension opera-
tors can be constructed by the same argument, since they exist for X3(] — a,a[). O

Remark 3.2. Explicit formulas for possible extension operators can be found for
instance in [31], namely extension operators of Fichtenholz-Hestenes or Triebel-
Lizorkin type. On the other hand, note that & € TX(IR) is not sufficient to have
ko = rR—)—a,afk € TX(] — a, al).

Thus, let us agree that if k, € TX}(] — a,a[) then its extension k = ¢k, to
the real axis (kq = TR—]—q,q[k), belongs to the appropriate spaces:

i. toLi(R) for —1+1/p<s<1/p;
ii. to X37H(R) forn—14+1/p<s<n+1/p,n=12..;
iii. to Xy~1(R) for s =n+1/p, n=0,1,... and for some v > s

such that the corresponding norm in (3.1) is finite.

Theorem 3.3. Let k, € TX(] — a,a]) and k € L1(R) such that kj_, 4 = ka, with

the above properties. Then K, € L (X;(]O,a[)) and, moreover, the estimate
[KalX5(10, al)|| < € (1+ [[kal TXG( = a, al)]]) [J¢X3(0,aD) (3-2)

holds for some positive constant C and all € X;(]0, a[).

Proof. According to Lemma 3.1 we may put k = Ej ,kq, since K, does not depend

on the choice of the extension of k,. The operator W, ¢ - XoRy) — X5(Ry)

is bounded, see [12]. Further, for the non-critical space orders, the two operators
are related by (2.1)-(2.3) (with Z = {0}) which yields that

IKall < NENWer, [HE]
< G (1+1W, 50, 1)
< Oy (1+ [[K|TX,(R)])
< C(1+ |[ka|TX5(] = a,a])]]) -

Herein, C; contains (as factors) the norms of E, F' and the norms of the operators
due to the diagonal terms of (2.2) which are all bounded. The next estimate is
taken from [12, theorems 14 and 15] and the final one uses the boundedness of
E5 . (but taking into account the last part of Remark 3.2).

We will now be concerned with the critical space orders (s,p) so that 1 <
p < oo and s — 1/p € Ny. In this case, we can look for the corresponding spaces
X5 (over any of the real sets considered above) as a complex interpolation space
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resulting from an interpolation couple of spaces of the same nature but with non-
critical space orders (sg,p) and (s1,p). Namely, using the notation of Triebel [32,
§81.9, 2.4, 4.3] (for the present spaces), we have

X, = [ %50,

with0 <0 <1,0<s=(1-0)so+0s1 ¢ N, 1 < p < oo. Thus, taking into account
our initial convolution operator defined between spaces with critical orders

Ko = TR—)]O,a[‘F_l(l +/];) “FL: X;(]O,CLD - X;(]O,CLD

and choosing non-critical orders (sg,p) and (s1,p) near of the critical one (s, p)
such that, e.g., sop < s < s1, it follows from the first part of the proof that if we take
ko € TX; (] — a,al) and k € Ly (R) (with kjj_q o = ka), then K, € £ (X5(]0,al))
and, moreover, the estimate

IKall < Co(1 + [|kalTX () — aya)])) ™" (1 + || kal TXS (] — a,a])]])’

holds for some positive constant Cy also depending on the parameter 6. Alter-
natively, a similar result can be obtained by applying methods of real interpola-
tion. (]

We conclude this section by noting that the transmission property, formulated
above as a condition on the kernel function, e.g. in the Bessel potential space setting

ko € TH (] — a, al), (3.3)

has an equivalent description in the form of conditions on a Fourier symbol of the
finite interval convolution operator.

In the case —1 + 1/p < s < 1/p the Fourier transform % of the extension by
zero k = Lok, to the real axis R falls into the Wiener algebra and vanishes at infinity
%(f) — 0 at co. Moreover, eim&@(é) have holomorphic and uniformly bounded
extensions in the corresponding complex half-planes +3m & > 0, respectively.
This implies k(&) = O(eFia€) = O(e~43m¢l) ag Im € — +oc.

For p = 2, s > 1/2, the transmission property (3.3) is equivalent to the
existence of an extension (k, € L;(R) such that

—~ 1 1
lkq € Ly (R, A7) if n—-<s<n+-, n=12...

2 2
and, for the remaining values of s, s =n+1/2, n =0,1,2,..., we can find ¢k,
such that
inf 2" 2k, |L2(R)H < .

The case p # 2 is much more complicated because we have to deal with the
p-multiplier space M, (R) instead of M3(R) = Lo (R), cf. Remark 3.2.
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4. Fredholm Property and Invertibility
As in [12], we consider the Banach subalgebra of the Wiener algebra
WXS(R) = {const +¢:F '¢ e TX(R)}. (4.1)

Lemma 4.1 ([12]). The singular integral operator Sg, defined by

Srp(z) = i/m o(y) dy,

T ) oo Y—X

is bounded in WX (R).
Due to Lemma 4.1 the projector

1
P]R == 5([ + S]R)
is bounded in the algebra WX} (R), which makes WX} (R) a decomposing Banach

algebra [10].

Theorem 4.2. Let 1 <p < oo, =1+ 1/p < s < oo and k, € TX,(] — a,a).

i. The convolution operator K,, presented in (1.7), is a Fredholm operator in
the space X2 (10, a[) with zero Fredholm index.
ii. If IC, is left or right invertible, then it is invertible.

Proof. Due to the fact that we are working with an integrable kernel on a finite
interval, the convolution operator can be written as the identity operator plus a
compact operator. Therefore, this is a Fredholm operator and it has zero Fredholm
index in all spaces where it is bounded. The latter is obtained, e.g., by application
of the Krasnosel’skij theorem on interpolation of compact operators (see [20] and
[32, §61.10.1, 1.16.4]), from which follows that if an operator is compact in L, and
bounded in any X7, then it is compact in X7. This statements implies also the
assertion ii of the theorem. (]

Remark 4.3. For the non-critical space orders and for ® in the Wiener algebra,
the foregoing theorem can also be derived from Theorem 2.1 and Proposition 2.3
which establish a direct connection between finite interval convolution operator
and a convolution operator on the half-line. This approach is interesting and useful
because it provides the possibility to obtain explicit invertibility conditions for
finite interval convolution operators and, moreover, to write down explicitly the
inverse operator (cf. Theorem 4.5). Although, for this we need to carry out the
factorization of the matrix symbol. An alternative proof proceeds as follows.

i) Being ® an invertible element of the algebra [V/VX;(R)]zX2 having determi-
nant minus one, it follows that a factorization

) )\_ K1 )\_ K2
e () ()]



Vol. 52 (2005) Finite Interval Convolution Operators 175

(in [WVX;(R)]QXQ), with k1 > ko, must have partial indices such that xq + k2 = 0.
Therefore, taking into account Theorem 2.1 and Proposition 2.3, we obtain

IndK, = dim KerK, — dim Coker IC,
= —K2 — K1 = 0. (42>

ii) If dim Ker K, = 0 or dim Coker K, = 0, from (4.2) it immediately follows
that K, is an invertible operator.

Remark 4.4. Due to the operator relations presented in Theorem 2.1 and Propo-
sition 2.3, we have that our initial convolution operator defined in (1.7) has the
same Fredholm indices as Wg g, . Thus, the question of the existence of a (canon-
ical) factorization of ® in a decomposing algebra is independent of the particular
extension k that we may take for k,.

Theorem 4.5. Let ko, € TX}(] — a,a[) for some non-critical space order and with
O (cf (2.8)) in the Wiener algebra. The convolution operator K,, defined in (1.7),
is inwvertible if and only if the matriz-valued function ® admits a canonical factor-
ization [10] in [WX3(R)]**2.

Moreover, assuming that this is the case and that a canonical factorization
of ® is given by

14 ® o,
®5; 14+ @,

1+ o] o,

=0 b, = N N
(1)21 _1+(b22

with q)fj(oo) =0 (fori,j =1,2), then the inverse of K, reads

K o) = ola) + / (e y)ew)dy, (4.3)
where
Y(z,y) =wi(z —y) twe(z—y—a)

min(z,y)
+/ [wa(z — 2z —a)wi(z —y) —wi(x — 2 — Q)wa(z — y)] dz,(4.4)

max(z,y)—a
with 01 = Oy + 7P, and by = &5 + 7_,P1;.

Proof. We know, from Theorem 2.1 and Proposition 2.3, that I, and Wg g, are
invertible only at the same time. Therefore, the first statement follows if we take
into account the definition of [V/VX;(R)]zX2 (cf. (4.1) and (3.1)).

For the second part, we will take advantage of the Gohberg-Sementsul for-
mula [17, 28]. For this purpose, we first observe that the existence of v is granted by
the canonical factorization of ® and that from (4.4) we obtain the representations

Y(2,0) = y(a,a—z) = w(r—a),
70,y) = A(a—y,a) = wi(~y).
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Thus, for z,y € [0, a], it follows
~v(z,0) —|—/ ko(x — 2)v(2,0)dz = —kq(2)
0

2(0.9) + / halz — 10,20z = —ka(—y),

which shows that the conditions of the Gohberg-Sementsul identity are satisfied
and therefore we arrive at formula (4.3), see [13, 17, 28]. Additionally, due to

ot e [\\RVXZ(R)]QX2 and the boundedness of the projector Pg, it remains to note
that

T=F"'®" Florp_g, F 1O F

is a bounded operator on [L, (R)]? which preserves the smoothness order. O

Theorem 4.6. Let k., € TX (] — a,al), for some non-critical space order, ® being in

the Wiener algebra and consider a generalized factorization of ® in [W;(R)]2X2,

d=3_Dd,
14+ &7, &5,
o5, 14+ @5,

A\t
(3) " o

A\ 2
0o (3)

with fI)Zij(oo) =0 (fori,j =1,2) and partial indices k1 > Ka.
Then the convolution operator ICo, defined in (1.7), is generalized invertible
and a generalized inverse of it is given in the form

Ko = P[(W‘;’R)n +W (W‘I:*R>2J |PX (Ry) (46)

where P is the projector introduced in the proof of Theorem 2.1,

1+ 07, o,

, (4.5)
i —1+ @5,

Wi = rr—r, F AT 70 - Flo

and the elements (W;R) . are defined by the generalized factorization (4.5) due
T
to the representation

EZQRSH EZ@}% 2| =rpog, F1O U BD PpO" - FL (4.7)
2R/ 9 R )99

Proof. Using the methods exposed in the proof of Theorem 2.1 and the comple-
mented projectors P and () defined there, one can write the equivalence after
extension relation between K, = PW) PX3(Ry) and T = PW + @ in the form

Ka 0 ]
0 Igxs(ry)

Ipxsmy) —PWioxs(ry) (PW 1 0) (4.8)

0 Tox; (vy)
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In addition, for PW + @ one has the identity (2.7) and, according to relations
(2.6) and (2.9), we obtain

W2 0 TR—R AS_/ Z 0
= N Wa_r, War,
w Wi 0 I

I 0
Wa, R, 0 .

S
rr—r, AL €o

where I = IXZ(R )+ Therefore, noting that (4.7) is a generalized inverse to Wy g,
we obtain the following generalized inverse of the operator in the left hand-side of
(2.7):

(PW+Q)~ o] | I 011 0
0 I Wo(W—1) I

1R,

0 T‘]R_)RJr Ai_ ZO

(W‘I;R>11 (W{:’R)H Wi g
L (W(ER)zl (W‘;’R)zz o

g AT O [ W2 T[T W o)
0 I I 0 0 I

In addition, from (4.8), generalized invertibility of PW +(@Q also leads to generalized

invertibility of K. Thus, combining this with (4.9), the desired formula (4.6) is
proved. O

Acknowledgment

This article was started during the second author’s visit to Instituto Superior
Técnico, U.T.L., and Universidade de Aveiro, Portugal, in May—July 2001. The
work was supported by “Fundacao para a Ciéncia e a Tecnologia” through “Centro
de Matemaética Aplicada” and “Ul&D Matemaética e Aplicagbes”, respectively.

References

[1] H. Bart and V.E. Tsekanovskii: Matricial coupling and equivalence after extension.
T. Ando (ed.) et al., Operator Theory and Complex Analysis, Birkhduser, Basel,
Oper. Theory Adv. Appl. 59, 143-160.

[2] M.A. Bastos and A.F. dos Santos: Convolution operators on a finite interval with
periodic kernel — Fredholm property and invertibility, Integr. Equ. Oper. Theory 16
(1993), 186—223.

[3] M.A. Bastos, A.F. dos Santos and R. Duduchava: Finite interval convolution oper-
ators on the Bessel potential spaces H,, Math. Nachr. 173 (1995), 49-63.

[4] A. Bottcher, Y.I. Karlovich and I.M. Spitkovskii: Convolution Operators and Fac-
torization of Almost Periodic Matriz Functions, Oper. Theory Adv. Appl. 131,
Birkhauser, Basel, 2002.



178 Castro, Duduchava and Speck IEOT

[5] L. Boutet de Monvel: Boundary problems for pseudo-differential operators, Acta
Math. 126 (1971), 11-51.

[6] M.C. Camara, A.B. Lebre and F.-O. Speck: Meromorphic factorization, partial index
estimates and elastodynamic diffraction problems, Math. Nachr. 157 (1992), 291-
317.

[7] L.P. Castro: A relation between convolution type operators on intervals in Sobolev
spaces, Appl. Anal. 74 (2000), 393-412.

[8] L.P. Castro and F.-O. Speck: On the inversion of higher order Wiener-Hopf opera-
tors, J. Integral Equations Appl. 8 (1996), 269-285.

[9] L.P. Castro and F.-O. Speck: Relations between convolution type operators on in-
tervals and on the half-line, Integr. Equ. Oper. Theory 37 (2000), 169-207.

[10] K. Clancey and 1. Gohberg: Factorization of Matriz Functions and Singular Integral
Operators, Oper. Theory Adv. Appl. 3, Birkh&user Verlag, Basel, 1981.

[11] R. Duduchava: Integral Equations in Convolution with Discontinuous Presymbols,
Singular Integral Equations with Fized Singularities, and their Applications to Some
Problems of Mechanics, Teubner Verlagsgesellschaft, Leipzig, 1979.

[12] R. Duduchava: Wiener-Hopf equations with the transmission property, Integr. Equ.
Oper. Theory 15 (1992), 412-426.

[13] I. Feldman, I. Gohberg and N. Krupnik: Convolution equations on finite intervals
and factorization of matrix functions, Integr. Equ. Oper. Theory 36 (2000), 201-211.

[14] M.P. Ganin: On a Fredholm integral equation whose kernel depends on the difference
of the arguments (in Russian), Izv. Vyss. Ucéebn. Zaved. Matematika 2 (1963), 31-43.

[15] I.C. Gohberg and I.A. Fel'dman: Convolution Equations and Projection Methods for
Their Solution, Translations of Mathematical Monographs 41, American Mathemat-
ical Society, Providence, R.I., 1974.

[16] I.Ts. Gokhberg and M.G. Krein: Systems of integral equations on a half line with
kernels depending on the difference of arguments, Am. Math. Soc., Transl., I1. Ser. 14
(1960), 217-287.

[17] I.C. Gohberg and A.A. Sementsul: On the inversion of finite Toeplitz matrices and
their continuous analogues (in Russian), Mat. issled. 7 (1972), 201-223.

[18] G. Grubb and L. Hormander: The transmission property, Math. Scand. 67 (1990),
273-289.

[19] Yu.I. Karlovich and I.M. Spitkovskij: On the Noetherian property of certain singular
integral operators with matrix coefficients of class SAP and systems of convolution
equations on a finite interval connected with them, Sov. Math., Dokl. 27 (1983),
358-363.

[20] M. Krasnosel’skij: On a theorem of M. Riesz, Sov. Math., Dokl. 1 (1960), 229-231.

[21] M.G. Krein: Integral equations on a half-line with kernel depending upon the differ-
ence of the arguments, Am. Math. Soc., Transl., 11. Ser. 22 (1962), 163-288.

[22] A.B. Kuijper: A note on first kind convolution equations on a finite interval, Integr.
Equ. Oper. Theory 14 (1991), 146-152.
[23] G. Monegato and L. Scuderi: Polynomial collocation methods for 1D integral equa-

tions with nonsmooth solutions, M. Bonnet (ed.) et al., Mathematical Aspects of
Boundary Element Methods, Chapman Hall, Res. Notes Math. 414 (2000), 227-239.



Vol. 52 (2005) Finite Interval Convolution Operators 179

[24] A. Moura Santos, F.-O. Speck and F.S. Teixeira: Minimal normalization of Wiener-
Hopf operators in spaces of Bessel potentials, J. Math. Anal. Appl. 225 (1998), 501—
531.

[25] V.Yu. Novokshenov: Convolution equations on a finite segment and factorization of
elliptic matrices, Math. Notes 27 (1980), 449-455.

[26] B.V. Pal’cev: The asymptotics of the spectrum and eigenfunctions of convolution
operators on a finite interval with a kernel with a homogeneous Fourier transform,
Sov. Math., Dokl. 15 (1974), 1243-1247.

[27] S. Rempel and B. Schulze: Index Theory of Elliptic Boundary Problems, Mathematis-
che Lehrbiicher und Monographien II, Mathematische Monographien 55, Akademie-
Verlag, Berlin, 1982.

[28] L.A. Sakhnovich: Integral Equations with Difference Kernels on Finite Intervals,
Oper. Theory Adv. Appl. 84, Birkh&user, Basel, 1996.

[29] F.-O. Speck: General Wiener-Hopf Factorization Methods, Research Notes in Math-
ematics 119, Pitman, London, 1985.

[30] G. Talenti: Sulle equazioni integrali di Wiener-Hopf (in Italian), Boll. Unione Mat.
Ital., IV. Ser. 7, Suppl. al Fasc. 1 (1973), 18-118.

[31] H. Triebel: Theory of Function Spaces II, Monographs in Mathematics 84, Birkh&user
Verlag, Basel, 1992.

[32] H. Triebel: Interpolation Theory, Function Spaces, Differential Operators, Barth,
Leipzig, 1995.

[33] N. Wiener and E. Hopf: Uber eine Klasse Singulirer Integralgleichungen (in Ger-
man), Sitzungsber. Preuss. Akad. Wiss., Phys.-Math. K. 30/32 (1931), 696-706.

L.P. Castro

Department of Mathematics
University of Aveiro
3810-193 Aveiro

Portugal

e-mail: lcastro@mat.ua.pt

R. Duduchava

A. Razmadze Mathematical Institute
Academy of Sciences of Georgia

1, M. Alexidze str.

Thilisi 93

Georgia

e-mail: duduch@rmi.acnet.ge

F.—O. Speck

Department of Mathematics
Instituto Superior Técnico, U.T.L.
Avenida Rovisco Pais

1049-001 Lisboa

Portugal

e-mail: fspeck@math.ist.utl.pt

Submitted: January 6, 2003



