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Abstract. Nittka gave an efficient criterion on a form defined on L2(€2)
which implies that the associated semigroup is Ly-invariant for some given

€ (1, 00). We extend this criterion to the Hilbert space valued L2 (2, H).
As an application, we consider elliptic systems of purely second order.
Our main result shows that the induced semigroup is L,-contractive for
all p € [p—,py] for some 1 < p_ < 2 < py < 0.
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1. Introduction. Let (S;);~0 be a Co-semigroup on Lo (Q), with Q C R, which
is associated with a closed sesquilinear form. Ouhabaz [16] gave a convenient
criterion on the form characterising when the semigroup is L-contractive. It
is more complicated to describe L,-contractivity if 1 < p < co. The reason
is the fact that there is no explicit formula which describes the orthogonal
projection from Lo (§2) to the closed convex set {u € La(Q) : |ull, < 1} if
1<p<ooandp#2.

Nonetheless, Nittka [15] succeeded to overcome the difficulty by a structural
analysis and developed an efficient criterion for the L,-contractivity of a Co-
semigroup on Lo (€2) which is associated with a form.

The purpose of this paper is twofold. Our first aim is to present Nittka’s
result. We do this within the more general setting of the vector-valued space
L2(Q, H), where H is a Hilbert space. The result is the following.

Theorem 1.1. Let (Q, B, 1) be a o-finite measure space. Let H be a Hilbert
space. Fiz p € (1,00). Define

C = {u € Lo(Q H) N Ly( H) : |[ull . < 1}
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Let P be the orthogonal projection of Lo(S), H) onto C. Let V be a Hilbert space
which is continuously and densely embedded in Lo(Q2, H). Let a: V xV — C
be a continuous elliptic sesquilinear form, let A be the operator in Lo (Q, H)
associated with a, and let S be the semigroup generated by —A. Then the
following are equivalent.

(1) ||StU||LP(Q7H) < ||UHLP(Q’H) for allu € Ly(QQ, H)N Ly(Q2, H) and t > 0.
(i) PV CV and Rea(u, |[ul/% "sgnu) > 0 for all u € V with |jul|% " sgnu €
V.

Our proof in Sect. 2 is slightly different from Nittka’s since we exploit the
strict convexity of the space L,(€, H) for all 1 < p < oo, which we prove in
Appendix B.

Our second aim is to apply the criterion to purely second order Hilbert
space valued elliptic operators with Neumann boundary conditions. They gen-
erate a contractive Cp-semigroup (S¢)i=o on Lo(2, H). Of particular interest
are systems, that is, H = C?. In Sect.3, we show that there is an interval
[p—,p4], with 1 < p_ < 2 < p; < 00, such that the semigroup S extends to a
contractive Cop-semigroup on L, (2, H) for all p € [p_, p4]. To prove the needed
estimates, we use a chain rule formula, which is quite delicate and will be
proved in Appendix A. In [2], related results are obtained and further interest-
ing references are given. In the scalar case, our results may be compared with
Cialdea—Maz’ya [7], who introduced an algebraic version of L,-dissipativity
and presented an algebraic characterisation for scalar-valued elliptic opera-
tors. This algebraic characterisation was refined by Carbonaro-Dragicevié¢ [6]
and they used the result of Nittka to describe contractive Cy-semigroups on
L,(2) via the notion that they called p-ellipticity.

2. Nittka’s criterion for L,-contractivity. Let (2,3, 1) be a o-finite measure
space. Let H be a Hilbert space. For all p € [1,00), we write L, = L,(Q2, H).
If u € Ly, then we write ||ull, = [|ulz, @ m) and [[ul|z: Q@ — R is the function
from €2 into R such that

[l z () = ()|

for all € Q. Further we write H = Ly = Lo(Q2, H). Throughout this paper,
we fix p € (1,00). Define

C={ueHNLy:|ull, <1}

Clearly C' is convex and it follows from Fatou’s lemma that C is closed in H.
Let P: H — C be the orthogonal projection. For all u € H, define

N(u)={h € H:Re(h,v—u)y <0 forall veC}.

Then N(u) is a closed cone in H with 0 € N(u). We state an easy property
regarding C' and N (u).

Lemma 2.1. For all f € 'H, there ezist unique u € C and h € N(u) such that
f=u+h. Actually, u= Pf.



Vol. 121 (2023) Nittka’s invariance criterion 733

Proof. Let u = Pf and h = f — Pf. Then v € C and Re (h,v — u)y =
Re(f — Pf,v— Pf)y <0 for all v € C. This proves existence. Let also @ € C
and h € N (i) be such that f = @+ h. Then Re (h, @ — u)y < 0 and similarly
Re (h,u — @)y < 0. Hence Re (h — h, @ — u)y < 0. Since h — h = @ — u, this
implies that Re ||h — A|3, < 0 and the statement follows. O

If u: Q — H is a function, then define sgnu: Q2 — H by
1 .
(sgnu)(z) = {Omu u(@) if u(@) # 0,

if u(z) =0.
Note that sgnu = lim.|ou. pointwise, where the function u.: Q@ — H is
defined by wu.(z) = W u(x). Hence sgnu is (Bochner) measurable if
u(x H €

u is (Bochner) measurable. Then also ||ul/%; ' sgnwu is (Bochner) measurable
whenever u is (Bochner) measurable.

For a description of N(u), we use that L,(Q, H) is strictly convex. See
Appendix B for a proof. Recall that a Banach space E is called strictly convex
if for all ¢, € E with ||¢||g = 1 = ||n||g and & # n, it follows that ||+7||g < 2.

Lemma 2.2. Let E be a Banach space. Assume that E* is strictly convex and let
x € E. Then there exists a unique f € E* such that Re f(z) = ||z]|% = || f||%- -
This unique f satisfies f(x) = ||z|%.

Proof. The existence of an f € E* such that f(z) = [|z[|% = | f||%- is a well-
known consequence of the Hahn—Banach theorem. For the uniqueness, we may
assume without loss of generality that ||z||[g = 1. Suppose also g € E* with

Reg(z) = ||z|% = |lg||%. and g # f. Define h = 5 (f +g). Then ||Al|g- < 1 by
the strict convexity of £*. But then

1 = 1 Re (f(z) + g(2)) = Reh() < [hl]- [la]ls < 1.
This is a contradiction. 0

Now we are able to give a characterisation for N (u).

Proposition 2.3. Let u € C. Then the following are equivalent.
(i) N(u) # {0}

(i) Jlull, =1 and |[ul/% " sgnu € H.

If these conditions are valid, then N(u) = {t |ul% " sgnu:t € [0,00)}.

Proof. ‘(ii)=(i)’. Let v € C. Then the Cauchy-Schwarz inequality and the
Holder inequality give

Re ([Jull%; sgnu, v)y < / lullz o e
Q

—1)p’ 1/17/
< ([ 1) o,
Q

< Jullp” =1 =Re (lullfy " sgnu, u)s.
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So [|ul/® " sgnu € N(u) and {t||ul/%; ' sgnwu : t € [0,00)} € N(u). In particu-
lar, N(u) # {0}.

‘(i)=-(ii)’. We first show that ||u|, = 1. Suppose that [Ju|, < 1. Let h €
N(u). Let w € LoNL, with |Jw||, < 1—|ul|,. Then u+w € C. Since h € N(u),
one deduces that Re (h,w)y < 0. Because Ly N L, is dense in H, it follows
that h = 0. Hence (i) implies that ||ul|, = 1.

Nextlet h € N(u) with h # 0. If v € Lo(Q2, H)NL,(Q2, H), then Re (h, v)y <
llv|l, Re (h,u)w. So h € Ly (Q, H) and [|h|,y < Re(h,u)n. If Re(h,u)y =0,
then [|h||,» = 0 and h = 0, which is a contradiction. So Re (h, u) # 0. Multi-
plying h with a strictly positive constant, we may assume that Re (h, u)y = 1.
Then

[Pl <1 =Re (h,u)p < [|Allp [[ullp < [[llp-
So [[hllyy =1 =Re (h,u) = Re (h,u)r, xr,- We proved that
Re <h’u>Lp/><Lp = ||h||;2;/ = ”u”zz)

On the other hand,

’
—1 p —1)p’
[ty sl = [ = [ ai =1,
Q Q Q

so [|lul|% t sgnu € L, and furthermore

2
1 -1
Re (lulfy senw i, e, = [ Jully =1 = lulfy senad] =l
Q

By Lemma 2.2, we obtain that ||u|% "sgnu = h € H. Moreover, N(u) C
{t|Jul/ " sgnu : t € [0,00)}. O

Let V be a Hilbert space that is continuously and densely embedded in
H = La(Q,H). Let a: V x ¥V — C be a sesquilinear form such that a is
continuous, that is, there is an M > 0 such that

la(u, v)| < M [|ully [Jo]lv
for all u,v € V, and a is elliptic, that is, there are p > 0 and w € R such that
Re a(u, u) +w ||ull3; = g Jull} (1)
for all w € V. Then there is a unique operator A in H whose graph is
graph (A) = {(u, f) v €V, f € H, and a(u,v) = (f,v)y for all v € V}.

We call A the operator associated with the form a. Then — A generates a holo-
morphic Cp-semigroup (Si)i>o in H satisfying ||S; |l —n < et for all £ > 0,
where w is as in (1).

Proof of Theorem 1.1. ‘(i)=-(ii)’. It follows from [16, Theorem 2.2 1)=-2)], that
PV C Vand Rea(Pf, f—Pf) > 0forall f € V. Since |[ul/% " sgnu € Lo(, H)
by assumption, one deduces that

[ty = [ty s s sgnw)s < .
Q Q
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So u € L,. Without loss of generality, we may assume that |lul|, = 1. Then
ue C and ||ull " sgnu € H, so |lul% " sgnu € N(u) by Proposition 2.3. Set
f=u+|ul sgnu € V € H. Then the uniqueness of Lemma 2.1 gives
u = Pf. Consequently Rea(u, |[ul|%; " sgnu) = Rea(Pf, f — Pf) > 0.
‘(ii)=(i)’. Let v € V. We shall show that Rea(Pv,v — Pv) > 0. If v € C,
then this is trivial, so we may assume that v € C. Set u = Pv and h = v — w.
Then h € N(u) by Lemma 2.1. Also h # 0, so Proposition 2.3 implies that
|ull, = 1 and [Jul|% " sgnu € H. Moreover, there exists a t € [0, 00) such that
h = t||u|\%_1 sgnu. Then ¢ # 0. Since v = Pv € PV C V by assumption,
one deduces that Jul /2t sgnu = +(v —u) € V. Hence Rea(Pv,v — Pv) =
tRea(u, |[ul/% " sgnu) > 0. Now it follows from [17, Theorem 2.2 2)=-1)], that
S.C C C’ for all ¢ > 0. This obviously implies statement (i). O

3. Application to Hilbert space valued parabolic problems. Let 2 C R? be
an open set. Let H be a separable Hilbert space. For all k,l € {1,...,d},
let cx: @ — L(H) be a bounded function such that = — (cp(z)&,n)g is
measurable from 2 into C for all £, € H. Let u > 0. We assume that

d
Rezckz ) &€k m >ﬂZ||€kHH

k=1

for all x € Q and &;1,...,&4 € H. Further let M > 0 be such that

ZHZCM & <M2Z||5k||H
k=1 I[I=1

for all z € Q and &1,...,&; € H. For simplicity, we consider Neumann bound-
ary conditions. Define V = HY(Q, H) and a: V x V — C by

d
atwv) = Y / (exa () (Or) (z), (O4v) (2)) i d.

k=1,

Then a is a continuous elliptic sesquilinear form. Let A be the operator asso-
ciated with a and let S be the semigroup generated by —A.

Theorem 3.1. Let p € (1,00) and suppose that
-2 — 22
2=+ [

Then S extends consistently to a contraction semigroup in L,(Q2, H).

Note that the condition in Theorem 3.1 is invariant by taking the dual
exponent, that is, if p € (1,00) satisfies the condition, then so does ¢, where
% + % = 1. If one is satisfied with some small interval, 1 < p_ <2 < p; < ©
such that S is Ly-contractive for all p € [p_,p], then a significantly easier
and less technical proof than the following can be given.
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Proof. Using duality, without loss of generality, we may assume that p > 2.
We argue as in [7], [12], and [11]. Let u € H*(Q, H). For all n € N, define

2
Un (HU'HH An)u, wp= (HUHI})L[ A nQ) u, and xp = ]1[|‘u‘|11:1*2<n2]-

If follows from Proposition A.1 (cf. [4, Theorems 3.3 and 4.2]) that v,,w, €
H(Q, H) with

Vo, =n (1 — xn) Vu+ xn ||uHH (Vu+ 222 (V||ul i) sgnu), and
Vawn = 02 (1 — xn) Y+ o |Jull > (vu +(p—2) (V|ullz)sgn u). 2)
Note that xn [|[vn|lzr = xn lul2/?. Hence

1
(1 - xn) Vu = — (1= xn) Vo,

Xollonllf V= (Vo — 252 (VannH)sgnvn) and
Vw, =n (1 —xn) Vo, + Xn ||11n|\H (an + B2 2 (V||vn||H)sgnvn).
Therefore, for almost all x € €2, one obtains
d
Z Re (Ckl alu, 8kwn)H
k=1
d
= (]1 — Xn) Z Re (Ckl 8lu, n&kvn)H
k=1
d p=2
X Y Re(eut [oally? O, (Ova+ 252 @ullvallir) senen ) )
k=1
d
= (]1 — Xn) Z Re (Ckl 611}”, 8kvn)H

k=1

d
+Xn Z Re (cu (awn - pTTQ (Ollvnll =) sgnvn),
k=1
(Bkvn + 252 @kllvalli) sgnva )
d

Re (k1 Orvn, Opvn) i + ijz Xn Re ((cur = ¢ii) Ovn, (Okllvn | ) sgnvn) o
I=1

=

-(52 ) (et (Dul[vn 1) sgn v, (Ollvnll 1) 50 vn)

> (u—anr 2w (152)” )Z 10kvalr,
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where we used that ZZ=1 1Ok |vn | 2] < ZZ=1 |Okvn % and ||sgnv, ||z < 1 by
Lemma A.5. By the assumption on p, we obtain that
d

Z Re (cx 6lu,8kwn)H >0

k=1

almost everywhere. This is for all n € N.
Next take the limit n — oo and use (2). Then

d
> Re (e Oy, [[ull5r 2 (Oxu+ (p — 2) (Okl|ull o) sgnu)) g > 0 (3)
k=1

almost everywhere.
We assume from now on that in addition |u|/? >u € V. Let k € {1,...,d}.
We shall show that 8k(\|u||’[’{2 u) = fr almost everywhere, where

Jie = Il (B + (0 = 2) Dullull ) sgn ).

Write r = 2% € (2,00) and let ¢ € (1,2) be such that § + 1 = %. Since
Jull57 " € La(9), one deduces that [,([ully >)" = [o(lult')? < co. So
lull ™ € Lr(). It n € N, then n® (1 = xn) [|Opullar < (1= x0n) full 1Okull

and hence (2) gives
Ownllar < el (ks + (0 — 2) |0 lull ). (4)

Note that the right hand side of (4) does not depend on n and is an element
of Ly(). Also limdpw, = fi almost everywhere. Hence lim dyw, = fi in
L,(Q, H). Tt is easy to see that limw,, = ||ul/%; * u in Ly(Q, H) since ||ul% > u €
Ly(2,H). Let ¢ € C°(Q, H). Then

/(3k(||u||§1_2u)a¢)H = —/(HUIIZ_QUﬁW)H = — lim [ (wn,Op)n

Q Q h @
= nlingo (OkWn, @) = /(fk,so)H-
Q Q

So Ak (||ul/%;? u) = fi almost everywhere.
Finally (3) implies that
d

Z Re (et Oyu, Oy (|[ullhy > w) i > 0
k=1

almost everywhere. Integrating over Q gives Re a(u, ||ul[%; > u) > 0. Now apply
Theorem 1.1.

By the way, with some more work, one can show that lim,, . Oxw, = fi
in La(Q, H). O

We comment on related results concerning the extension of S to a not nec-
essarily contractive Cy-semigroup on L,. Hofmann, Mayboroda, and Mclntosh
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[14] showed for H = C, Q = R?, and d > 3 that the semigroup S can be ex-
tended to a Cp-semigroup on L,(2) if p € [dz—fQ, d2—_‘12}. Conversely, for each
pe (1, dQ—fQ) U (dQ—fQ, 00), they construct an elliptic operator such that the asso-
ciated semigroup (St)¢~o cannot be extended consistently to a bounded semi-
group L,(R?). The extension results are based on off-diagonal Davies-Gaffney
estimates; cf. also [8, Theorem 25|, and [5, Section 3.1].

Davies had already pointed out in the introduction of [9] that his proof of [8,
Theorem 25] extends to the vector-valued case. Moreover, by (9, Theorem 10],
for each p € (1, %) U (24, 00), there exists an elliptic system with H = C,
Q=R d >3, and with real symmetric coefficients such that the operator S;
does not continuously extend to L, for any ¢t > 0.

We shall give a corresponding extension result for our setting, which we ob-
tain readily from standard estimates and tracing Auscher’s proof of [5, Propo-

sition 3.2].
Theorem 3.2. Suppose @ = R or Q C R? is open and Lipschitz. Then the

semigroup S extends to a Co-semigroup with growth bound 0 on L,(Q2, H) for

all p € (%,dz—_‘g) if d >3 and for allp € (1,00) if d € {1,2}.

Proof. We outline the arguments for d > 3. Let w > 0. Since a is elliptic for
this choice of w, by [18, Lemma 3.6.2 (3.60)] there exists a ¢ > 0 such that
et Syully < ct=Y?|jul|y for all u € Ly(, H) and t > 0. Combining this
with the Sobolev embedding V < Lgg/(4-2), we obtain that there exists a
C > 0 such that

™" Syullaay(a—2) < CtH2 ||ull2
for all uw € Lo(Q2, H) and t > 0. Then, by duality,
le™" Sfulla < Ct 2 |[ull2a(as2)

for all u € Lo N Lag/(a42) and t > 0.

Next, it follows from inspection of the proof of [5, Proposition 3.2] that
the parts (2) and (3) of [5, Proposition 3.2] extend to the vector-valued case
and general open sets €2, and are applicable to the Cp-semigroup (T})¢>0 given
by T; = e~“! S}. For the extension of part (2), one needs Lo—Ly off-diagonal
estimates that can be obtained, for example, as in [3, Theorem 4.2]. More-
over, the vector-valued version of the Riesz—Thorin theorem follows from [13,
Lemma 2.6]. Let g € (dz—fy ). By the extension of [5, Proposition 3.2 (2)],
we obtain that 7" satisfies L,—L off-diagonal estimates, which implies by the
extension of [5, Proposition 3.2 (3)] that T is uniformly bounded in L,. Du-
alizing again, we obtain the statement for all p € (2, dQ—_dQ) By considering the
adjoint form, applying the result for p > 2, and taking the dual, we obtain the

statement for p € (dQ—fQ, 2). O

Remark 3.3. We comment on the admissible ranges for p in Theorems 3.1
and 3.2. Remarkably, it is possible that the range given in Theorem 3.1 for
contractive extensions is larger than the one given in Theorem 3.2 for exten-
sions with growth bound 0. For example, this occurs if {7 > %, say, and d is
sufficiently large.
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A. The derivative of a truncation. Let Q C R? be an open set. Let H be a
Hilbert space. The principal aim in this section is to prove the following chain
rule.

Proposition A.1. Let o > 0 and M > 0. Let u € HY(Q,H). Define v =
(lull% A M)u. Then v e HY(Q, H) and

kv = aLyjjy)js < ||ull 7 Re (sgnw, Opu) g sgnu + ([|ullg A M) Oru
forall ke {1,...,d}.

The proof involves some work. We use the following approximation by
smooth functions.

Lemma A.2. The space C*(Q, H) N H*(Q, H) is dense in H*(Q, H).
Proof. This follows as in the scalar case in [1, Theorem 3.17]. O
For an approximation argument, the next lemma is useful.

Lemma A.3. For alln € N, let u,, € H'(Q, H). Let u,g1,...,94 € La2(Q2, H).
Suppose that limu,, = u in Ly(Q, H) and lim Ogu,, = gx in Lo(Q, H) for all
ke{l,...,d}. Thenu e HY(Q, H) and Opu = gy, for all k € {1,...,d}.

Proof. Let ¢ € C°(Q). Let k € {1,...,d}. Then — [, un Opp = [ (Orun) ¢
for all n € N. Then the lemma follows by taking the limit n — oo. O

For the proof of Proposition A.1, we shall approximate the function t — t“A
M with smooth functions. The next technical lemma gives sufficient conditions
in order to apply a chain rule. Note that we do not require that f’ is bounded.

Lemma A4. Let f € C'(0,00). Suppose that f is bounded, lim o f(t) = 0,
lims ot f'(t) = 0, and sup,e(g 00y t|f'(t)] < o0. Let u € H'(Q, H). Define
v=f(||ul|zg)u. Thenve H*(Q, H) and
5 lulla f'(lullz) Re (sgnu, Opu) g sgnu + f(||ull ) Orw on [u # 0],
v =
g 0 on [u= 0],

forall ke {1,...,d}.

Proof. Let ¢ > 0. Define v. = f(y/||ul|% +¢e)u. If u € C*(Q, H), then v, €
C (9, H) and
Re (u,@ku)H 1

Ove = JIlulZ, + ¢ £/ llull3 + ) u
= Il Vil Val% +e lullf +e

+(/ llullfy +€) Oru (6)

for all k € {1,...,d}. Then, by Lemmas A.2 and A.3, this extends to all
u € HY(Q, H) and (6) is valid. Finally choose ¢ = L, take the limit n — oo,

and use again Lemma A.3. O

Now we are able to prove Proposition A.1.
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Proof of Proposition A.1. For all n € N, define f,, f: (0,00) — R by
£ty =2 A M,

falt) = 3 (¢ + /M2 + 071 — /Jto = M2+ n1).

Then lim f,,(¢) = f(¢) for all ¢ € (0,00). Also lim o fr () = 0 for all n € N.
Let n € N. Then f,, € C'(0,00) and

t“—M )
V(e = M)+t
for all t € (0, 00). In particular, f, is increasing. Moreover, lim,|o ¢ f;,(t) = 0. In
addition, lim,, ., f,(t) = at* 1 if t* < M and lim,,_ f/(t) = 0 if t* > M.
Let n € Nand ¢ € (0,00). If t* < M, then
M —te
V(= M)2+n1

fa®) = Sat(1-

0§tf,’L(t):%at°‘(1+ )gaM.

Alternatively, if t* > M, then
t*— M+ M
V(= M)2+n1

0<tfit)y=1%a

(V=207 0T - m — MP)

M
< %a(l—&- n71>\/n*1 <la(l+M).
So
sup sup t|fi(t)] <a(M+1). (7)
neN te(0,00)

If n € Nand t € (0,00), then

0< fult) <L+ M+1—/|to = M[Z+n-1)

<L d M1t -M)=L+ft)<i+Mm
So f, is bounded and even

sup sup [fu(0)] <+ M. )
neNte(0,00)
Hence all conditions of Lemma A.4 are satisfied for all the f,.

Let u € HY(Q, H). For all n € N, define v,, = f,,(u) u. Then v, € HY(Q, H)
with derivatives given by (5) and f replaced by f,. The Lebesgue dominated
convergence theorem and the uniform bounds (8) and (7) imply that limv,, = v
and lim v, = Opv in Lo(Q, H) for all k € {1,...,d}. Then the proposition
follows from Lemma A.3. O

Almost the same arguments show that the norm of an H'(§), H)-function
is in the Sobolev space.

Lemma A.5. Letu € H*(Q, H). Then ||ul|y € H'(Q) and furthermore Ox||ull x
= Re (sgnu, dxu) g for all k € {1,...,d}.



Vol. 121 (2023) Nittka’s invariance criterion 741

Proof. Lete > 0.Forallu € H*(Q, H), define uz: Q2 — H by u. = /[[ull% + €.
Let o € CX(Q) and k € {1,...,d}. If u € C>®(, H) N H'(Q, H), then

u. € C*°(Q, H) with classical partial derivative Opu. = W. Hence
Re (u, Ogu
- o= [ReleOt, ()

Q Q

Using approximation and Lemma A.2, it follows that (9) is valid for all u €
H'(Q, H). Finally choose ¢ = 1 and take the limit n — oco. O

B. Strict convexity of L, (2, H). As before, let (2, B, ) be a o-finite measure
space and H a Hilbert space. In order to make this paper more self-contained,
we give a direct proof of the following theorem. At the end of this section, we
give information on more general results.

Theorem B.1. Let p € (1,00) and u,v € Ly(Q, H) with ||ull, = |lv|, = 1. If
lu+ v, =2, then u=v.

For the proof of Theorem B.1, we use three lemmas.

Lemma B.2. Let &, € H and suppose that ||E+n||g = |||z + 0l If n #0,
then there is a A € [0,00) such that & = A .

Proof. The equality implies that Re (§,n)g = ||€]| & ||n]|z. This gives equality
in the Cauchy—Schwarz inequality. Hence there is a A € C such that & = An.
Using again the equality, one deduces that |1 + A] = |A] + 1 and therefore
A €0, 00). O

Let p,q € (1,00) and suppose that ]l) + % =1.

Lemma B.3. Let a,b € [0,00). Then ab < ]%ap + % b? and the equality holds if
and only if a? = b4.

Proof. This follows from the concavity of the logarithm. O

Lemma B.4. Let f € L,(Q) and g € L,(Q2) with f # 0 and g # 0. Suppose that
fQ Ifllgl = Hf”Lp(Q) HgHLq(Q)- Then there exists a A > 0 such that | f|P = X|g|?
almost everywhere.

Proof. We may assume that || f||,) =1 = [gllz,@)- Then
_ 1 1 1 1 o
1= [1f1lel < [ 1157 + 11ol" = 21 lzyio + 3 gl = 1.
Q Q

Hence |f|[g] = 5 [f[? + ; [9|* almost everywhere and the lemma follows from
Lemma B.3. g

Proof of Theorem B.1. Using the triangle inequality on H, twice the Holder
inequality on L,(2), and the assumption ||u + v, = ||ulp + ||v]|p, one obtains
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Juct ol = [ -+ ol -+ ol

Q
-1 -1
< [l ol + [ ol -+ ol

Q Q
1/p -1 l/q
< ()™ ([ o)
Q Q
1/p _1o\ 14
(1) ([ e o)
Q Q

p/q g Tl D
= (lully +lvllp) llu + ol = [lu+vlg = [lu+o]}

Hence all three inequalities are equalities. The first gives that there is a null-
set N1 C Q such that ||u+ v||g(z) = |lullg(z) + ||v]|g(x) for all x € Q\N;
such that ||u + v||g(z) # 0. Recall that |lull, = 1, so |Ju|lg # 0 € L,(Q).
Similarly ||u+v|z # 0 € L,(Q) and therefore |[u+v||% " # 0 € Ly (). Hence
the equality in the first Holder inequality together with Lemma B.4 gives that
there are a > 0 and a null-set No C € such that ||ul|}(z) = « Hu+ng_1)q(az)
for all z € Q\Ny. Similarly there are § > 0 and a null-set N3 C  such that
ol () = Blu+ v||§§71)q(ac) for all x € Q\Ns. Hence |[ullf, = ~v|v[}, on
Q\ (N2 U N3), where v = §. Since [Jul|, = [[v], = 1, one deduces that v = 1.

Now let © € Q\ (N1 U N2 U N3). If |lu + v||g(x) = 0, then subsequently
ullfy(z) = alju+ v||gfl)q(x) = 0 and u(x) = 0. Similarly v(z) = 0 and
therefore u(z) = v(z). Alternatively, if |u + v| g (x) # 0, then v(z) # 0 since

x & Nj. Moreover, |u(z) + v(z)||lg = |lu(@)||g + ||v(z)||z and Lemma B.2
implies that there is a A € [0,00) such that u(z) = Av(z). But ||u(z)|, =
|lo(x)||%; and hence u(z) = v(z). Therefore u = v almost everywhere. O

With a small modification, one can prove that L, (2, E) is strictly convex if
E is strictly convex and p € (1, 00). In fact, a stronger result than Theorem B.1
is known. The space L, (2, E) is uniformly convex if E is uniformly convex and
p € (1,00). See [10] and the references therein.
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