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On the isospectral problem of the Camassa—Holm equation
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Abstract. In this paper, we study an isospectral problem of a weighted
Sturm-Liouville equation with the Dirichlet boundary condition, which
lies at the basis of the integrability of the Camassa—Holm equation. We
will choose the general setting of the so-called measure differential equa-
tions to solve the optimization problem on eigenvalues. It should be no-
ticed that our technique in this paper can be used to deal with other
self-adjoint boundary conditions.
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1. Introduction. This paper is concerned with the spectral problem

1
y' = gy +Am(t)y, (L.1)
with the Dirichlet boundary condition
y(0) =y(1) =0, (1.2)

where m € C~ := {f € C[0,1] : f(¥t) <0, f(t) # 0}. It is well known that
problem (1.1)—(1.2) has a sequence of simple eigenvalues 0 < A1 (m) < Az2(m) <
<o < Ag(m) — 400. See [6].

The weighted Sturm-Liouville problem (1.1) lies at the basis of the inte-
grability of a celebrated recent model for shallow water waves, which is the
following Camassa—Holm equation:

Ut — Uppt + ULy = 2UpUgy + Ullyre (1.3)

where u is the fluid velocity in the z-direction. See [2,3]. To study the integra-
bility of the Camassa—Holm equation (1.3), a key point is to understand the
associated spectral problem (1.1) with a certain boundary condition, where
m = U — Uy, is the weight function. During the last two decades, there are
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many important and interesting results obtained for the Camassa—Holm equa-
tion. See [1,2,5,7,8,14,16,17] and the references therein. For results on the
inverse spectral problems and the corresponding isospectral problems of the
Camassa—Holm equation, we can refer to [9,11-13].

The purpose of this paper is to investigate an isospectral problem as fol-
lows:

1
I(h) :=inf ¢ — /m(t) dt:me Ey p, (1.4)
0

where h € (0, +00) is fixed and
Ep:={meC™ : \y(m) = h}. (1.5)

In order to solve the minimization problem (1.4), we will choose the general set-
ting of the so-called measure differential equations (MDEs) to understand the
eigenvalues, eigenfunctions, and the minimization. Based on the relationship
between ODEs and MDEs, we will obtain the conclusion about the minimiza-
tion problem (1.4) as follows.

Theorem 1.1. It holds that
1
coth 1
h

Moreover, the infimum I(h) is never attained for any function of Ej,.

I(h) = Vh € (0 4 o0). (1.6)

It should be remarked that our technique in this paper can be used to deal
with other self-adjoint boundary conditions, such as the Neumann boundary
condition.

This paper is organized as follows. In Section 2, we will recall some basic
facts on measure differential equations, which are used in the proof of the main
results. In Section 3, based on the relationship between ODEs and MDEs, we
will prove Theorem 1.1.

2. Preliminaries. In order to solve the minimization problem (1.4), we will
extend in this section the lowest eigenvalues Ai(m) of (1.1) to the case of
MDESs.

Let C = C[0,1] be the space of continuous functions on [0, 1]. Hence, the
dual space of C is the space of Radon measures on [0, 1]:

Mo = Mo([0,1],R) := (C, ]| - [l)",

where measures v € My are normalized as v(0+) = 0. See [4] and also [19] for
more details on measures.
For a fixed measure

e My :={veMpy:v+#0and v(t) is decreasing on [0, 1]},

we study the following second order measure differential equation

1
dy® = 1Y dt + Ay du(t), (2.1)
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with the Dirichlet boundary condition (1.2). Here we are adopting the notation
from [20]. It should be remarked that the measure differential equation (2.1)
reduces to the ordinary differential equation (1.1) when the measure p € Mg
is continuously differentiable with the derivative m(¢t) = p/(t) € C~.

As for the lowest eigenvalue for the equation (2.1) with the boundary con-
dition (1.2), we can establish the following minimization characterization by
similar arguments as those in [19].

Lemma 2.1. Given 1 € M|, we have the following minimization characteri-
zation of the lowest eigenvalue Ai(u) for the problems (2.1) and (1.2):

()= min Jioay w?dt+ 1 Jo u?dt
' ueW;*\{0} - f[071] u? dp(t) ,

(2.2)

where
Wy? = {z € WH[0,1] : 2(0) = 2(1) = 0}.

Notice that M is a Banach space equipped with the norm

k—1
1l = sup {Z lp(tivr) —pt)| : 0=t <ty <--- <ty =1, k€ N} )
i=0

the total variation of u(t) on [0,1]. Meanwhile, as a dual space, Mg can be

equipped with the weak* topology w*. We say that u,, is weakly* convergent
to po if and only if it holds that

lim [ fdu, = / fduo

n—oo

[0,1] [0,1]

for any f € C. Generally, a measure can not be a limit of smooth measures in
the norm ||-||v. However, we have the following fact about the weak* topology.

Lemma 2.2 ([18]). For fized o € My, there is a sequence of smooth measures
{pn} CC® N My satisfying

Hn — fo N (MO_,W*)
and Jnllv = o llv-

Based on the continuous dependence of solutions of initial value problems of
measure differential equations in measures [20] and the characterization (2.2),
we can prove the continuity of the eigenvalue A\ (1) in measures p € My with
respect to w* topologies.

Lemma 2.3. The following nonlinear functional is continuous:
Mg, w) =R, p— A(p).

Meanwhile, the normalized eigenfunctions y1(t, u), corresponding to A1 () with

yi(t,p) >0 and [[ys (-, p)l]2 = 1,
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are continuous in p with respect to w* topologies, i.e.,
Mg, w") = (€ |- llse): =31 ),
and
(M(;’w*) - (Wl’Qﬂw)v = yi(s, @)

3. Main results. At first, we will extend problem (1.4) to the measure case.
More precisely, let

Ep:={pe My : \(p) =h} (3.1)

We will study the following minimization problem on measure differential equa-
tions

I(h) :=inf { — / du(t):p € Ep 3. (3.2)
[0,1]

Using the continuity in Lemma 2.3, we will obtain that the minimal value I(h)
defined in (3.2) can be attained by some measure in Ej,.

Lemma 3.1. Given h € (0,+00), there exists some measure iy, € Ey, such that
= [ duntt) = 0.
[0,1]

Proof. Since I(h) > 0, one can take a minimizing sequence {un} 2 C E)
such that
- / dpn(t) — j(h)
(0,1]
as n — +00. Since pip, € Mg, then [|nllv = — [jg ydpn(t) < C for alln > 1
for some constant C' > 0. According to the Banach-Alaoglu theorem, there is

a subsequence {fin, }g;"l’ C {pn ¥, such that p,, — pp in (Mg, w*) for some
wr € Mg. Then, we have

= [ dm® == tim [ dun, () = T,
[0,1] [0,1]

Furthermore, it holds that pj, € My ~and A1(pn) = limg— 400 A1 (ftn,, ) = h by
Lemma 2.3, which implies that u, € Ej. O

In order to describe the minimizing measures, we denote the (unit) Dirac
measure J, located at a € (0,1) as follows:

_J0 fortel0,a),
0a(t) = {1 for ¢t € [a, 1].

Notice that —rd, € Mg for » > 0. To find the solution of problem (3.2),
we solve the following measure differential equation

dy® = iy dt + Ay d(—rda(t)), telo,1], (3:3)
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with the initial condition

(¥(0),3°(0)) = (y0,20) € R*. (3.4)
Denote

1

The solution (y(t),y®(t)) of equation (3.3) is

Yo cos wt + zp S‘T;‘*’t
( > < —wyo sinwt + 2 cos wt for ¢ [07 a),
— 5, Snw(t—a)
Jocosw(t —a) 20", for t € [a, 1],
—wipsinw(t — a) + Zgcosw(t — a)
with

sinwa

(9o, 20) = (yo coswa + 2o , —wYo sinwa + 2o cos wa — )\T@0> .

To obtain eigenvalues of problems (2.1)—(1.2), we only need to study the
solution of the equaiton (2.1) with the initial value (yo,20) = (0,1). In this
case,

, COSWa — Ar

(90, 20) = ( for a € (0,1).

sinwa sinwa >

Denote
O(a, ) == y(1).
By the above formulas, we get that

. . . .
O(a,\) = o cosw(l —a) + (coswa - )\TSIHwa> sinw(l — a)
w » -
_ sin w B /\Tsinwa sinw(l — a)'
Now A € C is an eigenvalue of (2.1)—(1.2) if and only if X satisfies
O(a, \) =

which implies that

wsinw

)\1(77’(%) =

rsinwasinw(l —a)’

Especially, when a = 1/2, we have that

wsinw coth i

)\1(77’51/2) = 2w =

TSI 5 r

Moreover, we have the following properties of the function A;(—7rd,) by con-
sidering a € (0,1) as a variable.

Lemma 3.2. It holds that

coth £
inf A (=rd,) = A\ (=10 = 4.
ae%,n 1(=70a) (=7 1/2)
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Proof. By (3.5), it is easy to check that A\ (—rd,) is strictly decreasing in
a € (0,1/2] and A\ (—rd1—q) = A1(—7d,) for all a € (0,1). O

Lemma 3.3. For fized p € My with — fo 0,1] w(t) = r, there exists a € (0,1)
such that

A1(p) = A1(=7q).
Proof. Assuming p € My with — f[o 1 du(t) = r, we have ||u||v = r since p(t)

is decreasing. Taking an eigenfunction y(t) corresponding to A;(u), it holds
that

f[071] (v)?dt + f[o,l] y? dt

M) = (3.6)
- f[O,l] y2 d/u’(t)
Notice that there exists a € (0,1) such that
Iyl = e o(0)] = [y(a)]
Then, the denominator in (3.6) can be estimated as
0<— [ v du(®) < W@ lullv = @)r =~ [ 1 d(=ra,(e)
[0,1] [0,1]
(3.7)

Now (3.6) and (3.7) imply that Aj(p) satisfies

f[o e Y2dt+ 1 f[o I y2dt
B —f[01yd —7rda(t))

in which the last inequality holds by the minimization characterization (2.2). O

Z )\1(*7/.5(1)7

As for the minimizer of the minimization problem (3.2), we have the fol-
lowing conclusion.

Lemma 3.4. Let py, € Ej, be a minimizer as in Lemma 3.1 and ||pn||v = 7.
It holds that
coth i

Th

h =X (pun) = A (=rnd1/2) =

Furthermore, we have pp = —rpdy /2.

Proof. Because of Lemmas 3.2 and 3.3, we have

1
coth 1

Th

= A1(=7nd1y2) < Ai(pn) = h.
It remains to show this is in fact an equality. Otherwise, let us suppose the
strict inequality
1
coth 7

Th

< h.
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Then there exists some 0 < r < rj, such that

th 1
CO 1 :h

A1(=1d1/2) =

Hence, it holds that —rd,/, € Ej,. However, || — ror2llv =7 <rh = |pallv,
which contradicts the assumption that uj, is a minimizer.

Furthermore, assume that y(¢; ) is an eigenfunction with respect to Ay ()
and [y(a; pn)| = maxe(o,1) [y(t; pn)| for some a € (0,1). So, we have

f[01 tUh)dt+4f01]y t,uh)dt

(

Al(ﬂh) B f[o 1] t s Mk d//['h(t)
(

(

f[Ol "(t; n) th+4fo1]y2taﬂh)
= Joo.y Y2 (8 ) d(=7r1da(t))
f[01 "(t; n))? At + 1 fio.1 ¥7 (s pon) dt
= Jio. ¥* (& pn) d(=70d12(t))
which implies the identity
f[o,1] (v (t; )2 At + § f[m] Y2 (t; ) dt
= Jio. 2 (& pn) d(=7101/2(t))

since A1 (in) = A1 (—7rd1/2).
Hence, y(t; up) is also an eigenfunction with respect to Ai(—7401/2) and
then pp, = —rpdy /2. =

> AM(=rpdy)2),

= A1 (=7nd12)

Now, we can solve the minimization problem (3.2) on measure differential
equations.

Theorem 3.1. It holds that
- coth *
I(h) = 4
(h) .

Mgreover, the minimal value f(h) can be attained and only attained by p =
—I(h)dy/2.

Vh € (04 o0).

Proof. 1t follows from Lemma 3.4 that the minimizer p, = —7r40, /5 with 7, =
COt; %. So, we have that
~ coth 1
I(h):|‘—7’h51/2||v:7”h= h 4

Finally, we will show the main conclusion of this paper.

Proof of Theorem 1.1. Notice that m € Ej, induces an absolutely continuous
measure

L (1) := / m(s)ds € M.
0,¢]
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Furthermore, we have — f[o 1 f[o iy m(s) ds and Ax(pm) = Ad1(m) = h.
Hence, it holds that

f(h)sf/dum:—/mw)ds

[0,1] [0,1]
which yields
I(h) < I(h).

1 ~
On the other hand, we know that the minimizer u;, = —Cof L0102 € Ej
and

I(h)=— / dpp(s).
[0,1]
By Lemma 2.2, there exists a sequence of smooth measures {yu, } C C>*°NMy
satisfying
Hn — Hh in (Mo_,w*),

and ||pnllv = |lhlli = rr- Let @, = ;\\IEZ”gun Then A (¢n) = A1 (up) = h.

Therefore, by Lemma 2.3, we obtain

I(h) = — / dup(s) = lim — / dpin(s) = lim _Aalpn) Ai(#n)ul (s)ds

[0,1] [0,1] (0,1]
A1 (pn) / / A1(pn)
= n(s)ds > lim =1I(h
A ) (s) A ) (h) = 1(h)

We have thus proved the equality 7(h) = I(h). Hence, the proof is complete
by Theorem 3.1. O

Remark 3.1. Notice that for every h > 0, one has m(t) € Ej, if and only if
hm(t) € E;. Hence, it follows that for every h > 0,

which is consistent with the formula (1.6) in Theorem 1.1.
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