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Abstract. For the Segal-Bargmann space of Gaussian square integrable entire
functions on C™ we consider Hankel operators Hy with symbolsin f € 7(C™).
We completely characterize the functions in 7(C™) for which the operators
Hy and Hy are simultaneously bounded or compact in terms of the mean
oscillation of f. The analogous description holds for the commutators [My, P]
where My denotes the “multiplication by f” and P is the Toeplitz projection.
These results are already known in case of bounded symmetric domains 2 in
C™ (see [BBCZ] or [C]). In the present paper we combine some techniques of
[BBCZ] and [BC1]. Finally, we characterize the entire function f € H(C™) N
7(C™) and the polynomials p in z and Z for which the Hankel operators Hy
and H,, are bounded (resp. compact).
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1. Introduction

Throughout this paper let m € N be fixed. Let p denote the Gaussian measure
on the complex space C™ defined by du(z) = 7~ ™ exp(—||2||?)dV (z), where V is
the usual Lebesgue measure on C™. The Segal-Bargmann space H?(C™, 1) is the
closed subspace of L?(C™, ) of all square integrable holomorphic functions on
C™. If P denotes the orthogonal projection from L?(C™, 1) onto H?(C™, 1) then
for a function f € 7(C™) (for definition see section 2) the Hankel operator

Hy:D(Hy) C H*(C™, p) — H*(C™, )"
is the densely defined (and in general unbounded) operator Hyg = (I — P)M g for

all g € D(Hy) where M denotes the multiplication by f. Moreover, for f € 7(C™)
the commutator of My and P given by [My, P| :== M;P—PMjy is a densely defined
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operator on L?(C™, ). It is easy to verify that [M, P] is bounded (resp. compact)
if and only if both Hankel operators Hy and H f are simultaneously bounded (resp.
compact).

The authors of [BC1] prove that for bounded symbols f € L>°(C™) the Hankel
operator Hy is compact if and only if H is compact (see also [S1]). Moreover, they
determine the largest *-algebra Q in L>°(C™) such that Hy and H y are compact for
symbols f € @. The functions in @) are characterized by a condition of oscillation
at infinity.

In general, if we deal with unbounded symbols f in 7 (C™) also the question
arises whether the Hankel operator Hy is bounded. Our main aim in this paper is
to prove that

(A) For f € T(C™) the commutator [My, P] is bounded if and only if the symbol
f has bounded mean oscillation.

We also completely characterize the compact commutators [M, P] for symbols
f € T(C™) in terms of the mean oscillation of f.

(B) The commutator [My, P] is compact if and only if the symbol f has vanishing
mean oscillation at infinity.

The analogous results are already known for Bergman spaces of bounded sym-
metric domains Q in C™ (see [BBCZ| and [C]) and it was a conjecture in [C] that
both (A4) and (B) above hold in the unbounded setting of the Segal-Bargmann
space.

Finally, we determine the space of all entire functions in 7 (C™) as well as the
space of all polynomials in z and Z for which [M¢, P] is bounded or compact.

2. Preliminaries

For j = (j1, -+ ,jm) € Ng* define j! := ji!---jn! and [j] = j1 + -+ + jm-
If 2 € C™ then write 27 := 2J' ... 2Jm. Throughout this paper (-,-) denotes the
usual Euclidian scalar product and || - || the Euclidian norm in C™. For R > 0 and
a € C™ let B(a, R) denote the ball in C™ with radius R centered in a. Further, we
write (-, )9 for the L2(C™, u)-scalar product and || - ||z for the L?(C™, j1)-norm.

Because each point evaluation is a continous functional on H?(C™, i) the Segal-
Bargmann space is a Hilbert space with kernel function K (z,w) := exp((z,w)) for
z,w € C™. We also use the normalized kernel function defined by

. 1 .
bale) = KKl = e () = glul?) . vaween

For z,w € C™ let 7, denote the z-shift on C™ given by 7,(w) := z + w. Define
the linear space

T(C™):={ge L*(C™,p):gor, € L*(C", ), Vo €C"}.

It is easy to verify that a measurable function f on C™ belongs to 7 (C™) if
and only if the functions A — f(A\)K (), ) belong to L?(C™, ) for every x € C™.
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Because the linear span of the set of all kernel functions {K(-,z) : x € C™} is
dense in the Segal-Bargmann space

D(My) = D(Hy) :={h € H*(C™,p) : fh € L*(C™, p)}
is a dense, linear subspace of H*(C™, u) whenever f € T(C™). For f € T(C™)
define the Berezin transform f of f by

fN) = - fom(u)du(u) = (fkx, kx)a, vV AeCm.

Clearly from this definition we have f = f and fo7y = f o 7y.

Let BC(C™) be the space of all bounded continous functions on C™ and de-
note by Co(C™) the subalgebra in BC(C™) of all continous functions vanishing at
infinity. For f € BC(C™) define the oscillation of f in z € C™ by

Osc.(f) = sup{|f(2) — f(w)[ : |z — w] < 1}.

Then z — Osc,(f) also is a continous function on C™. Now, we say f is of
bounded oscillation [write f € BO(C™)] if Osc,(f) is in BC(C™) as a function
of z. We say the function f is of vanishing oscillation [write f € VO(C™)] if
Osc,(f) — 0 as z — oo. For f € T(C™) the quantity

MO(f, 2) = | fI2(z) — | (2)]?

is a continous function on C™ and MO(f, -) is called the mean oscillation of f. We
say f is of bounded mean oscillation on C™ and write f € BMO(C™) if

I£|lBr7o = sup{MO(f, 2)? : 2 € C"} < oc.
We say [ is of vanishing mean oscillation and we write f € VMO(C™) if
ZILII;O MO(f,z) =0.
For all f,g € 7(C™) and all A € C™ it is easy to verify that
0 < MO(g + h,A)? < 2[MO(g, A)? + MO(h, A)?] .

Thus BMO(C™) as well as VMO(C™) are linear spaces. For S C C™ and each
f € T(C™) we write

Il fllemocs) = sup{MO(f, 2)%:z¢€8).

Let Pz, z] be the space of complex polynomials on C™ in the complex variables
z and z. Each p € P[z, z] has the form

p(z,2) = Z a2 3, where a;; € C. (2.1)
LjeNg

For p € Pz, 2] with (2.1) define the integer
p(p) =max{|l+j|:1,j € NI", a;; # 0} € Ny.
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Lemma 2.1. Let R(z,%) := 2z with 1,7 € Ng* be a monomial in z and z on
C™. Then R has the form () : R(z,2) = 2'27 + r(2,2), where v € P|z, 2] with
p(r) < p(R) = |l +j.

Proof. Tt follows from the definition of the Berezin transform that R has the form
R(z,2) = | [ R(z.70),
k=1

where Ry : C — C is defined by Ry(zk,Zx) := z,lckﬁjk for k=1,---,m. Moreover,

— 1 - )
Ry.(zr, %) = — /(zk - 10)!* (2 4 w) " exp(—fw[*)dV (w) = 517 + ri (k. 75)
C

with p(r) < I + ji. From this the decomposition () of R follows. O
Corollary 2.2. Letp € Pz, z] be as in (2.1). Define A(p) := {(l,7) e N3" : |(I, )| =
p(p)} and
Qp(z,2) = Z ay j2'.
(1,))€A(p)

Then it holds p(z,Z) = Qp(z, Z) + r(2, Z) where r € P[z, Z] with p(r) < p(p).
Proof. This directly follows from Lemma 2.1 and the linearity of the Berezin trans-
form. O
Corollary 2.3. Let p € P[z,z] C T(C™) be a non-constant polynomial. Then we
have MO(p, ) € P[z, 7] and p(MO(p, )) < plIpl?) — 1 = 20(p) — 1.

Proof. Using Corollary 2.2 we conclude that Q> = QW = Qp]> and by the
definition of MO(p, -) it follows that
p(MO(p, -)) < p(Ipl*) = 20(p)-
Because of MO(p, A) > 0 for all A € C™ and p(p) > 0 we have p(MO(p,-)) #
2p(p) — 1 and Corollary 2.3 follows. O

Lemma 2.4. Let a,u € C™ and define S, € T(C™) by Su(u) := (u,a). Then it
follows that S, = S, and MO(S,, z) = ||a||? for all z € C™.

Proof. The function S, is holomorphic and so we have §; = S,. Define for t € R
the function F : R — R by

F(t) = /m<u,a> exp ((u, 2)+ (ta+z,u))dp(u) = (ta+z,a) exp ({ta+2, 2)). (2.2)

/

It follows that (x) F (0) = exp (||z]|*)[[la]* + [{a,z)?] and differentiation of
(2.2) under the integral sign in ¢ = 0 together with (%) now shows that

|Sal? = llall* + |Sal? = llal® + |Sa/*. 0
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The inclusion L>*(C™, u) C BMO(C™) is valid but there are also unbounded
functions in BMO(C™). Consider a linear polynomial p = ag+(-, b)+{c, -} € P[z, Z]
where ag € C and b,c € C™. Using Corollay 2.3 it follows that p(MO(p,-)) < 1
and so MO(p, -) is constant. We conclude that p € BMO(C™).

Lemma 2.5. For g € T(C™), h € BMO(C™) and A € C™ we have

(a) MO(g,\) = |lgomn —GNI3 = (lg — GNP,
(b) MO(g,A) < [[(I = P)(gom)|3+ (I = P)(gom)l3
() IhllBao < V2 max {|| Hyll, || Hpll} -

Proof. (a) easy computation.
(b) The Berezin symbol of g can be written in the following form:

G0 = (gom o = Fomm K(20)), = PGoma)(0) = P(P(Go ).
This yields the inequality
1Plg o 7] = g(WI3 = [ Plg o 7] = P[P(g o m2)]I13
<llgomn—Plgon)lz= I~ P)(gon)l3 (2.3)

From [[go7x |13 = [|(I—P)(gom) 3 +[IP(gom)lI5 and (P(goTa), 5(A))2 = [g(A)]?
it follows that

[1Plgom] = g3+ 111 = P)(gom)l3 =llgoml 13N = MO(g, ).

This together with (2.3) imply (b).

(c) Follows from ||(I — P)(hoT)|l2 = |[Hrkall2 < ||Hp|| for all X € C™ together
with standard estimates from (b). O

The following Theorem is an analog to Theorem F in [BBCZ] in the case
of bounded symmetric domains 2 in C™. The Bergman metric is replaced by the
Euclidian metric on C™.

Theorem 2.6. For any smooth curvey : I :=[0,1] — C™ and any f € BMO(C™)
we have

d
prtd 07(75)‘ < 2| fllBmory (1)) ., VYtel.

%W(t)

If s = s(t) denotes the arclength of v then Ls(t) = || L~(t)].

Proof. Let t € I. Then we differentiate under the integral sign in the definition of
the Berezin transform f.

GFor0 = [5Gkt (24

=2 [ s { (G ) Bl )
=2 [ (s = For() RG] diu)
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where G¢(u) := {%kv(t)(u) - <%k7(t), kv(t)>2k7(t) (u)} k) (u). Here we have used

2§R<%kw)= kv(t)>2 = %<k'y(t)vkv(t)>2 = %1 =0.

For uw € C™ and t € I one easily computes

%kw) (w) = [{u %v(t)> = R(4(t), %v(t)ﬂ (o) (u)

and it follows that
d d d
% v (t - % y(t)r Py (t N y(t = - ’% (T : :
k() kytys ey ) By () = Cu = (1), -7 (1) )y (w) (2.5)

If we use the the equalities (2.4) and (2.5) as well as the Cauchy-Schwarz
1nequality we conclude that

d -
GFont)

=2 /m (f(u) - fofy(t)) R {<u —(t), %V(t)>|k’7(t)(u)|2} dpa(u)

D=

<2[(f = For®F) o(0)] " [T = Ts 0T 0(0)]

where I’y € T(C™) is defined by T'y(u) := <u, %’y(t)>. An application of Lemma
2.5 (a) and Lemma 2.4 yields

d 1 d
57 02(0)] < 20wy MO 7(0)* = 2l lavsorsay | 00

From this the desired result follows. O
Corollary 2.7. For f € BMO(C™) and a,b € C™ we have the Lipschitz-inequality
|f(a) = F(O)] < 2| f ]| Bmolla — bl].

In particular, f € BO(C™) and ||Osc.(f)|lso < 2|1f| BMo-

Proof. Choose 7% : I :=[0,1] — C™ with 7%(t) := a+t(b— a) and apply Theorem
2.6. U

Corollary 2.8. Let f € VMO(C™). For each € > 0 there is a number r > 0 such
that the inequality (x) : [f(a) — f(b)] < ella — b|| is valid for all a,b € A, :=
C™\ B(0,r). In particular, f € VO(C™).

Proof. Fix 19 > 0 and a,b € A,, with a # b. Define z; := %(a +b) and 29 :=
3(a —b). Choose z3 € C™ with z3 L 2 and | z3]| = |22 and consider the arcs
Y1,7v2 : I — C™ given by

Y1 (t) := 21 + 29 cos Tt + z3 sin 7t Y2(t) := 21 + 2o cos (1 +t) + zz sinw(t + 1).
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We have 71(0) = 72(1) = a and 71 (1) = 72(0) = b. Because a,b € A, it easy
to check that either v, (I) C Ay, or y2(I) C A,,. Assume v;(I) C A,, and apply
Theorem 2.6

1F(a) — Fb) < /

d
afow(t)‘dt

Yl d
S2||f||BM0(Am)/O a%(t)”dt=7T||f||BM0(A,,,O)||a—b||.

Finally choose rg > 0 such that Hf”BMO(ATO) < <. O

3. The spaces BMO(C™) and VMO(C™)

In this section we give a description of the space BMO(C™) [resp. VMO(C™)].
We show in which sense they are related to BO(C™) [resp. VO(C™)].

Theorem 3.1. Let f € T(C™).

(a) The Berezin transform |,f\|/2 is a bounded continous function if and only if
My P is bounded. Moreover, there is a constant C' > 0 such that

() MFPlloo < IMpPIP < ClIFPlloo
where ||gllo := sup{|g(z)| : 2 € C™} for all g € BC(C™).
(b) The operator M;P is compact if and only if | f|?(A) — 0 as A — oo.
Proof. (a) An analogous computation as in [BC1] Lemma 14 shows that there is
a constant C' > 0 such that
I/ Plloe < [1PM g2 Pl < Cl[[f[]]oo-

Using ||PMs2P|| = |[(MyP)*(MyP)|| = || MsP|]* the inequality (x) follows.
(b) Let MyP be compact. Then the operator PM|;2P = (MyP)*(M;P) is
compact and because k) — 0 weakly in H?(C™, ) as A — oo it follows that

W()\) = <PM|f‘2Pk)\,k',\>2 S ||PM|f|2Pk‘>\H2 — 0, (/\ — OO)

Let \/f\|/2()\) — 0 as A — oo and let x g be the characteristic function of B(0, R).
It is easy to verify that My, , P is of Hilbert-Schmidt type. Hence, it is sufficient
to show that

[MyP = My Pll = [Mpa—xp) Pll — 0, (R — 00).

According to (a) there is a constant C' > 0 such that

IMya—xm)Pli3 < C sup / | (2)2 |k (2) [ du(2)- (3.1)
llzIl> R

ueCm
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Let ¢ > 0, then choose » > 0 with mé(z) < g forall z € C™\ B(0,r). Tt
follows that

flwll>r llwll>r

2 9 = .
sup /| ORI PG:) < st [F) < & 652)

On B(O,’I’) the function FR U fHZH>R |f(z)|2|ku(z)|2d'u(z) converges mono-

tonely to 0 as R — oo. Using Dini’s theorem there is Ry > 0 such that with
R > Ry

€
swp [ P Pt < . (33)
lull<r JzlI 2R
The inequalities (3.1), (3.2) and (3.3) prove that [[My_y,)P|l3 < € for each
R > Ry. O

Definition 3.2. In the following we use the spaces F and Z defined by
Fi= {f eT(C™):[f2e BC((Cm)}, 7= {f eT(C™):|fe co(cm)}.

Corollary 3.3. For f € F the Hankel operator Hy is bounded and there is a constant

C > 0 such that |H|* < C’H|/f\|/2||oo Moreover, for f € T the Hankel operator Hy
18 compact.

Proof. This follows from Theorem 3.1 with H; = (I — P)MyP.

Lemma 3.4. Let f € BO(C™) and fix r > 0. Then for all zyw € C™\ B(0,r)
we have the inequality |f(z) — f(w)] < C(f,r) (1 + 7|z — w||) where C(f,r) :=
sup {|Osc. ()] : ||zl = r —1}.

Proof. Let z,w € C™\B(0,r). Then choose v : I = [0,1] — C™\ B(0, r) connecting
z and w as in the proof of Corollary 2.8. Let n € N be the greatest integer in
7||z — w|| then divide v(I) into n + 1 segments [y(t;),y(¢i+1)] of equal length.

Because of B(y(t;),1) C{z € C™: ||z|| > r—1} and ||y(t;) — y(tix1)|| < 1 for
1=0,---,n, it follows that

1f(2) = f(w)] < (A +n)C(f,r) < C(f,r) A+ 7llz —wl).

From this we obtain Lemma 3.4. O

Lemma 3.5. We have BO(C™) C BMO(C™) and the following statements are
equivalent
(a) feBOC™),
(b) there is a constant C > 0 with |f(z) — f(w)| < C (1 + ||z —w||) for all z,w €
c™,
(c) the function z — || f(z) — f o 72||2 is in BC(C™).

O

Proof. The conclusion (a) = (b) follows from Lemma 3.4 with » = 0. Suppose (b)
holds and z € C™. Then

1f(z) — for|= / () = F(z + w)Pdp(w) < C? / 1+ [l Pdpu(aw) < oo.

Ccm Ccm
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Finally suppose (¢) holds. It is easy to check that

If(2) = f oIl = MO(f,2) + |f(2) = f(2)* (34)
Because the left hand side of the equality (3.4) is bounded we conclude that
f e BMO(C™) and
f—feBe(Cm cBOC™).
_ It follows from Corollary 2.7 that f € BO(C™) and so we obtain f = (f — f) +
f e BOC™). O

Lemma 3.6. We have VO(C™) C VMO(C™) and the following statements are
equivalent
(a) feVvo(cm),
(b) for each e > 0 there is v > 0 such that | f(2) — f(w)| < e(1+ ||z —wl|) for all
z,w e C™\ B(0,r),
(¢c) the function z — || f(z) — f o Tz|l2 is in Co(C™).

Proof. The conclusion (a) = (b) follows from Lemma 3.4 together with the con-
vergence

lirr%)C(f7 r)=0.

Now, suppose (b) holds. Then fix e > 0 and choose R > 0 such that for all
zeCm

/ F(2) = £z + w)Pdp(w) < C(f,0)? / 11+ e[ dpa(w) <
lw]|>R

£
. (3.5)
llwl|> R 2

Define M := [i.,,[1 + [Jw]|]*dp(w) > 0 and choose a radius r > 0 such that for
all z,w e C™\ B(0,r)

9
1) = flw)? < 5

If ||z|| > r+ R then we have ||z +w]| > r for all w € B(0, R) and it follows with
the inequalities (3.5) and (3.6) that

1F(2) = Forl
- / 1F(2) = F(z + ) Pdp(w) + / F(2) = £z + w)Pdu(w)
lw||<R

llwl>R

(1+ ||z —w]||)>. (3.6)

g g
< 1 2 =
Sop [, el + 5 <

and (c) follows.

Finally suppose (¢) holds. Then the identity (3.4) shows that f € VMO(C™)
as well as f — f € Co(C™) € VO(C™) and using Corollary 2.8 we conclude that
fe€VO(C™).  This together proves that f = f — (f — f) € VO(C™). O
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Corollary 3.7. Using the notations above we have
(i) BMO(C™)=BO(C™)+ F, (i1) YVMO(C™) =VvOo(C™)+ 1.

Moreover, the decompositions in (i) and (ii) are given by f = f + (f — f) for
f € BMO(C™) [resp. f € VMO(C™)].

Proof. (i) The inclusion “2” follows from Lemma 3.5 and 7 C BMO(C™).
Let f € BMO(C™). Then we conclude that f € BO(C™) from Corollary 2.7
and it is enough to show that f — f € F

(1f = ) = I(F = Pomli <2[If o7 — FR)I3+11F() - Foral]
=2 |MO(f,2) + /() — fo ]3] - (3.7)

Because of f € BMO(C™) the function MO(f, -) is bounded. Moreover, Lemma
3.5 together with f € BO(C™) shows that also z — || f(z) — f o 7.||2 is bounded
and we conclude that f — f € F.

(ii) The inclusion “D” follows from Lemma 3.6 and Z C VMO(C™).

Let f € VMO(C™). Then we conclude that f € VO(C™) from Corollary 2.8
and it is enough to show that f — f € Z. An application of Lemma 3.6 together
with f € VO(C™) yields

17 (z) = Forl3 —0, (z = o0). (3-8)
Finally, because of f € VMO(C™) the inequalities (3.7) and (3.8) show that
f—retl. O

4. Bounded Hankel operators

We will prove (A) in section 1 (see Theorem 4.3). The main ingrediant for the
proof is the decomposition BMO(C™) = BO(C™)+F of the space of all functions
of bounded mean oscillation and the estimate in Theorem 4.1 between the norm
of an Hankel operator and the oscillation of its symbol.

Theorem 4.1. Let f € BO(C™) then Hy is bounded with ||Hy| < C||Osc.(f)|oo
where C is a constant given by C := 2= [, [||w|| 4+ 1] exp(—3[lw|/*)dV (w) .

Proof. For f € BMO(C™) the operator (I — P)MyP is an integral operator on
H?(C™, i1) defined by

(I = P)M;Pg)(w) := / [f(w) = f(2)]exp ((w, 2)) g(2)dpu(z),  VweC™

m

Because of f € BO(C™) Lemma 3.4 with r = 0 shows for all z,w € C™ that
[f(z) = f(w)] < [Oscz(f)loo (1 + 7|z — wl]). (4.1)
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Define p(z) := exp(3|z||?). Then a translation by w € C™ with C defined as
above shows that

/ [14 7|z — w|]] exp (R(w, 2))p(z)du(z) = Cp(w). (4.2)
After combining the inequalities (4.1) and (4.2) we conclude that

/m [f(w) = f(2)|exp (R(w, 2))p(2)du(z) < Cl|Ose(f)oop(w) — (4.3)

and an application of Schur’s lemma (see [HS] or [S1]) together with the inequality
(4.3) now show that |H|| = ||({ — P)MsP| < C||Osc.(f)| co- O

Theorem 4.2. Let f € BMO(C™). Then the Hankel operator Hy is bounded and
there is a constant D > 0, independent of f, such that ||H¢|| < D|| f| smo-

Proof. For f € BMO(C™) Corollary 3.7 shows that fe BO(C™) and f — ferF.
Using Corollary 2.7 and Theorem 4.1 we conclude that H 7 is bounded and there
is C > 0 independent of f such that

IHf < CllOsc.(f)lloo < 20| fllBmo- (4.4)

Now, using Corollary 2.7 again, it follows for all z € C™ that

1
2

17 = Forda= | [ 176) - i+ w)Pautu)]

2
< 2/ lmio [ [E ||w||2du<w>} — 4 fllaio
where C1 := 2[ o ||wl|2dp(w)] 2. This together with (3.7) shows that

(1f = FI?)(2) < 2[MO(f,2) + C}| fllmo]) < 2(1 + CH)IIflIBno- (4.5)
Using (4.5) and Corollary 3.3 there are constants Cy,C3 > 0 such that

~ov 1
1H;_7ll < Coll(1f = FI))I% < Csll flBmo- (4.6)
Finally, (4.4) together with (4.6) show ||H|| < ||H||f + ||Hf_f|| < D||fllsmo
where D > 0 is a constant independent of f. O

Theorem 4.3. For f € T(C™) the following are equivalent
(a) Hy and Hf are bounded operators,
(b) f € BMO(C™) = BO(C™) + F. In particular, we have f € BO(C™) and
f—fekF.

Whenever (a) and (b) hold the quantities ||[My, P]|l, maX{HHfH, HHf”} and
I fllBmo are equivalent.
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Proof. Suppose (a) holds. Then Lemma 2.5, (¢) shows that

I fllBvo < V2 max {[|Hyll, || H 7|}

and (b) follows. B
Suppose (b) holds. Then we conlude f € BMO(C™) and using Theorem 4.2 we
find Dl,DQ > 0 with HHf” < Dl”f”BMO < 0o and

|Hz|l < Dol fllBmo = Dl fllBmo < oo

and from this (a) follows. Moreover, | f||smo and max {||H||, |\Hf||} are equiva-
lent.
Finally, the formulas

show that |[[My, P]|| and max {||H||,|[Hf||} are equivalent. O

Corollary 4.4. Let f € T(C™) be an entire function on C™. Then the following
are equivalent

(a) There is ag € C and b € C™ such that f(z) = ap + (z,b),
(b) the Hankel operator Hy is bounded.

Proof. Suppose (a) holds. Then using Corollary 2.3 we conclude that
and it follows that f € BMO(C™). Theorem 4.3 shows that Hy is bounded.
Suppose (b) holds, so H 7 is bounded. Because of Hy = 0 Theorem 4.3 proves
that f is in BMO(C™). Applying Corollary 3.7 we now obtain with f = f that
f € BO(C™). It follows with Lemma 3.5 that there is a constant C' > 0 such that
lf(z) = f(w)| < CA+ |z —wl), Vz,weC™. (4.8)

Assume f(z) = ZjGNB,L b;jz7. Then the Cauchy estimates show for any r > 0
and j € N* that

D7 f](0 1
o = O < L) -2 P00, (49)
Here, P(0,r) is the polydisc in C™ with multiradius r := (r,--- ,r) and center

0. It is easy to check that the inclusion P(0,r) C B(0,rv/m + 1) holds and we
obtain from (4.9) and (4.8)
1

= sw{lf()] 2 € BO,rVmF D)} < ﬁ (O +C+r/m T D)}

Because r > 0 was arbitrary we conclude that b; = 0 for j € Ni* such that
|7] > 1 and (b) follows. O

|bj] <

Corollary 4.5. For p € IP[z, Z] the statements (a) and (b) are equivalent:
(a) There is ag € C and ¢,d € C™ such that p(z,z) = ao + (z,¢) + (d, 2),
(b) the Hankel operators H,, and Hy are bounded.
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Proof. Suppose (a) holds. Then using Corollary 2.2 we conclude that

p(MO(p,-)) =0

and it follows that p € BMO(C™). Theorem 4.3 shows that H, and Hj are
bounded.

Suppose (b) holds, so H, and Hj are bounded. Then Theorem 4.3 shows that p €
BMO(C™) and according to Corollary 3.7 we have p € BO(C™). Using Corollary
2.2 it follows with the above defined set A(p) := {(l,5) € N2™ : |(L,5)| = p(p)}
that

P(2,2) = Qp(2,2) +7(2,2), where Qp(z,2):= Z a2 7 (4.10)
(1.4)€A(p)

and p(r) < p(p). Choose a € C™ with Q,(a,a) # 0. Because of p € BO(C™)
Lemma 3.5 shows that there is a constant C' > 0 such that

p(z, 2)| < [p(0,0)] + C(1 + [|z])).
Using (4.10) we obtain for all £ > 0
t*®|Qy(a,a)| < [p(ta,ta)| + |r(ta, ta)] < [3(0,0)] + C L+ tla] + |r(ta, ta)].
Because of p(r) < p(p) this leads to a contradiction for p(p) > 1. O

5. Compact Hankel operators

Finally, we prove (B) in section 1 about compact commutators [My, P] with
f € T(C™). We use the decomposition VMO(C™) = VO(C™) + T which was
proven in Corollary 3.7 and the fact that the Hankel operator H 7 is compact for
all f € VMO(C™) (see Theorem 5.2). We show that there are no non-constant
holomorphic symbols f such that H is compact.

Lemma 5.1. For r > 0 consider a function f: A, := C™\ B(0,r) — C with

|f(2)—f(w)|§CHz—w||, VZ,U)GAT’
where C' > 0 is independent of f. Then there is F' : C™ — C such that
(a) f(z) =F(2), V(z€A), (0) |F(z) — F(w)| <2C|z — w]|.

for all z,w e C™.

Proof. If f is real-valued, then define F(z) := inf{f(w) + C||z — w|| : w € A, }.
We conclude that (a) holds from f(z) < f(w) + C||z — w|| for all z,w € A,.
Moreover, from

Ffw)+C|lz1 —w|| < f(w)+Cllz2 — w||+ C||lz1 — 22l V21,20 €C™, we A,

it follows that |F(z1) — F(22)| < Cllz1 — 22| If f is complex-valued, then write
f = fi1+1ifs, where f1 and f5 are real-valued. Choose F; and Fy with

fi(z) = Fj(2), VzeA,, |Fj(z) = Fj(w)]| < Cllz—wl|, Vz,weC™
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for j = 1,2. Then (a) and (b) in Lemma 5.1 immediately follow with F := F} +iF;
and the triangle inequality. O

Theorem 5.2. Let f € VMO(C™). Then the Hankel operator Hj is compact.

Proof. Let € > 0. Applying Corollary 2.8 there is a number r > 0 such that
for the Berezin transform f and all z,w € A, := C™ \ B(0,r) the inequality
|f(2) = f(w)] < e]|z—w| holds. Due to Lemma 5.1 there is a function F : C"™ — C
such that

(i) F(z)=f(z) VzeA,, (i) |F(2) — F(w)| < 2|z —w|| Vz,weC™
Using Theorem 4.1 and (i) we conclude that Hp is bounded and there is a
constant C' > 0 such that ||Hp|| < 2eC. The function f — F has compact support

and so Hj; . is compact. Because € > 0 was arbitrary and with |[H; — Hf [l =
[HF| < 2eC we conclude that H is compact. O

Theorem 5.3. For f € T(C™) the following are equivalent

(a) The commutator [My, P] is compact,
b) H¢ and H7 are compact operators,
! i

(c) f € VMO(C™) =VO(C™) +I. In particular, f € VO(C™) and f — f € T.
Proof. The equivalence (a) < (b) follows from the equations in (4.7). Suppose (b)
holds. Then using Lemma 2.5, (b) we conclude that

IMO(f, 2)| < [|Hpor 1I* + | Hpor I = | Hpke|* + | H g2 ||* — 0, (z = o0)

because k, — 0 weakly in H2(C™, i) as 2 — o0o. The second part of (c) follows
from Corollary 3.7.

Suppose (¢) holds. Then f = f+(f — f) where f € VO(C™) and f— f € Z. Due
to Corollary 3.3 the Hankel operator H;_; is compact. Because f e yMo(ECm™)
we conclude from Theorem 5.2 that H 7 s compact and so Hy = H i H ffis
compact.

For a function f € VMO(C™) we also have f € VMO(C™) and the same
argument shows that Hy is compact. O

Ezample. Let f € T(C™) be an entire function such that Hy is compact. Then by
Corollary 4.4 we have f(z) = ao + (-,b) where b € C™. It follows that Hy = Hy,

and using Lemma 2.4 we obtain with </b\,/> = (b,

—~—

MO((b, ), A) = (b, ) [2(A) = [{b, \)[* = [|b]|*.
Applying Theorem 5.3 we conclude that b = 0 and so f = ag is constant.

Remark 5.4. A similar argument shows that for p € Pz, z] the Hankel operator
H,, is compact if and only if p is holomorphic. In this case we obtain H, = 0.
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