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Optimal estimates from below for Green functions of higher
order elliptic operators with variable leading coefficients

HANS-CHRISTOPH GRUNAU

Abstract. Estimates from above and below by the same positive proto-
type function for suitably modified Green functions in bounded smooth
domains under Dirichlet boundary conditions for elliptic operators L of
higher order 2m > 4 have been shown so far only when the principal
part of L is the polyharmonic operator (—A)™. In the present note, it is
shown that such kind of result still holds when the Laplacian is replaced
by any second order uniformly elliptic operator in divergence form with
smooth variable coefficients. For general higher order elliptic operators,
whose principal part cannot be written as a power of second order op-
erators, it was recently proved that such kind of result becomes false in
general.
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1. Introduction. In a series of works [3,4,6,7,9,13], Dall’Acqua, Meister, Pulst,
Robert, Sweers, and the present author have studied the question whether
(suitably modified) Green functions in bounded smooth domains Q C R™
under Dirichlet boundary conditions for elliptic operators L of higher order
2m > 4 may be estimated from above and below by the same positive proto-
type function. Such kind of result may be considered as a kind of substitute
or relaxation of the maximum principle which in its strong form is true only
for second order operators. Employing perturbative and blow-up arguments,
all these works are based on Boggio’s explicit formula for the polyharmonic
Green function under Dirichlet boundary conditions in balls (see [2, p. 126]
and also [5, Lemma 2.27]) and similarly in half spaces (see [5, Remark 2.28]).
This does not only show its positivity in these special domains but does also
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allow for precise estimates from above and below, see [5, Theorem 4.6] and
Remark 2(a) below.

In order to keep this note short and as simple as possible, I shall consider
only the (simplest) generic case

n > 2m.

The “small” dimensions n = 2, ..., 2m require more effort, but related results
will also hold there. The most general class of operators, which could be treated
so far, was considered by Pulst [13]. He could show that in general bounded
smooth domains the estimate (2) below holds for operators of the form

m—1
L=(=2)"+Y" Y D%aas(-)D?),
J=0 |a|=|8|=j
where the coefficients obey symmetry, smoothness, and coercivity conditions.
The goal here is to show that the same estimates can be proved for a
principal part with variable coefficients, as long as this stays in the class of
powers of second order elliptic operators.

Theorem 1. For n,m € N with
n > 2m,

let 2 C R™ be a bounded C°°-smooth domain and L be a uniformly elliptic
symmetric operator of the form

L= =" 0i(a;(-)9))
i,j=1
For the coefficients, we assume that
aii(+) =az(-) € C=(Q)

and that there exist numbers
n

0<A<A: VzeQ VEeR": NP <D ay(@)6; < AP
i,j=1
Let G, denote the Green function in 2 for the following Dirichlet problem
Lu=finQ, w=|Vu|l=---=|V"ul =0 on 0. (1)

Then there exist constants ¢; > 0, ca > 0, depending on the domain )
and the elliptic operator L, such that we have the following Green function
estimate:

62_1 HQ(J?, y) S GQ,L('Tvy) + Cldﬂ('x)mdQ(y)m S C2 HQ(Q:,Z./) (2)

for all x,y € Q, where

(3)

HQ(xvy) = |£U - y|2m_" min {]_7 (WW}

|z =yl

and
do(z) := dist(x, 09).
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Remark 2. (a) If L = (—=A)™ and Q is a ball or a half space in R", (2)
holds true with ¢; = 0. This follows from Boggio’s formula as already
mentioned at the beginning of the introduction.

Since n > 2m, one has a unique Green function even in the whole
space and this is given by the positive fundamental solution
G—aym gn(T,Y) = Cmp|z—y[>™ ™ with a suitable positive normalisation
constant ¢, , > 0.

(b) The existence of a Green function is in the case of a principal part with
nonconstant coefficients by no means obvious and is due to Krasovskii
[11, Theorem 3.3]. Thanks to the symmetry of the operator L, this is
symmetric, i.e. Go,r(z,y) = Gao,r(y, x).

(¢) Krasovskii’s work requires high regularity of the coefficients of L and of
the domain. To keep the exposition as simple as possible, I just assume
everything to be C'°°-smooth.

(d) The estimate from above follows from [4,10,11], see also [6], so that only
the estimate from below has to be proved here.

(e) With the techniques used here and developed in the mentioned works,
one may admit also lower order terms as long as symmetry and coercivity
assumptions are obeyed.

(f) As it was investigated in [8], the situation becomes completely different
when L is a general uniformly elliptic operator (even with constant co-
efficients), which cannot be written as a composition of second order
operators, and when the dimension is large, i.e. n > 2m + 2. Here, in
general, even the fundamental solution is sign changing near its singu-
larity. This means that close to its singularity the negative part of any
corresponding Green function becomes unbounded of the same order of
magnitude as the positive part.

(g) For implications of two-sided estimates as in Theorem 1, one may see
[14-16].

An interesting consequence of Theorem 1 is a uniform local positivity result,
which was shown in the mentioned works before for the more special class of
operators.

Theorem 3. Let the assumptions of Theorem 1 be satisfied. Then there exist a
constant rq.r, > 0 such that

Ga,r(x,y) >0 for all x,y € Q with |x —y| < ro,r. (4)
2. Local estimates from below.

Lemma 4. Suppose that the assumptions of Theorem 1 are satisfied. Then for
each xo € Q, there exists a radius v = ry, > 0 and a constant C' = Cyy > 0
such that for all x,y € Qyy » == QN B.(x0), = # y, one has

Ga.r(z,y) = CHo(z,y), (5)
where Hq is defined in (3).
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Proof. We assume by contradiction that no such positive numbers exist such
that (5) is satisfied. This means that we may find sequences (zx)ren, (Yr)ren C
Q with

Tk # Yks Thy Yk — To (6)
and

1
Go,r(r, yr) < %Hg(ac,y) (7)

We shall rescale the domain and the Green function such that |z —yx| becomes
the new length unit. In the scaling limit, we shall end up with a Green function
for a constant coefficient elliptic operator in the half space or in the whole
space which is known to enjoy an estimate like (5) so that we end up with
a contradiction. This key argument relies on knowing the Green functions in
these prototype situations explicitly, see Remark 2(a) above.

To this end, we need to distinguish the cases whether the x, yi are as close
together as to the boundary or much closer.

First case: The sequence dg(xk)/|Tk — yik| remains bounded.
This means that there exists a constant ¢z > 0 such that

d
_da(xr) < cs. 8)
|z — yil
Thanks to the triangle inequality do(yx) < do(zk) + |2k — y|, we also have
d
M <eg 1. (9)
|z — yul

This yields in view of (6) that
do(xk),da(yr) — 0 and 2o € 90
and due to our assumption (7) that
1do(zk)™ do(yr)™
Eooofop —yel®
Without loss of generality, we may assume that o = 0 and that the first
unit vector €7 is the exterior unit normal to 92 at xg.

For k large enough, we may define Zj € 0f2 as the closest boundary point
to xg. We introduce the rescaled Green functions

Go,r(Tk,yk) < (10)

Gr(&n) = |z — yp|" " Ga,r(Fk + |2k — ykl€, Tk + |26 — yrln)

for

&neQy = (=2 +9Q).

a |zk — Ykl
These belong to the elliptic operators

m
n

L= (=Y & (a()9))

ij=1
with
k ~
aly) (€) = ay (@ + |2k — ysl€) (11)
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in Q. This can be seen as follows. For smooth v : Q; — R, we define

u:Q—R, wu) :zv(w),

vk — |
and find
1 r—x
0 (as(@0yu(w) = s (o o) (220,
1 T — T
L =——(L — .
@) |g — yk|2m( £v) (|'13k - yk)

Since T, — xg = 0, the exterior unit normal at 92 converges to the first unit
vector and so we conclude that

Qr — H :={x: 21 <0} locally uniformly for k — oc.

In order to understand the limit of the Gy, we observe first that Krasovskii’s
estimates [11, Theorem 3.3] yield uniformly in & that

G(&,m)| < Cl¢ =P ™.
Employing local elliptic estimates [1], we find a limit
G:HxH—RU{x}
in L}, and locally uniformly in H x H\ {(&,€) : € € H}. This is symmetric, i.e.

loc s
G(&,n) = G(n,§), obeys homogeneous Dirichlet boundary conditions on OH,
and satisfies

G(&m)| < Clg —n*™ . (12)
We introduce the limit operator

n m
L= |=Y_ 0 (a550;)
ij=1
with the constant coefficients
a;’;’ = Qjj (Zo)
One should observe that this operator can easily be transformed by means of

a linear transformation into the polyharmonic (—A)™. To be more precise, let

Cy € SO(n) diagonalise (a;’]")z it We then introduce a diagonal dilation

matrix Co with positive diagonal entries such that (Cy - CQ)T . (afjo)Z it
(C1 - C3) becomes the n-dimensional identity matrix. Finally we introduce a
further “rotation” Cs € SO(n) such that C := C; - Cy - C5 : H — H maps

again the half space onto itself. Using this transformation, we find that
G, Lo (§m) = det(C)Gay (—aym (C &, C - 7).
The latter is given by Boggio’s formula
[€"=nl/|€=n]
GH,(—A)’” (6777) _ km,n|£ _ n‘Qm—n / (1)2 _ 1)m—1,ul—n dv,
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where £y, , > 0 is a suitable constant and £* = (—£1,&2,...,&,). So we con-
clude from [5, Theorem 4.6] that
G'H,Loo (5377) Z C4HH(§777) (13)

with a strictly positive constant c4. Hy is as in (3) with dy(§) = |£1]. Since
Boggio’s formula has the same form in H as in the ball, (13) is deduced in
‘H in the same way as in the ball. Moreover, as explained in [6,7], Gy is
unique under the assumption

|Gr,Lo (€,m)| < Cl€ =P

In order to conclude that G = Gy, we only need to show that

LocG(&, +) = 0¢() (14)

in the distributional sense. To this end, we consider any function ¢ € C§°(H)
and find from the fact that GG is the Green function for Lj that one has for
any ¢ € 'H and k large enough,

W(E) = / G(€,m) (L) () dn.
H

g%

(k)
J ()

The smoothness assumptions on the coefficients yield that a;
C2m~1(H) and hence

loc

in

Ly — Lo
uniformly in C§(H). We come up with

b(E) = / € m)(Low) () dn.
H

This shows that G is a Green function for L., in H, which in view of its
uniqueness explained above yields that

G=Gnr.-
Defining
TR — g Yk — T
k=1 —— M=
vk — il |2k — |

on the one hand, the assumption gives via (10) that

ldQ(xk:)"bdQ(yk)"L
koo ok —yel™

Gr(r,me) = |z — yk|" 2" Go, 1 (T, Yi) < (15)

On the other hand, we have

da(zy)

Skl = ———

Tk — Y|

After passing to a further subsequence, we find £, € H with & = limg_ o &k,
7 = limg_, o0 N%. In view of the local smooth convergence of Gy to the Green
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function G, we see from (13) that there exists a positive constant ¢5 > 0
such that for k large enough,

Gr(Eks i) = esday (§k) " day, (k)™ = ¢5 <dg($’“))m (dﬂ(yk)>m

|z — Y| |z — Y|
_ . da(@n)™dalyr)™
’ |z — yil?™

This contradicts (15) and the proof of the lemma is complete in the first case.

Second case: The sequence do(xy)/|xr — yi| becomes unbounded.
The reasoning here is similar to the first case and I outline only the main steps.
After passing to a subsequence, we may assume that

do(zk)
Rl Nad VAN
|z — Yl
This also implies that
do(yr)  do(rr)
|z =yl ok — il
We obtain from the assumption (7) that in this case

1 — o0.

1 _
Go,r(Tr,yr) < %|$k — P (16)

We rescale again such that |z — yx| becomes the new length unit; however,
here it is the z; which become the new origins.

Gr(&n) = |lze — yp" > Ga,L(@k + |2k — ykl€, 2k + 2k — Yrln)

for

§n € Q= (—xp +9Q).

|2k — Ykl
These belong to the elliptic operators

L= (-3 o (®)0)

m

i,j=1
with
0} () = ayj (@ + |z, — yl€) (17)
in Q. In view of the assumptions in this case, we conclude that
Q. — R™.
For the sequence Gy, we find a limit in L], and locally uniformly in R x R™\

{(£,€) : € € R™}, which is symmetric and decays like (£,7) — |€ —n|>™™" at
infinity. Thanks to the uniqueness of such kind of Green function, we conclude
that in the sense just described we have

Gr(+, ) = Gron (), (18)
where the constant coefficient operator L., is obtained precisely as in the first

part. I emphasise that here the assumption n > 2m simplifies the proof a lot
because the uniqueness conclusion follows directly from Liouville’s theorem for
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polyharmonic operators, cf. e.g. [12, p. 19]. Observe that a linear transforma-
tion changes L., into the polyharmonic operator.

Defining
Yk — Tk
Nk = )
|z — Yl
our assumption gives via (16) that
_ 1
Gr(0,m) = o = ya[" " Go,n (@, yi) < 7. (19)
Thanks to |n;| = 1, we may pass to a subsequence and find 1 — 7. with

[so| = 1 and
Gro 1. (0,7) < 0.

We proceed now precisely as explained in some detail above in the first case.
After applying a linear transformation, we may change L., into (—A)™ whose
Green function in R™ is given by the fundamental solution with zero boundary
conditions at infinity, i.e. a positive multiple of (£,7) — |£ — n[>™~". We
conclude that Ggnr 1, (0,7) > 0 and achieve a contradiction. So the proof of
the lemma is complete also in this case. O

3. Proof of the main results: a compactness argument.

3.1. Proof of Theorem 1. Applying a compactness argument to
Q= U ng,r,ﬂ/%
xo cQ

we see that there exist positive numbers r > 0, ¢g > 0, such that |z —y| < r
implies that Go.r(z,y) > csHa(z,y). If | —y| > r, we take from [4,11], cf.
also [5], that G r(z,y) > —crHq(x,y) so that

Go,r(x,y) +2crHo(x,y) > crHo(x,y).
Since Hq(z,y) < |z — y| "da(z)™da(y)™ < r~"do(z)™da(y)™, we end up
with
Ga,L(@,y) + csda(z)da(y)™ = crHa(z,y)

and positive constants ¢z, cg > 0. The proof of Theorem 1 is complete. ]

3.2. Proof of Theorem 3. This theorem was proved for L = A? in [6] when
n > 3 and in [5, Theorem 6.15] when n = 2. See also [7, Theorem 2] for a
unified and simpler proof, which I shall adapt to the present situation.

Case I: do(x)do(y) < |z — y|?. For this situation, we have
Ho(z,y) = [z —y[ "da(z)" da(y)™. (20)

Then there is ¢ > 0 such that we find ;' Ho(z,y) > 2c1dq(z)™dqo(y)™ for
|z —y| <ec.

Case 1I: do(x)do(y) > |z —y|*. Now we have
Ho(z,y) = o —y|*" " (21)
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Since n > 2m by assumption and since dg(z)da(y) is bounded on (2, one finds
a constant ¢ > 0 such that c; ' Ho(z,y) > 2c1dq(z)"da(y)™ for |z —y| < c.
The proof of Theorem 3 is complete. g
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