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On the Ricci curvature of 3-submanifolds in the unit sphere
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Abstract. In this short note, studying 3-dimensional compact and minimal
submanifolds of the (3 4 p)-dimensional unit sphere S**7(1), we establish
two rigidity theorems in terms of the Ricci curvature. The first theorem
related to hypersurfaces of S*(1) gives a new characterization of the min-
imal Clifford torus, whereas the second theorem is about the Legendrian
submanifolds of S7(1) so that a new characterization of the Calabi torus
can be presented.
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1. Introduction. Recently, with some new insight, we obtained several optimal
pinching results on compact minimal submanifolds of the round sphere in terms
of either the scalar curvature or the Ricci curvature (cf. [9,10]). The purpose
of this note is to apply this new idea to the Ricci curvature pinching problem
for two further interesting situations. Historically, towards that problem, Ejiri

[6] for the first time proved an optimal pinching theorem for compact minimal
submanifolds in S"*7(1).

Theorem A. Let M™ be an n-dimensional simply connected compact orientable
minimal submanifold immersed in S*TP(1) such that the immersion is full. If
n > 4 and the Ricci curvature of M™ satisfies Ric (M™) > n — 2, then M™ is
either S"(1) (totally geodesic), or n = 2m and M™ = S™(\/1/2) x S™(,/1/2),
orn = 4 and M* = CP?*(4/3) — S"(1). Here, CP%(4/3) denotes the two-
dimensional complex projective space with holomorphic sectional curvature 4/3.
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However, we should see that even though in the above theorem the pinching
constant for Ricci curvature is optimal if n is even, it is not if n is odd (cf. [12,
Theorem 3.2] for n > 5). In particular, we observe that Theorem A is valid also
for the case n = 3. This latter assertion follows actually from the combinations
of Shen [18, Theorem 1], Li [12, Theorem 3.3], the result of Chern-do Carmo-
Kobayashi [3] for p < 2, and Li-Li [15, Theorem 3| for p > 3. Moreover, this
observation further motivates us to consider the following interesting question:

Question. For 3-dimensional compact minimal submanifolds of the unit sphere
S3*+P(1), what is the best possible Ricci curvature condition so that submanifolds
next to the totally geodesic one can be characterized?

Regarding a special case about Lagrangian submanifolds in the nearly
Kiihler 6-sphere S(1), very recently in [10], we adopted a strategy that has
been used successfully in [9]. As the result, we can improve the previous results
of Li [14] and Antié-Djorié¢-Vrancken [1] by giving a satisfactory answer to the
above question (cf. [10, Main Theorem]).

In this paper, with continuing the concern about the above Question, we
shall study two further interesting situations: the hypersurfaces of S*(1) and
the Legendrian submanifolds of S7(1). Before stating the main results, we look
at two examples.

Ezample 1.1. The Clifford torus Cly o := S'(y/1/3) x S*(1/2/3) in S*(1) is
a compact minimal hypersurface with two distinct principal curvatures x; =
+/2 and Ky = k3 = F+/1/2. Its Ricci curvature satisfies 0 < Ric(Cly2) < 3/2.

Remark 1.1. Conversely, making use of the integral formula technique due to
Peng—Terng [17], Li [13] proved that if a compact minimal hypersurface M in
S%(1) satisfies the Ricci curvature condition 0 < Ric(M) < 3/2, then it must
be the case M = Cl, 5.

Ezample 1.2. The Calabi torus Cay o in S7(1).
Let 7 : S?(1) — R? be the inclusion mapping, and v : S'(1) — S3(1) be
the standard embedding with a parametrization

(1) = (% exp(3f), Fexp(=iv3D)) = (1 (1), 22(t) € €%, i = V1.
Putting F : S'(1) x S?(1) — S7(1) such that
F(t,z) = (n(t)r(z),72(t)) € C* = R®, (L.1)

then following [16], we call Ca; o := F(S'(1) xS?(1)) in S7(1) the Calabi torus.

Considering the unit sphere S7(1) as a Sasakian space form with standard
contact metric structure (p,&,7,g) (cf. [8]), the Calabi torus Ca; 2 in S7(1)
then becomes a minimal Legendrian submanifold. Exactly, one can choose
a local orthonormal frame field {E7, E2, E3} on Caj o such that the second
fundamental form h takes the form (cf. [5] and [16]):

{h(EuEﬁ = 9B, h(E2, Er) = h(Es, E3) = —9En,

(1.2)
hEy, Es) = —%SOEza hEr, Es) = —%@Em h(E, E3) = 0.
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From the Gauss equation and (1.2), the curvature tensor of Ca; 5 satisfies
R(E1, E3)E3 = R(Ey, E3)Ey = R(Es, F1)E2 =0,
R(FE4, E3)Es = R(Ey, E3)E5 =0, (1.3)
R(Ey, E5)E3 = (4/3) Eo.

Thus its Ricci curvature satisfies 0 < Ric(Cay2) < 4/3. Moreover, we can
say more about the sectional curvatures. Indeed, for any plane section o of
T,(Ca; ), we can find an orthonormal basis {X,Y} of o such that X =
cosOFE5(p) +sin0F3(p) and Y = sin pF4 (p) — cos psin 0 Ey(p) 4 cos p cos § E5(p)
with 6, p € R. Then direct calculations show that the sectional curvature of o
satisfies

K(o) = R(X,Y,Y,X) = (4/3) cos® p. (1.4)

Remark 1.2. The above immersion F : S'(1) x S?(1) — S7(1) is called the
Calabi torus because it is one of the generalized Calabi product Legendrian
immersions that have been intensively studied by Castro-Li—Urbano [4] (cf.
[4, Theorem 3.1]). Obviously, Cay 2 with the induced metric is isometric with
the Riemannian product S'(v/3) x $?(v/3/2).

To introduce our first result, let M3 be a compact minimal hypersurface
in the unit sphere S*(1) with A the second fundamental form and N the unit
normal vector field. Denote by g the metric on S*(1) as well as the induced
metric on M?3. Let UM? be the unit tangent bundle over M3, i.e., U,M? =
{v e T,M?|g(v,v) =1} for ¢ € M3. Then we can define a function f,(v) =
g(Anv,v) on U;M?3, where Ay denotes the shape operator of M3 in S*(1).
Since U,M? is compact, there exists an element e € U,M? such that f,(e) =
maerUqMa fq(U). Put

Uy = {u € UM | fy(u) = fole)}
Then, for any fixed e € Uy, we have a well-defined function @, : U,M?3 — R
defined by
®.(v) = [g(Ane,v)]?, ve UM>.
Now, our first result can be stated as:

Theorem 1.1. Let M? be a compact minimal hypersurface in the unit sphere
S*(1). If the Ricci curvature Ric(v) := trace{X — R(X,v)v}/|[v|? of M3
satisfies, at any q € M?, Ric(v) > % — %I)e(v) for all v € U,M? and a fived
e € Uy, then either

(a) M3 =S3(1) is totally geodesic with Ric(v) =2, or

(b) M3 = Cly 5, which satisfies Ric(v) = % - %@8(1}) and 0 < Ric(v) < %

To introduce the second result of this paper, let M? be a compact minimal
Legendrian submanifold in the unit sphere S7(1), being equipped with the stan-
dard contact metric structure {¢, £, n, g}. Then, letting h be the second funda-
mental form, we can follow [2] and consider the function Fy,(v) = g(h(v,v), v),
defined on U,M?>. In view of the compactness of U, M3, there is an element
e € U,M? such that F,(e) = maxvquMqu(v). Similarly, we put

Vy = {u € UM? | Fyu) = Fyle)}.
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Then, for any fixed e € V,, we have a well-defined function ¥, : U,M3 — R
defined by

. (v) = [g(h(e, ), pu)°, v € U, M.

Our second result can be stated as:

Theorem 1.2. Let M3 be a compact minimal Legendrian submanifold in the
unit sphere S”(1). If the Ricci curvature Ric(v) = trace{X — R(X,v)v}/||v|?
of M? satisfies, at any g € M3, Ric(v) > § — W(v) for allv € U,M? and a
fized e € Vy, then either

(a) M? = S3(1) is totally geodesic with Ric(v) = 2, or

(b) M3 = Cay 5, which satisfies Ric(v) = 3 — U, (v) and 0 < Ric(v) < 3.

=3
Remark 1.3. The statement of our Ricci curvature condition in Theorems 1.1
and 1.2 is a little different from that of Ejiri’s Theorem A. Actually, in The-
orem A, the Ricci curvature condition Ric(M™) > n — 2 just means that
Ric (v) := trace {X — R(X,v)v}/||v||> > n — 2 for all nonzero v € T,M™ and
any q € M™.

Remark 1.4. In [5], Dillen and Vrancken classified all 3-dimensional compact
minimal C-totally real (this is equivalent to Legendrian) submanifolds in S7(1)
with nonnegative sectional curvatures. Their classification consists of three
examples amongst which the two cases in Theorem 1.2 appeared.

2. Basic lemmas. In this section, we briefly review several facts and lemmas
on 3-dimensional submanifolds M3 in the unit sphere S**7(1). This includes

the hypersurface case for p =1 (cf. [17]) and the Legendrian submanifold case
for p =4 (cf. [8]).

2.1. Hypersurfaces in S*(1). In this subsection, we assume that M3 is a mini-
mal hypersurface in the unit sphere S%(1). For the sake of simplicity, we adopt
the notations of Peng and Terng [17]. We begin with the following well-known
result.

Lemma 2.1. Let M? be a minimal hypersurface in the unit sphere S*(1). Then
it holds that

FAlRI = 1IVAI* + [1RI2(3 — [[A]). (2.1)

Next, noting that g(AyX,Y) = g(h(X,Y), N), for later purposes, we state
the following easy fact:

Lemma 2.2. Let M? be a minimal hypersurface in the unit sphere S*(1) with
unit normal vector field N. Then, for each ¢ € M3, there exists an orthonormal

basis {e1,ez,e3} oquM3 and numbers k1, ko such that the second fundamental

form h of M? satisfies
h(el,el) = (Iﬁ:l —+ K/Q)N, h(@g,eg) = —IﬁllN, (2 2)
h(es,e3) = —kaN, h(e;,ej) =0, for i # j, ’

where K1 + ko = max{k1 + Ko, —K1, —Ka} = max, ey, M3 g(Anv,v).
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2.2. Legendrian submanifolds in S7(1). In this subsection, we assume that M3
is a minimal Legendrian submanifold in the unit sphere S7(1) which is regarded
as a Sasakian space form with contact metric structure {p,&,n,g}. According
to Chern—do Carmo—Kobayashi [3], and by using the notations introduced in
[8] for integral (in the present case, this is also equivalent to the Legendrian
condition) submanifolds, we have (cf. also [16, Lemma 2.1])

Lemma 2.3. Let M?> be a minimal Legendrian submanifold in the unit sphere
S7(1). Then, in terms of H; = (h;;), we have the Laplacian of ||h||? as below:

SAIRIP = [VER|* + 4| =Y N(HH; — HiH;) = (S5)  (2.3)
1,5 0,J
where ||VEh||? = Zm’k’l(hé;k)a S;j = trace(H;H;), and N(A) = Zi,j(aij)z
fOT A= (aij).
Next, following an idea due to Ejiri [7] and based on [8, Lemma 3.6], we
can easily get the following result.

Lemma 2.4. Let M? be a minimal Legendrian submanifold in S7(1). Then,
for each q € M3, there exists an orthonormal basis {e1,ea,e3} of TqM3 and
numbers {1, \a, fi1, 12} such that the second fundamental form h of M?> has
the following form:
hier,er) = (M + Xa)per, h(er,es) = —Aipea, h(er,es) = —Aapes,
h(ez,ea) = —A1per + prpes + pawes, hies, e3) = papes — pipes,
h(es,e3) = —Aaper — pipes — pawpes,
(2.4)
where for Fy(v) = g(h(v,v),pv) defined on U, M3, it holds
A1+ A2 = max,ep, ms Fy(v) = 0,
A1+ A2 > =2A1, A+ A > =2, (2.5)
—(/\1+)\2) < pi < A+ X, 1=1,2.

Then, with the Legendrian condition, straightforward calculations give

Lemma 2.5. If (2.4) holds, then, by using the notations of Lemma 2.3, we
have

IR = > (h)? = 4% + 403 + 220 X + 4pif + 4ps3, (2.6)

1,7,
> N(HH; — HiH;) + Y (Sij)?
7,7 1,7
= 24N+ X 4+ A2XN2 + M3+ AD) — 360 A (pF + 1)
FI8(AT + A3) (1 + p3) + 24(pf + pi3)*. (2.7)

3. Proof of Theorem 1.1. Let M3 be a compact minimal hypersurface in S*(1).
For any fixed ¢ € M3, by choosing the orthonormal basis {e1, 2, ez} of T, M3



732 Z. Hu anD C. XING Arch. Math.

as stated in Lemma 2.2, the Gauss equation implies that the Ricci curvature
Ri; = Zk g(R(e;, ex)er, ej) is given by

2—(&1+H2)2 0 0
(le): 0 2—%% 0
0 0 2 — K3

According to the assumption of Theorem 1.1 and the statement of Lemma
2.2, the Ricci curvature of M? satisfies Ric(v) > 3 — 3, (v) for all v € U, M?,
where @, (e1) = (k1 + k2)? and @, (e;) = [g(Aner,e;)]? = 0 for i = 2,3. Tt
follows that
2 — (k1 + K2)? > 33k + K2)?,

3 (3.1)
2 — /<V1 > 2 — mz > 3

27

From (3.1), interchanging e; and ej if necessary, we can assume that

O<,‘<;1§17 O</<;2<1, 0 < (k1 +ro)? <2, Ky <k (3.2)
Now, by using (2.2), we can rewrite
1R — 1B]1)
= —2(Kk?3 4 K3 + K1ko) (263 + 2K3 + 2K1 Ko — 3) (3.3)

—(K} + K3 + K1k2) [3(26] — 1) + 3(263 — 1) — 2(k1 — K2)?].
It follows from (3.2) and (3.3) that
B3 = [|n]1*) > 0. (3.4)
Moreover, from the fact k1 + ko = max{k; + ko, —K1, —K2}, we see that the
equality sign holds in (3.4) if and only if either k1 = Ky = 0, or Ky = Koy = V/2/2

so that ||h|? = 3.
On the other hand, since M? is compact, Lemma 2.1 implies that

[ {ivnE + 1@ = e favas o (35)
M3
Therefore, from (3.4) and the arbitrariness of ¢ € M3, we have
IVA[* = [|A]*(3 = [|h[|*) =0 on M.
This immediately shows that M3 in S*(1) is either totally geodesic, or the
Clifford torus (see Lawson [11] or Chern—-do Carmo—Kobayashi [3]). O

4. Proof of Theorem 1.2. Let M? be a compact minimal Legendrian submani-
fold in the unit sphere S7(1). For any fixed point ¢ € M3, let {ey, €2, e3} be the
orthonormal basis of TqM3 as stated in Lemma 2.4 such that e; = e. Then,
by using the Gauss equation and the fact that R;; = )", g(R(e;, ex)er, e;), we
can express (R;;) by
2 — 2)\% — 2)\% — 2)\1)\2 ()\1 — )\2)/1,1 ()\1 — )\2),[1/2
(A1 = A2) 1 2 — 20 —2uf — 243 0
(A1 — A2)pz 0 2203 — 247 — 2113
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According to the assumption of Theorem 1.2 and the statement of
Lemma 2.4, the Ricci curvature of M? satisfies Ric(v) > 5 — U, (v) for all
v € U,M3, where W, (e1) = (A1 + X2)? and W, (e;) = [g(h(e1, 1), pei)]*> = 0
for i = 2,3. It follows, by taking v = ey, ea, es with Ric(e;) = R;;, that

2—2A7 —2)3 — 2\ h2 > 5 — (A1 + A2)?,
2—2X\2 — 242 —2u2 > % (4.1)
22032 -2l > 4.

ol

From (4.1), interchanging e, and es if necessary, we can assume that \3 <
A?. Then the inequalities in (4.1) together with (2.5) imply the following rela-
tions:

0§>\1§§, A2 < Ay, —%MS)\Q, M%"‘ﬂgﬁé_)\% (4.2)

On the other hand, as M? is compact, by using Lemmas 2.3 and 2.5, we

have the integral identity

0:/{thH?—{24[A;*+A3+A§A§+A1A2(A§+A§)]

M3

H18(pF + p3) (A1 — Ao)? + 24(pF + p13)? (4.3)
— 1600 + p) — 16003 + A3 + S da)} | Vi,

Now we put

Q= 24T+ A3+ X202+ M (A2 + A2)] + 18(12 + p2) (Mg — Ag)? (44)

+ 24(pF + p13)® — 16(1F + p13) — 16(AT + A3 + A1 ha).
To achieve the desired goal, we first make the following claim.

Claim. Under the restrictions of (4.2), it holds that Q < 0, and = 0 if and
only if either \y = Xo =1 = s =0, or Ay = Ao = \/§/3 and p1 = pe = 0.

To verify the Claim, it suffices to consider the point ¢ € M? for which
h # 0. In that case, we have A\; > 0, and by (4.2), we further get
3A1 45X = $A1 +5(5A1 + A2) > 0.
Thus, the Claim follows immediately from (4.2) and the following expression
O = 24[2(p2 + p2) + 202 + Mdo + 23] (13 + 43 + A2 — 1)
— 3[2(p3 + 13) + 227 + M A2 + 203] (3A1 +5X2) (A1 — Ao)
— 24(p3 + 13)? — 3(\ — A2)2(2AF + 203 — BA1 )
— 12(5M7 +5A3 + 4\ o) (1d + p13).

(4.5)

Finally, from the Claim and the arbitrariness of ¢ € M3, by using (4.3),
we conclude that M? is a Legendrian submanifold with C-parallel second fun-
damental form (i.e. V¢h = 0). Moreover, it is either totally geodesic and
M? = §3(1), or by continuity, it is such that \; = Xy = v/3/3, 1 = pp = 0
and ||k||? = 10/3 hold identically on M3.
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In the latter case, it is easily seen from (2.4) and the Gauss equation that
the compact Legendrian submanifold M? in S7(1) is of nonnegative sectional
curvatures, and the sectional curvatures have the same expression as we have
described for the Calabi torus Ca; > in the introduction. Then, according to
[5, Main theorem] and its proof ([5, Example 5.3] in particular), we conclude
that M3 is congruent to Ca; o with the immersion given by (1.1).

This completes the proof of Theorem 1.2. O
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tional claims in published maps and institutional affiliations.
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