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On the growth behavior of partial quotients in continued
fractions

LEI SHANG AND MIN WU

Abstract. Let [a1(z), a2(x), as(x), .. .] be the continued fraction expansion
of an irrational number z € (0,1). It is known that for Lebesgue almost
all z € (0,1)\ Q,

lim inf M =0 and limsup M =1.

n—oo ogn n— o0 logn

In this note, the Baire classification and Hausdorff dimension of

n— oo

logan . logan
E(a,B):=42€(0,1)\Q: 1iminf0ga7(x) = q, hmsupm =4
logn n— o0 logn
for all a, 8 € [0,00] with a@ < 8 are studied. We prove that F(«, ) is
residual if and only if @« = 0 and 8 = oo, and the Hausdorff dimension of
E(a, ) is as follows:

1, a=0;

dimy E(a, §) = { 1/2, > 0.

Moreover, the Hausdorff dimension of the intersection of E(a, 3) and the
set of points with non-decreasing partial quotients is also provided.
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1. Introduction. For = € (0,1)\ Q, let [a1(x),az(x), as(x),...] be the contin-
ued fraction expansion of x, where a;(x), as(x), as(x), ... are positive integers,
and are called the partial quotients of x. See [9,12] for more information on
continued fractions.

One of the major problems in the study of continued fractions is to in-
vestigate the growth behavior of the partial quotients a,(z) for almost all
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z € (0,1) \ Q, see for example [5,7,8,10,11,15,17]. A central result in this
topic is the Borel-Bernstein theorem (see [1,2]), which states that for any
P :N— Rt theset {z €z € (0,1)\Q: ay(z) > 1(n) for infinitely many n’s}
has full or null Lebesgue measure according to whether the series > -, 1/1(n)
diverges or converges. Combining this with the fact that for any k& > 1,

1 2
ﬁgc{:ce(0,1)\((1):%(90)21@}gE\mzl,

where £ denotes the Lebesgue measure, we deduce that for Lebesgue almost
all z € (0,1)\ Q,

log ay, . log an,
liminf 22 _ 0 and limsup 284
n—oo log n n—oo 10g n

=1. (1.1)

Recently, Fang, Ma, and Song [5] showed that the set of points for which the
liminf in (1.1) is equal to a given positive real number has Hausdorff dimension
one-half; while the set of points such that the limsup in (1.1) is equal to a
given positive real number is of full Hausdorff dimension. These aforementioned
results say that the growth behavior of partial quotients is strange in the senses
of Lebesgue measure and Hausdorff dimension. To understand this well, we are
concerned with the subtle set of points for which the liminf and limsup in (1.1)
have different values. More precisely, for «, 5 € [0, 00] with a < 3, let

log a, log ay,
E(a,p) := {33 €(0,1)\Q: liminfw = a, limsupM = ﬂ} )
n— 00 ogn n—o00 IOg n
Our first result is the Baire classification of F(«, 3), which gives the “size”
of E(«, ) from a topological point of view.

Theorem 1.1. The set E(a, 3) is residual if and only if « =0 and = co.

Recall that a set is said to be of first category if it can be represented as
a countable union of nowhere dense sets. A set is residual if its complement
is of first category. In a certain sense, the sets of first category are consid-
ered to be “small” while the residual sets are treated to be “large” (see for
example [14]). Theorem 1.1 says that E(c, () is residual for the extreme case
a =0 and 8 = oo; otherwise it is of first category. In particular, E(0, 1) has
full Lebesgue measure, but is of first category. On the contrary, E(0,00) has
Lebesgue measure zero, but is residual.

Next we discuss the fractal “size” of E(q, ) by calculating its Hausdorff
dimension. Denote by dimy the Hausdorff dimension (see [3] for the definition).

Theorem 1.2. For a, 8 € [0, 00] with a < 3,

1, a=0;
5, o > 0.

From Theorem 1.1, we see that E(a, 3) for @« > 0 or 8 < oo is “small” in
the sense of Baire category. However, Theorem 1.2 means that these sets are
not that “small” since they have Hausdorff dimension at least one-half. We also
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point out that the Hausdorff dimension of F(«, ) is a function independent
of 3.

Let A :={z € (0,1)\Q : an(x) < apy1(z) Vn > 1}, namely the set of
points with non-decreasing partial quotients. It was shown in [15] that A has
Hausdorff dimension one-half (see also [11]). The authors of [6] proved that for
a € [0,00],

= a—1 (12)

log a,(x) a} 0, O<acxl
27 as>1

dimpg {w € A : liminf

n—00 log n

We will refine this result to the Hausdorfl dimension of the intersection of A
and E(a, ).

Theorem 1.3. For «, 3 € [0, 00] with a < 3,

0, 0<a<l:
dimyy (A N E(a, ﬁ)) =< a—1
2c0

The proofs of Theorems 1.1-1.3 will be given in the next section.

, o> 1.

2. Proofs of the main results. In this section, we will give the proofs of our

main results. To this end, we need the following notation. For (aq,...,a,) €
N let

I(a1,...,an) :={2€(0,1): a1(z) =a1,...,an(x) =an}.
It was shown in [9] that I,(ai,...,a,) is an interval with two rational end-
points.

2.1. Proof of Theorem 1.1. For simplicity, let I := (0,1)\Q. In the rest of this
section, the underlying topological space is T with the induced topology. For
a € [0, 00], put

E(a) = {:16E]I:liminfl()ga"(x):OZ}7

n—oo  logn

E(a) = {x el: limsupM =

n—o0 logn
1
E*(a) = {x €l:liminf ———— 08 an (@ }
n—00 logn
—x log a, (x

of
E(a)z{xeﬂzmnwp a}
E(a

n—oo  logn
and use E(a) to represent E(a) N E(a). Then E(a, 3) = )N E(B).

Lemma 2.1. For any a € [0,00], E(«) is dense in L.

Proof. We remark that for any a € [0, 0c], there exists z¢ € I such that

1
lim 08 an\%o) an(20) =«

n—oo  logn
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When « € [0, 00), take g = [01,02,...,0n,...] with o, :== [n®]; when a = o0,
take xg = [01,09,...,0n,...] with 7, := [e™]. Write
D(xg) := U {x €l:a,(z) =an(xo) Vn > K}.
K=1

Then D(zp) is dense in I. In fact, for y € I, we can find a sequence of points
in D(JJQ)

Yn = [al(y)7 ce 7an(y)7 an+1(x0), an+2(x0)7 c ']7
and y,, — y as n — oo. Note that D(zg) is a subset of E(«a), so E(«) is dense.
U

Since I is a Baire space, to prove that a set is residual, it is equivalent to
show that it contains a dense Gy subset, see for example [14, Theorem 9.2].
The method of the proof of the following result has been used by the authors
n [16].

Lemma 2.2. For any o € (0,00), E*(a) and E (o) are residual.

Proof. Let a € (0,00) be fixed. It follows from Lemma 2.1 that £*(«) and
E"(a) are dense. To prove that E*(a) and E () are residual, it suffices to
show that they are all G sets.

For E*(a), we see that

9=

k=1

BTI a’ k)?

T3
<

1
where B,,(«a, k) is given by

B, (o, k) == {a: el:an(z) < n°‘+1/k} .
We remark that each non-empty set B, (a, k) can be written as a countable

union of open sets in I. To be more precise,

I_na+1/kj

By(e,k)= U In(oy, ... on_1,7) NI,

Jj=1  (o1,...,0n—1)EN"—1

where I,(01,...,0,-1,7) N1 is open in I. Then E*(«) is a Gy set.
For E(a), we conclude that

E@= () (N U Balak),
k=|1/a]+1 N=1n=N

where En(mk) = {z €l:a,(z) >n*"*}. Since En(mk) is a countable
union of open sets in I, E (a) is a Gy set. O

We are now in a position to give the proof of Theorem 1.1.
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Proof of Theorem 1.1. For any K € N, we deduce from Lemma 2.2 that £*(1/K)
and E" (K) are residual. Note that
E*(0) = N¥_,E*(1/K) and E (00) = NE_E (K)
since the countable intersection of residual sets is also residual, we obtain that
E*(0) and E (c0) are residual. Consequently, E(0, c0) is residual.
By the definition of the set of first category, every subset of a set of first

category is also of first category. For @ > 0 or 8 < oo, each set E(a,3) is a
subset of the complement of F(0,0), and so E(a, ) is of first category. O

2.2. Proof of Theorem 1.2. We will use the following lemma to prove Theo-
rem 1.2 by choosing a suitable sequence {s,,}. See [13] for a general result.

Lemma 2.3 ([4, Lemma 3.2]). Let {s,} be a sequence of positive real numbers
such that s, — o0 as n — oo. Then
1
di el:s, <an, <28, Vn>1p=——
1mH{x Sn < ap(x) Sy Y > } 50

where n € [0,00] is given by

n = lim sup 108 $n+1
" e logsy+---+logs,”

Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. We first point out three known facts (case a = f):
dimy E(0,0) = 1 (Jarnik [10]); dimyg E(o, ) = 1/2if 0 < o < oo (Fang-Ma-
Song [5]); dimyg E(c0,00) = 1/2 which follows from dimy{x : a,(z) — oo} =
1/2 (Good [8]).

For the case a < 3, when o = 0, we remark that F(«, 8) has full Hausdorff
dimension, whose proof is the same as that of [5, Theorem 1.1]. So it remains
to deal with the cases: 0 < a < f < oo and 0 < a < 3 = o0.

Case (i) 0 < a < 8 < oo. For the upper bound of dimy E(«, 3), it follows
from [8] that

1
dimy E(e, ) < dimy {z € [ : ap(z) — co asn — oo} = 7

For the lower bound of dimg E(a, 3), we define s,, by n? for n = 2¥ and by
n® for other n’s. Then n® < s, < n” and n = 0. Write E := {rel:s, <
an(x) < 28, Vn > 1}. As a consequence of Lemma 2.3, dimg E = 1/2. Now it
suffices to claim that E is a subset of E(«a, ). In fact, for € E, we see that

log ap, log ap,
o < liminf 22 ®) & i cup 1089 _ g
n—0o0 ogn n—oo  logmn
and
1 1
im 08 Any +11T) Oy +1(7) =qa and lim 08 Ani \T) (2) =
k—oo log(ng + 1) k—oo  logny

Case (ii) 0 < o < f = o0. The proof is very similar to that of Case (i).
The upper bound follows from [8]. For the lower bound, we define 5, by e”
for n = 2¥ and by n® for other n’s. Then n® < 5, < e” and 7 = 0. Write



302 L. SHANG AND M. WU Arch. Math.

E .= {r €l:5, <ay(z) < 25,¥n > 1}. Then E is a subset of E(a,00). It
follows from Lemma 2.3 that dimy E(a, 00) > dimg E = 1/2. O

2.3. Proof of Theorem 1.3. To deal with A N E(«, ), we need to construct
a set of continued fractions such that not only they are in E(«, 3) but also
their partial quotients are non-decreasing. This can be done by the following
lemma.

Lemma 2.4 ([6, Lemma 3.4]). Let {t,,} be a sequence of positive real numbers
such that t,, — oo as m — o0o. Then
1

dimyg {z € I: mt,, < ap(z) < (m+1t, Ym > 1} = Tre

where & € [0, 00] is given by

21 !+ logt,,
& :=limsup og(m +1)! + log t1
m—oo  logty + -+ logt,,
We are going to prove Theorem 1.3.

Proof of Theorem 1.3. The upper bound follows from (1.2) and the fact that
our set in question is a subset of E(«).
For the lower bound, we only need to deal with the case a > 1. When
a = 3, the proof is a direct consequence of Lemma 2.4 by letting t,, = m®~!.
Assume a < (3. We are going to distinguish two cases 8 < oo and = oo.
Case (i) 1 < a < 8 < co. Let {my} be an increasing sequence of positive
integers such that mg = 1,

B—1 1

(Mpp1 — )P >m, ', and mflll > (mpyr — D+ mg_ .

Define

1= A1

—1
mf + 1, m = myg;
my  + me L my <m < mp.

Then {t,,} is increasing, m*~! < t,, < 2mP~1 ¢, = mk_1 + 1, (mpa1 —
D <ty —1 < 2(myp1 — 1)~ Hence
log t,,

lim inf =a—1, lim sup =
m— o0 logm m—oo logm

and consequently
1
lim 0og tm+1 -0
m—oo logty + -+ + logt,,
Write F := {z € I : mty, < ap(z) < (m+ 1)t ¥m > 1}. So, F is a subset of
AN E(a,B). In fact, for any « € F, we have that ap1(z) > (m + Dty >
(m + 1)ty > am(z) and

108 Gy, . 10g G,
i inf 289 g gup 1089 ()
m— o0 log m m— o0 IOg m

- 3.

Note that

21 1 2
¢ < limsup og(m + 1) = ,
m— 00 logt., a—1
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we conclude from Lemma 2.4 that dimy (ANE(e, 3)) > dimg F > (a—1)/(2a).
Case (ii) 1 < o < 8 = oo. The proof is similar to that of Case (i). Let {7}
be a sequence of positive integers such that mg = 1,

(Mg — 1) > ™ and €T > (Mgyq — 1) 4 €5,

Write

T eﬁka m = mg;
tm = e/,ﬂ\lk + ma71 ’f)’\l, < ~
y M <M < M 1.
Then
logt, log 1,
lim inf 8™ — o — 1, limsup 8lm _
m— o0 logm m—oo logm
and consequently
log 1,
lim sup B bmt1

Let F:= {z € I: miy, < am(z) < (m+ 1)k, ¥Ym > 1}. So, F is a subset of
AN E(a,00). Applying Lemma 2.4, we obtain that

a—1

dimpyg (A NE(a, oo)) > dimHﬁ >
o

O
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