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A note on sums of five almost equal prime squares

By

CLAUS BAUER ¥)

Abstract. Let N be any sufficiently large positive integer satisfying the congruence
condition N = 5(mod 24). It is shown that there exists a 6 > 0 such that N can be written as

N =p? +p3 +p}+p; +pl,

N
Pj — 5

. . 1
where the p; are prime numbers and U is chosen as U = N=~9

=U, j=123,45,

1. Introduction and statement of results. One of Hua’s outstanding contributions to prime
number theory was to prove that every sufficiently large integer N = 5(mod 24) can be
written as the sum of five prime squares ([3]). Recently, Liu and Zhan ([6]) were able to
sharpen this result in the following way:

Theorem 1. Assume the Great Riemann Hypothesis. Denote by R(N,U) the number of
solutions of the Diophantine equation with prime variables

N = pt +p3 +p3 +pi + i,

N
Pj — 5

Then for U = N&¢_ we have

=U, j=1,2,3,4,5.

4605 Ut
R(N,U) = (N 1+ o0(1)),
(N,U) 7ol )N%logSN( (1)
where
X d aN
=3 3 Cean(=7)
q=1 a=1
. (a,g)=1
with
Z e
=1 q
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Here o(N) is the so-called singular series, which is convergent and satisfies o(N) > ¢ > 0 for
N =5(mod?24).

The proof uses the circle method. The unit interval is in the usual way split into major arcs
and minor arcs. The contribution derived from the minor arcs is estimated by the following
theorem which is also proved in [6]:

Theorem 2. Let € > 0 be arbitrary, | =y = x and

S (x,y;a) = Z A(n)e(n*a).

x<n = x+y

Then

1

1 x X qx !
1.1 S(x,y;a) <y — =+ S+
holds for a :g+/1, (a,q) =1 satisfying 1 = g = xy, |A| = %

We will show in this paper that Theorem 1 holds in a weaker form without assuming any
hypothesis on the distributions of the zeros of the L-functions. More precisely, we will prove:

Theorem. There exists a O > 0 such that every sufficiently large number N = 5 (mod 24)
can be written as

N = pt +p3 +p3 +pi + i,

N
Pi—\5

with U chosen as

§U7 j:1727374’5’

(12) U=N2

We will adopt a method developed by Liu and Tsang ([4], [5]) to our problem in order to
calculate the contribution of the major arcs. Because we follow very closely the work of Liu
and Tsang we will often not give all the details of the proof, but refer to the corresponding
arguments in [4] and [5]. The minor arcs will be treated by Theorem 2 as in [6] .

2. Notation and structure of the proof. The most part of our notations will be chosen
similar to the notations in [5]. Throughout this paper p always denotes a prime number;
c1, ¢2,. .. are effective positive constants and 6 denotes a small positive number, which will
be specified later. U is defined by (1.2) and further let

L=logN, P=N%, T=p/Nou o—nNT 4

where d; =104 6. It is a well known fact (see [1]) that there is at most one primitive
character to a modulus g = 7 for which the corresponding L-function has a zero in the
region

€1
log T’

(2.1) o<1—n(T), |t|=T, where n(T)=
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for a small constant c;. If there is such an exceptional character, it is real and we denote it
by j. The corresponding exceptional zero is real, simple and unique, and we denote it by 3.
If % exists, the zero-free region in (2.1) is widened to (see [2])

(&) ecy
22 T)= lo = .
(22) 1) =15g 7108 ((1ﬁ)10g T)
It is further known that for the exceptional modul 7 the estimates
c3 % €1
23 ———=1-f= —=
@3) #/2log 7 g log T

hold. For any x > N'/* and any ¥ mod g with ¢ = T we define:

S,x, T) = Z/ P
=T
where Z’ denotes the summation over all zeros = 3 + iy of L(s, ) lying inside the region:
=T
ly|=T,3 =B =1-n(T)and y(T) is defined in (2.2) or (2.1) according as f exists or not.
Let

_J(a-=p)log T, if B exists
24 o =1 :
24) (7) {17 otherwise.

Using these results it can be shown by applying Gallagher’s density estimate ([2]) that the
following lemma, which is shown in the same way as Lemma 2.1 in [4], is true.

Lemma 2.1. If x = N'/* there exists an absolute constant c4 such that for a sufficiently
small 6,

3D FS, 0 T) < Q3(T)exp (—ca/d),

q=T ymodg

where Z * denotes the summation over all primitive characters y (mod q).
xmodq

Further for any real A we set e(A) = ¢** and

IN IN
Ny =4/=——U, Ny=4/—+U
1 3 ) 2 5+ ’

which we use to define

S(a)="Y  Ame(’a), S a)= Y Alm)x(n)e(n’a),

Ni<n=N, Ni<n=N,

for every character y (modg) with g = T.

N 5 N
I(a) :IJ e(x*a)dx, I(a) :Nf P e(x*a) dx,

and

L(a) = 1}2 e(x’a) Z/ ¥ ld.

M bI=T
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For any character y mod ¢ let

q
We write Z* = Z , recall Q = NT~-'/* and define the major arcs and minor arcs as
follows:  a=1 a=1

q 1 .
M = Z*](a,q), I(a,q):{ﬁ_Q_q%jLQ_q}

1 1
The major arcs are obviously disjoint subintervals of {— 14+ —]. Writing

o' 0
(2.5) Inm)= Y Alm)...Ans),

Ny <n.ns =Ny

2 2
ni+ +n57N

we obtain
(2.6)

We will first treat the integral over the major arcs.

. . 1
3. Simplification of /;(N). For any a in I(a, q) we have a = ay n with |y = 70 In a well
known way we obtain 4 4

(3.1) S(a)=¢""(@) Y Cyla)Sy(n).
xmodq

Following the arguments in [4] we will now give four lemmas which we will use to simplify
the contribution of the major arcs. Their proofs will not always be given completely because
some of them can be shown in exactly the same way as Lemma 3.1. to 3.4. in [4].

Lemma 3.1. For any real a and any y mod q with q = T, we obtain
S,() = 8,,1(n) = 01() — L (m) + O((L + [y|N)N'2L>T™),
where
5 — {17 ifx =10 (modq)} o5 {17 ifx = %xo (modq)}
%o 0, otherwise, B 0, otherwise.

Proof. We note that for 2 = T = x the identity (see [1], p. 109 and p. 120.)

(3.2) > a(m)A(n) = 6% — a/‘fﬁf > Y R(x,q)

n=x [Imp| =T
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L2
is valid with R(x, q) < - + L and the summation is running over all zeros of L(s,y) with
0 = Re(p) =1,|Im(p)| = T and the possible Siegel — zero is excluded. Then Lemma 3.1.
follows by using partial summation if we note that

N> N, d
[ e(x*) d(R(x,q) < NY2I2T-1 4 ) |R(x,q)|’ae(x277).
N M

< (14 [pIN)NV2LATL,

Lemma 3.2. Let p = +1iy, 1/2 = f = 1. Then for any real 1 it is known that

min(Nf, In ‘%Nfl), if y =0,
NP1 P 7]
N, ) 1 2‘V| ) lf"?' 8.7'[N227
P~ldx <
1\7[1 e(rimx"dx NzNﬁ—2|y|—1/2 if || =y = ||
S ’ 8aN; — "' T 2aN}’
NF2 —17 1Yl < nl.
1 |77‘ lf 2J'L'N12 |77|

The proof of this lemma is literally the same as the one of Lemma 3.2 in [4].

Lemma 3.3. For any real n we obtain

~ 2 Bl
1) < min (N, N7 ), T0n) < min (V. ).

Ny, for any real n,
T

NN ()72, forNs2 < |nl = ~——,

Ln) < SN (Inl) for N, 7| 2an
T
“1ar-1
Ni°, <
N for 5 22N l-

Using lemma 3.2 this lemma is proved in exactly the same way as Lemma 3.3 in [4].

Lemma 3.4.

00 00 N 3(B+1)

7J‘ ‘I( | d’? <<N47 7Jﬁ | ( )| d’? < N4 I
Nl()

f Lm)|*dy < Nzg

Proof. The first estimate follows from Lemma 3.3, if we split up the integral in the
following way:
N6
fu|m<(rww+f|mwwwwr
In = N;? N2 <l
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The second estimate is proved in the same way whereas for the proof of the third estimate
we split the integral in the following way:

f\l Wom< [ Nydp+ [ NSN{S(ln))7dn

In = N;? N;2<n| éhfv%
NlO NZ NlO
—4 74 2 2

21\'2 <lnl

We now simplify /;(N) in the same way as it is done in [4]. Set

G(a,q,n) ZC

ymodgq
and

H(a7 q, 77) = Cq (a)l(’?) -0 CXXU (a)i(ﬂ) - G(Ll, q, 77)7

{ 1, if 7lg, }
04 = .
0, otherwise.

For any a = g +n € I(a,q) we obtain by applying Lemma 3.1 to (3.1)

where

S(a)=¢"'(q) (H(mq,’?) + 0( >+ ﬂIN)ICz(a)Nl/zLZT‘l»-

xmodgq

From the definition of the major arcs we see that |y|N = T"/* and trivially we find that

> Gla)

xmodgq

= ¢*(q).

So the O-term above is < ¢(q)N'/>L>T 3/, Together with the definition of /; (N) we obtain

=> aﬁ’s(Q)i*ff(*gl\’)

qg=P a=1

1/9Q 5

| e(=nN)(H(a.q,1) + O(6(q)NY2L2T=4))’ dy.
1/qQ

It is easily deduced from Lemma 3.3 that H(a, q,77) < ¢*(q)N'/2. Using this relation we see
that the grand error term in the last expression for I;(N) may be estimated by

<y 97 Z* (@)N'?) 6 (q)N" L2 T/ 4dy

q=P a=1 1/‘]Q
< N3¥2p2 = y*N-12pt

for a sufficiently small 6; and because of 0; = 104 6. Hence we reach

g 1/qQ
(33) L(N)=Y" ¢7( Z*e( ) e(—nN)H>(a,q,n) dp+O(U*N-/2p~1).

g=P a=1 1/40
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The next step will be to extend the range of integration in (3.3) to (=00, 00). The product
H(a,q,n) is a sum of (¢(q)+ 2)° terms of the form H E;, where each E; is

Cy(a)l(n), —04Cyy, (a)I(n) or —Cy(a)L,(n). We note that for |77| = (¢qQ)" among the
estimates for /(n),(n) and I, () in Lemma 3.3 the weakest one is the estimate in the middle
range for I,(n). So we obtain

HE dn < $(q)(9Q)"? | |E1E2E3Ey|d.
\nl>( )" j=1 -0

Because of Lemma 3.4 this is <<<;55(q)N(qQ)'/2. Thus extending the integration to
(=00, o), the total error induced is

< Y 0 @@ (0(g) + 270 (g PNPTE < NP2 = UINTI2P

for a sufficiently small §; and because of d; = 1049. So (3.3) can now be written as

(34) II(N): Z ¢*5(q)zq:*e(—$N)iT e(—ﬂN)HS(a,q,n) d7]+0(U4N71/2P71)_

q=P a=1 0

4. Final treatment of the major arcs. The following treatment of the major arcs is nearly
identitical with the procedure in [5]. For the treatment of the singular series we can

N
completely refer to [5]. We recall the definitions Ny = \/; -U, N, = \/§+ U. We use

the following lemma for the calculation of the contribution of the major arcs:

Lemma 4.1. For any complex numbers p; with 0 < Re(p;) = 1,j=1,...,5, it is known that

) 5 N> 5
(4.1) | e(~Nn) I ( [xr~le(n?) dx) dp=27N3 | TI(N3x) 22 dxy . dxa,
— 00 J=1\M 7 j=1
where
4
(4.2) xs =NN;? =) x
j=1
and
(4.3) D ={(x1,...,x4) : (Ni/N2)* = xp,...,x5 = 1}.
Furthermore the lower estimate
> 1/2
(4.4) [ TTx"7% ) dxy .. .dxy > UPN2
g \Jj=1

holds.

Proof. (4.1) is shown in exactly the same way as (3.15) in [5]. For the proof of (4.4) we
note that because of (4.2) the condition for x5 in (4.3) is equivalent to

N — N2
(4.5) ——1 = Zx] .
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We now define the region 2; by

N — N?
@1:{(x1,...,x4): (Ni/N2Y = x1,..0 00 = 1}

4N3

and show that it lies in 2. Taking into account that % —1 < 0 we see from (4.3) and (4.5)
2

that the lower bounds of &; are equal to those of &. This together with the relation

4 N 5
NoN N+ U-U

4NZ
: gN + 8\/§U +4U?

shows that &, lies in . Using xj*l/2 = 1 we find that

5 4 Y 2\*
f(l_[xil/z)dxl...dMé f( x; 1/2> dxy...dxs = (ALN]ZI—(%—;) )
2 \j=1 7, \J=1 2

<1

4
Nosnyt (108U - s02
= ( 1) — > U4N‘2,

4N? 4N?
which proves (4.4).
We know from the definition of H(a, q,) that H>(a,q,7) is a sum of 3° terms which can
be divided into three groups:

Ti: the term (Cq(a)](n))S,
T,: the 211 terms each of which has at least one G(a,q,7) as factor,
T: the remaining 31 terms.

We further write fori =1,2,3

M; = Z $7>(q) Z*e(_i]\m) | e(—=Nn) {sum of the terms in 7;} dn,
q=P a=1 -

from which we deduce by using (3.4)
(4.6) L(N) = My 4+ M, + M3 + O(U*N~'2p71).

We also define

3 5
(4.7) Py = % [ <1‘[ x]-_1/2> dxi ...dxy,
9

ZX1(”1)~~X5(”5): Z x1(n) ... xs(ns),

(q) 1 §2n1,....n5 =q,(nj9)=1

n? +...+n§ =N (modq)

and

P22 1 forp=2,
@)

sp) = ¢*5(p)p(z:) 1 for p = 3.
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Without further mentioning it we will make use of the fact that H s(p) > 1. Finally we know
from (4.10) in [5] that

(4.8) Hs(p = oi¢ > (oF Zl

plF

holds, where 0 = 1,4 and 2 for 2/ 7, 2 || 7 and 4|7 respectively. We will now give estimates for
the respective contribution of the M; to I;(N) from which we can easily calculate the
contribution of the major arcs. We first have

“9) My =2 [[s(p) +OWNP log® P),
P

the proof of which is literally the same as the one of Lemma 4.1 in [5]. The next estimates are
given by

(4.10) M; < N3i 'log P

and

(4.11) My +Ms > Q2 [[s(p) + ON*Plog™P).
p

(4.10) corresponds to Lemma 4.2 b) in [5]. If 3 does not exist the term M3 does not appear
and (4.11) follows from (4.9) and the definition of Q. In the other case we follow the proof of
Lemma 4.3 in [5] and derive in exactly the same way

My + M; = oip~(o7) ] stp) NZZJ( ”2>

)= 9
(4.12) wn=t

5 -
x (Hu — 7)) (N3x) P2 ) dxy .. dxy + O(N*2P~log ®P).

=1

\_/

IIV

Taking into account that for x; € & there is x; we obtain

2
L
N
5 5 .
(H(l — 1) (N3) # ”)) [Ta -~
j=1 j=1
Using the mean value theorem of differential calculus we further obtain

1 _N{;_l > (1—p)log Ny > (1—pB)log T = Q.

Thus we can conclude from (4.12)

‘\m’l%

(4.13) My + M5 > Qoi¢(0f) [ sp) j(]‘[ x‘/2> + O(N*2P-11og®P),
(pr)=1 (o) Z

which together with (4.7) and (4.8) proves (4.11). The contribution of M, is estimated in the
same way as the corresponding term in [5]. Thus we reach

(4.14) My < @exp (—c/v/01)20 [[s(p) + ON*2P "log“p).
p
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Finally we combine the above estimates and obtain a lower bound for /;(N). For the error
term in (4.9). (4.11) and (4.14) the estimate

(4.15) N*2pog®p < U*N-12p~12

holds because of <~51 = 1040. We distinguish two cases:
a) 7 > P13 or 8 does not exist. Using (4.6), (4.9), (4.10), (4.14), (4.15) and 0; = 1040 we
obtain for a sufficiently small J;

1
L(N) = 52 [Is() + OW*N-2P~/*10g P).
P
Finally we derive from (4.4) and (4.7)

(4.16) L(N) > U*N7V2,
b) 7 = P13, Using (4.6), (4.11), (4.14) and (4.15) we see

1
L(N) = 595% [Is) + oU*N-12P7172),
P
From (2.3) we conclude
Q= (1-PB)log T = cslog T(#*log?F) ' > P~ 1/210g 2P,

from which we deduce

(4.17) L(N) > U*N~V2p~5/%10g ~10p,
5. The minor arcs. Applying (1.1) we obtain

sup [S(a)| < U™

aem

S+t +

1 N1/4 N2/3 QN1/2
(P Uz

1/4
) < Ultepl/A4
Now we can estimate I,(N) by

1
(5.1) < sup |S(a) [[S(a)|*da < UTep-1/AU2He = UAN-12P3/13,
aem 0
where in the the last step we have used
P71/4 = U172£N71/2P73/13-
This is easily seen to be correct because of 104 = d; and thus
Path — N9 — N2 = N0l N2,
The theorem follows from (2.6), (4.16), (4.17) and (5.1).

Remark. The author wants to thank Prof. Dr. T. Zhan and Dr. J. Y. Liu for
encouragement and valuable advice and the referee for his suggestions.
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