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Existence of solutions to the nonlinear Schrodinger equation on
locally finite graphs
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Abstract. Let G = (V, E) be a locally finite connected graph and A be the
usual graph Laplacian operator. According to Lin and Yang (Rev. Mat.
Complut., 2022), using calculus of variations from local to global, we
establish the existence of solutions to the nonlinear Schrédinger equation
on locally finite graphs, say —Au + hu = fe*, x € V. In particular,
we suppose that there exist positive constants po and wo such that the
measure u(x) > po for z € V and symmetric weight wszy > wo for all
zy € E, if h and f satisfy distinct certain assumptions, we prove that the
above-mentioned equation has a strictly negative solution by three cases.
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1. Introduction. As a graph is a discrete generalization of Euclidean space
or Riemann manifold, there have been increasingly more studies on partial
differential equations on graphs. For the discrete Laplacian case, in a series of
works [5-7], by variational methods, Grigor’yan, Lin, and Yang solved several
elliptic differential equations on graphs, say the Kazdan—Warner equation, the
Yamabe equation, and the Schrédinger equation. Since then, Huang et al.
[10] studied the existence of solutions to the mean field equation with Dirac
delta mass on finite graphs, Hou and Sun [12] discussed the Chern—Simons—
Higgs equation on graphs, Han et al. [8] investigated the nonlinear biharmonic
equations on graphs. Using the new method of Brouwer degree, Sun and Wang
[20] proved the existence of solutions to the Kazdan—Warner equation on a
connected finite graph, a similar topic was studied by Liu [19] on the mean
field equation on graphs. The Kazdan—Warner equation was generalized by Ge
and Jiang [4] to certain infinite graphs. Recently, many results also have been
obtained for parabolic equations on graphs. The blow-up phenomenon of the
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semilinear heat equation was studied by Lin and Wu [13,21] on locally finite
graphs. Lin and Yang [16] proposed a heat flow for the mean field equation on
finite graphs. For other related works, we refer the reader to [1-3,9,11,14,17,
18,23] and the references therein.

Now we recall some definitions on a graph. Let G = (V, E) be a connected
graph, where V' denotes the vertex set and E denotes the edge set. Throughout
this paper, we always assume that G satisfies the following conditions (a) —(d).

(a) (Locally finite) For any = € V, there exist only finitely many vertices

y € V such that zy € E.

(b) (Connected) For any x,y € V, there exist only finitely many edges con-

necting = and y.

(¢) (Symmetric weight) For any =,y € V, let w : V x V — R be a positive
symmetric weight, i.e., wzy > 0 and wyy = Wyz.

(d) (Positive finite measure) u: V' — R™ defines a positive finite measure on
the graph G.

For any function u : V' — R, the Laplacian of u is defined as

LSy (uly) — u(a), (L)

Au(z) = m

where y ~ x means xy € E. The associated gradient form of two functions u
and v reads

1

T(u,v)(x) = 2(0)

Y wayluly) — ul@))(v(y) — v(x)).

y~z

Denote I'(u) = I'(u,u), and the length of the gradient of u is represented by

[Vu|(z) = /T (u)(z) = <2M1(90) Zwmy(u(y) — u(x))2> 2‘ (1.2)

Yy~

The integral of a function f on V is denoted by

[ fan= ¥ uta)s o).

Vv zeV
For any p > 1, the Lebesgue space L? (V) on the graph G is

LP(V)={u:V =R, |ullsv) <+oo}, 1<p< oo,
where the norm of u € LP(V) is given as
!
bl = { e O, 125 <
sup ey |u(z)l, p = oo

For any x,y € V, since the graph G is connected, there exists a shortest
path v connecting x and y. The distance between x and y is defined by p(z, y),
which means the number of edges belonging to the shortest path . That is, if
zy € E, then p(z, y) = 1, if zy ¢ E, without loss of generality, we may choose
a shortest path v = {x1, 22, ..., Tx41} connecting x and y, then p(z, y) = k.
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Throughout this paper, we fix a vertex O € V, and denote the distance function
between x and O by

p(x) = p(z, O).
For any integer k > 0, an open ball centered at O with radius k is denoted by
By ={xeV: plx) <k},
and the boundary of By is written as
OBy, ={z eV : p(x) =k}

For any fixed k, Grigor’yan et al. [6] defined the Sobolev space W**(By,) and
its norm by

Wy (By) = {u : BLUOB, — R ‘ ulop, =0, / |Vul?dp < +oo}
By

and

oy = ([ 9] " (13)
By

In fact, VVO1 ’Q(Bk) is exactly a finite-dimensional linear space since the bounded
domain By only contains finitely many vertices. Hence WO1 ’2(Bk) = RIBxl
where |By| is the number of points in Bj. Then Wy?(By) is pre-compact,
precisely, if {u;} is a bounded sequence in Wo'?(By), then there exists some
u € W,?(By) such that up to a subsequence {u;} converges to u in W,*(By).

Let us recall another important Sobolev space W12(V') and its norm, which
are defined by

wh3(v) = {u V=R ’/(|Vu|2 +u?)dp < +oo}
1%

and
e, = [ 070 2y ) (1.4)
1%

Let Co(V) = {u: V — R | supp u C V is a finite vertex set}, and Wp'?(V)
be the completion of C.(V) under the norm as in (1.4). Obvioubly7 Wt 2( V) and
Wol’z(V) are Hilbert spaces with the inner product (u, v) fv (u,v) + uv) dp.
Let h(z) > hg > 0 for all € V, we define the space of functions

H = {u e WlA(V) /V(|Vu\2 + hu?)dp < oo} (1.5)

with the norm

Nl=

fulle = ([ 092 + mya) " (16)
)
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It is clear that 7 is a Hilbert space with the inner product

(u, V) = /(F(u,v) + huv)dp, Y u, ve A
%

Unlike Wy ?(Byg), W2(V) and ## are infinite-dimensional spaces.

In 2017, using variational methods, Grigor’yan, Lin, and Yang [7] solved
the Schrédinger equation —Awu + hu = f(x, u) on locally finite graphs. They
proposed an exact assumption on the locally finite graph G, namely, there
exists a constant ;o > 0 satisfying

,U,((E) > Ko, Ve V7 (17)

which makes the Sobolev embedding theorems hold on the graph. Moreover, if
h and f satisfy certain distinct assumptions, they proved that the equation has
a strictly positive solution. After that, Zhang and Zhao [22] studied a certain
nonlinear Schrodinger equation —Au+ (Aa(z) +1)u = |u|P~1u on locally finite
graphs. Via the Nehari method, if a(x) satisfies certain assumptions, for any
A > 1, the above equation admits a ground state solution.

More recently, Lin and Yang [15] proposed another assumption for a lo-
cally finite graph G, under which they obtained a broader Sobolev embedding
theorem on a locally finite graph G. Instead of (1.7), they assumed that there
exists a constant wg > 0 such that

Way > woy, Vaye kL. (1.8)

They established a method of calculus of variations from local to global and
solved the linear Schrédinger equation —Awu + hu = f, where f : V — R
is a function on G. Following the lines of them, in this paper, we consider
the existence of solutions to the following nonlinear Schrodinger equation on
locally finite graphs, say

—Au+ hu= fe*,inV,
u € A,

where A is the Laplacian operator given as in (1.1), and J# is defined as in
(1.5). Now we are ready to state our main result.

(1.9)

Theorem 1.1. Let G = (V, E) be a graph satisfying conditions (a) — (d). Sup-
pose that there exists a constant hg > 0 such that h(x) > hg for all x € V.
Let f be a negative function on G, i.e., f(z) <0 for all x € V. If any of the
following three assumptions is satisfied:

(i) fe LY (V)nL*(V);

(ii) p(x) > po >0 forallz €V, f e LY(V);

(iil) wgy > wo > 0 for allzy € E, for somep > 1 and any fized vertex O € V,
the distance function p € LP(V), and f € LY(V) N LP/®P=1(V); then the
equation (1.9) has a strictly negative solution.

The remaining parts of this paper are organized as follows: In Section 2,
we introduce the Sobolev embedding theorems on locally finite graphs, which
come from [7,15] directly. Furthermore, we give a specific proof of the Sobolev
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embedding theorem on I/VO1 2 (Bg)- In Section 1.1, we use the variational meth-
ods to prove Theorem 1.1, then we deduce an interesting special corollary.
Throughout this paper, we do not distinguish a sequence and its subsequence,
and use C to denote absolute constants without distinguishing them even in
the same line.

2. Sobolev embedding theorem. For any integer & > 0, we define another norm
for Wy*(By) by

el 2(s,) = ( / (IVuf? + hu2>du) , (2.1)

By

which is different from the norm as in (1.3). And we have the following lemma.

Lemma 2.1. For any fized integer k > 0, the norm (2.1) is equivalent to that
in (1.3).

Proof. For any fixed integer k > 0, denote the norm (1.3) as ”u”;VULZ(Bk)'
Since h(z) is a known coeflicient function and By contains only finitely many

vertices, h(z) has a maximum value on By, which is recorded as hg\]f[). In [24],
Zhu proved the Poincaré inequality on finite graph

/quu < C’k/|Vu|2dp, Vou e Wo?(By), (2.2)
By By
where CY, is a constant depending on k. Inserting (2.2) into (2.1), we have
k
Jullyg iy = [T+t < [Vl + 102
Bk Bk
< (14 hg\lf[)ck) / |Vul2du
By
k *
= (L+ 15 O ullidpagp,)- (23)

On the other hand, noting that hu? > hou? > 0 and u(z) > 0 for all x € By,
one has

lallifyemy = D w@)|Val(@) < Y ple) (Vul(@) + hiz)u®(z)

r€ By, rE By,
= ||u||?/1/012(3k) (24)
Combining (2.3) and (2.4), the lemma is proved. O

Remark 2.2. What is interesting about the graph is that W, *(By) is the Eu-
clidean space RIPx! and the norms of Euclidean space are equivalent, which is
consistent with Lemma 2.1 on graphs.

For our convenience, we use the norm (2.1) to prove the Sobolev embedding
theorem on T/Vol’2 (By), note that Lin and Yang [15] did not give a specific proof.



408 Z. Qiu AND Y. Liu Arch. Math.

Theorem 2.3. Let G = (V, E) be a graph satisfying conditions (a) — (d). For
any u € Wol’Q(Bk) and any 1 < q < oo, there exists a positive constant C
depending only on q, hg, and By such that

lullzaqvy < Cllullyrs,). (2.5)

Proof. For any x € By and u € Wol’Q(Bk), noting that By, contains only finitely
many vertices, by (1.2) and (2.1), we obtain

ho min p(a)u(@) < 3 p(@)h(z)e (@)

z€ By,

zEBy,
<3 > S wnluly) ~ ) + 3 e

= ||u||%/[/01’2(Bk)’

which implies
1
Jallzo ey < (ho min w(@)~* lull ez,

Thus, for any 1 < ¢ < +00, we have

(Z M(I)IU(x)q> < (ho min (@) 2 V(B ullyr s,

r€ By,
x€ By,

where V/(Bg) = >, cp, #(z) denotes the volume of Bj. Therefore (2.5) holds.
O

Along the lines of [7,15], we introduce the following Sobolev embedding
theorems on W2(V). The proof process of Theorem 2.4 and 2.5 is given
based on the locally finite graph case, and the theorems are also correct for
W, %(B}), so we will not give the finite-dimensional form of them.

Theorem 2.4 (Sobolev embedding theorem 1, [7]). Let G = (V, E) be a graph
satisfying conditions (a) — (d). If (1.7) is satisfied, then for any u € W12(V)
and any 2 < q < oo, there exists a positive constant C' depending only on g
and po satisfying ||ullevy < Cllullwr2vy. In particular,

1
lull Lo vy < —=llullwr2qv).

v Ho
Theorem 2.5 (Sobolev embedding theorem 2, [15]). Let G = (V, E) be a graph
satisfying conditions (a) — (d). If (1.8) is satisfied, and the distance function
p(z) € LP(V') for some p > 0, then for any u € WH2(V), there ewists a positive
constant C' depending only on wy, p, and pu(O) such that

llullLe vy < CllpllLe vy + DlJullwz vy
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3. Proof of Theorem 1.1. In this section, we shall prove Theorem 1.1 by using
a direct variational method from local to global. Fix a point O € V', denote the
distance between x and O by p(x). Then we can define the open ball on the
graph centered at O with radius k € ZT, we write By = {zr € V : p(z) < k}.
For fixed k, let W, %(By) be the Sobolev space with the norm (2.1).

Define a functional J, : Wol’2 (Bi) — R by

1
Jr(u) = 5/(\Vu|2 + hu?)dp — /fe“du, Y u e Wot?(By), (3.1)
By By
which is the variational functional corresponding to the equation (1.9) on
W (By).

Case (i). f € LY (V)N L3(V).

To begin with, we show that the functional (3.1) is bounded from below,
and then we give the result that its infimum can be achieved. Noting that
e* > u+ 1 holds for all v € R, and f(x) < 0 for all € V, we thus have
fe* < flu+1) <|fu|l+|f|. Using the Holder inequality, we obtain

5 :
el < 1o lolzzca = ([ £2an) ([ oan)”
By, B

k

Due to f € L?(V) and f2 > 0, one has

B[ b < V/ Pin) : ( B/ u2du)é~ (3.2)

k

In view of h(x) > hg > 0 for all x € V, by the Young inequality and (3.2), we
deduce that

B{IfUIdu < \/%(V/fzdu)é(lg{hfdu)%
- ( / fgdu);( [+ |Vu|2>du)é

By

IN

i/(h@ﬂ + [Vul?)dp. (3.3)

By,

A
S|
<—
>
IS
=
_|_

Taking € = 1 and inserting (3.3) into (3.1), we have
1 1
Ji(u) > ZH“”%/VOLQ(B,C) - h*OHfHQL?(V) N flrory, YVueWo"?(By), (3.4)
which implies
1
Ji(u) = _%“f||i2(V) = 1fllr vy,

where we recall that f € L'(V)NL?(V) is a known coefficient function. Accord-
ingly, the right side of the inequality is a constant which does not depend on
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the radius k, that is, for any open ball centered at O, the variational functional
has the same lower bound. Denote

Ay = inf I (u),
’ UGW(IJI}'Z(Bk) (u)
obviously, 0 € Wo"?(B},), and J;(0) = fka fdp < || fllzrqvy < +oo, thus it
follows that

1
- h*0||f||2L2(V) = fllzr vy < A < fllorvy- (3.5)

Next we claim that the infimum Aj is reachable in W01’2(Bk). Noting that
{Ay} is a bounded sequence of numbers, for any fixed positive integer k, we

can take a sequence of functions {ugk)} in Wo'?(By) such that Jk(u;.k)) — Ay
as j — oo. For any € > 0, it follows from (3.4) and (3.5) that

1. 1
1 gz s = o 12y = Iy < e e < Df vy +e,

which implies that {ugk)} is bounded in Wy'?(B;). By taking into account
that Wo'?(By,) is pre-compact, there exists some uy, € Wy'?(By) such that up
to a subsequence {uﬁk)} converges to ug in Wy ?(By) under the norm (2.1).
Consequently, A = Ji(uk), and the critical function wy satisfies the Euler-
Lagrange equation

{ —Auy + hug, = fe*r in By,

Ur = 0, on 8Bk, (36)

then our claim is proved.
Now we are in position to characterize {uy} from local to global. Let u = uy
in (3.4), together with (3.5), we have

1
ol < 4 (84 o1y + 11w )

1
<4 (W + 2wy ). 1)

which yields that |lug||w,1.2(p,) < C for a constant C' independent of k. There-
fore, the critical functions {uy} all have the same upper bound. For any finite
set K C V, we can always find a sufficiently large k € Z* such that K C B;.
According to Theorem 2.3, it follows from (3.7) that

_1
ekl o ey < (homin (@) Juk 2, < C- (3.8)

Noting that {uy} is a sequence of functions defined on By |J 9By, we extend
the domain By |JOBy to V and obtain

o) = { g 2 € D (3.9)

Then (3.8) ensures that we can take the convergent subsequence of {uy} point
by point, and there exists a function u* on V such that {uy} converges to u*
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locally uniformly in V. Namely, for any fixed positive integer [,
klim up(z) =u(r), YaeDB.

Next we claim that u* € 7. In order to prove this, it suffices to show that u*
is equal to some function which is in J#. We prove this by verifying that the
weak convergent limit of {uy} in 2 is equal to u*. Using the norm (1.6), one
has

k]2 = / (Va2 + huid)dp

\4
= % DY way(urly) — uk(@)® + > pla)h(z)ui(z)

zeV y~z zeV
1
=1 Y enlnl) - w@)?
y~x, TEB
1
+ 5 Z Wry(uk(y) - Uk(x))z
y~x, rEOBy
+ 3 wle)h(a)id ()
rE By
y~x, rEBy € By,
< 2||uk||?/[/01'2(3k)'

Combining with (3.7), we deduce that {uy} defined as in (3.9) belongs to ¢
and is bounded in 7. By taking into account that . is a Hilbert space, there
exists some u € S such that up to a subsequence, {uy} converges to u weakly
in . That is to say, for any ¢ € C.(V),

/ upddp — / Uddu (3.10)
\%

1%

as k — 400. We select a special ¢(x) € C.(V) to verify u* = @. For any fixed
r1 €V, let

T = T,

¢($)={0: . (3.11)

Obviously, ¢(z) € C.(V). Inserting (3.11) into (3.10), it follows that uy(z1) —
u(x1) as k — +o0. Since x1 is arbitrary, convergence is true for all z € V. So we
have u(x) — u(x) for all z € V. By the uniqueness of limit, as a consequence,
u*(z) = u(z) for all x € V. This leads to u* € 2.

Finally, we shall prove that u* is a strictly negative solution of the equation
(1.9). Indeed, it follows from (3.6) that

—/Aukqﬁdu—i—/hukqbd,u: /fe“’“(bd,u, V¢ e C(V). (3.12)
v v

\4
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For any fixed 1 € V, let ¢ be as in (3.11) and k — 400 in (3.12), we have
—Au* (1) + h(z)u* (z1) = f(aq)e” @),

Since x; is arbitrary, u* is a solution of the equation (1.9). Next we prove that
u* is strictly negative satisfying u*(x) < 0 for all z € V| it suffices to show
that maxgey u*(z) < 0. Obviously, v*(x) # 0, suppose not, we have f(z) =0,
that would contradict the fact that f(z) < 0 for all € V. Therefore, we
suppose that there exists some xg € V satisfying u*(xg) = max ey u*(z) > 0.

If w*(xo) = maxzey w*(x) = 0, then by f(z¢) < 0, we have
—Au*(zg) = f(z0) < 0.

This is impossible, according to p(zg) > 0 and wg,, > 0, together with (1.1),
we have

—Au*(zg) = — L ] Z Waoyt”™ (y) > 0.

plo)

If u*(z9) = maxgzey u*(z) > 0, in view of h(zg) > 0 and f(xg) < 0, we then
have

—Au*(x0) = —h(zo)u*(x0) + f(xo)GU*(wo) < 0.

This is also impossible, it is clear that

LS oy (7 (9) — w*(20)) 2 0.

e
Yy~xo

Hence u*(z) < 0 for all € V. This gives the desired result.

Case (ii). p(x) > po >0 for all z € V, f € LY(V).

By Theorem 2.4, using the Sobolev embedding theorem, we have for any
u € Wy (By),

1
lullie ) < = el o,y

Similar to Case (i), by the Holder inequality and the Young inequality, one

has
[ tevdn< [1ruldu+ [ 151
By By By

< Nullpe syl fllzr e + 1l

1
< -

T VMo
1 1
< leullivol,z(Bk) + %llfﬂil(m + 1l vy (3.13)

lullwa 2 o 1 Loy + 1 [2r vy

Hence it follows from (3.1) and (3.13) that

1 1
Ji(u) = ZHU/H%/VOLQ(Bk) - %Hf”%l(v) —1flervys ¥ ue Wob(By).
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Then we obtain an analog of (3.5), that is,
1
- %Hf”%l(\/) = fllzrevy < Ak < fllrvy- (3.14)

Based on (3.14), our remaining part of the proof is a generalization of Case (i),
and we omit this part.

Case (iii). wyy > wo > 0 for all zy € E, for some p > 1 and any fixed
vertex O € V, the distance function p € LP(V), and f € LY (V)N LP/ =1 (V).
By Theorem 2.5, for any u € Wol’Z(Bk), there exists a positive constant C
depending only on wo, 1(O), and ||p||z»(v) such that

[ulle By < Cllully2(s,)-

Then we obtain

[ tevdn< [isulau+ [ 151
By By By

< ullzeso I f]] + 1l vy

L7oT (V)
< Clullgaqo 1, 21 gy + 1 l21cr)
1
< 1““”%1/01,2(30 + CHf”QL#(V) + 1l vy
Similar to Case (ii), for the variational functional Ji(u), one has
Lo 2
Tu(w) 2 Fllulliv,r2 s, — C||f|\L%(V) = I/l vy

and

- 2, = < Ag < :
CII s oy~ Il vy < Ak < D F 1wy
The remaining part of the proof is totally analogous to that of Case (i), and
we omit this part. This completely ends the proof of Theorem 1.1. 0

There is an interesting special result of Case (iii) in Theorem 1.1 as follows.

Corollary 3.1. Let G = (V, E) be a finite graph satisfying conditions (b) — (d).
Suppose that h(xz) > 0 and f(x) <0 for all x € V. Then the equation (1.9) on
the finite graph G has a strictly negative solution.

Proof. If G is a finite connected graph satisfying conditions (b) — (d), then V
only contains finitely many vertices. Therefore, there always exist constants
ho = mingey h(z) > 0 and wy = mingyep wyy > 0 such that h(z) > hy for
all z € V and wzy > wo > 0 for all zy € E. For any fixed vertex O € V,
noting that G is a finite connected graph, concerning the distance function
p(x) = p(x, O), we deduce that

lp(@)l[zo = max [p(2)| < +oo,



414 Z. Qiu AND Y. Liu Arch. Math.

which implies that p € L>(V). Furthermore, it always holds that

[151dn =3 uta)lsta)) < +o0
v eV
and f € LY(V).
As a consequence, by taking into account Case (#ii) in Theorem 1.1, we
deduce that the equation (1.9) has a strictly negative solution on the finite
graph G. 0
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