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A note on rigidity of Riemannian manifolds with positive scalar
curvature

GUANGYUE HUANG AND QIANYU ZENG

Abstract. In this short note, we obtain an integral inequality for closed
Riemannian manifolds with positive scalar curvature and give some rigid-
ity characterization of the equality case, which generalizes the recent re-
sults of Catino which deal with the conformally flat case, and of Huang
and Ma which deal with the harmonic curvature case. Moreover, we ob-
tain an integral pinching condition with non-negative constant o2(A7),
which can be seen as a complement to Bo and Sheng who considered
conformally flat manifolds with constant quotient curvature of o, (A™).
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1. Introduction. Let (M",g) be an n-dimensional Riemannian manifold with
n > 3. It is well-known that for n > 4, the metric g is conformally flat if and
only if its Weyl curvature tensor is zero. If n = 3, then it is conformally flat
if and only if the Cotton tensor is zero. In the last years, the classifications of
conformally flat manifolds under some geometrical or topological assumptions
have been paid much attention. For example, in [17], Tani proved that any
closed conformally flat manifold with positive Ricci curvature and constant
scalar curvature is covered isometrically by S™ with the round metric. For
complete conformally flat manifolds with non-negative Ricci curvature, Carron
and Herzlich [2] gave the following classifications: they are either flat, or locally
isometric to R x S*~! with the product metric; or are globally conformally
equivalent to R™ or to a spherical space form. For closed conformally flat
manifolds satisfying some integral pinching conditions, see [5,7,8,16,18]. On
the other hand, for some classifications with point-wise pinching condition on
the Ricci curvature, see [4,14,19] and references therein.
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Throughout this paper, all the calculations are carried out under the normal
coordinates. Denote by R, R;; the scalar curvature and the Ricci curvature
respectively. We let R” = R;; — % gi; be the trace-less Ricci curvature. With
the help of the properties of the Codazzi tensor, Catino [3] studied closed
conformally flat manifolds with positive constant scalar curvature (in this case,
the Ricci curvature is a Codazzi tensor) and satisfying an optimal integral
pinching condition. He proved the following

Theorem A. Let (M",g) be a closed conformally flat Riemannian manifold
with positive constant scalar curvature. Then

/ (R - mlém)léu

M

and equality occurs if and only if (M™,g) is covered isometrically by either S™
with the round metric, S' x S*~1 with the product metric, or St x S*~1 with
a rotationally symmetric Derdziniski metric.

Generalizing the above results of Catino, Huang and Ma [11] studied man-
ifolds with harmonic curvature tensor and positive scalar curvature. They
proved

Theorem B. Let (M™, g) be a closed Riemannian manifold with harmonic cur-
vature tensor and positive scalar curvature. Then

/(R— n(n = 1)\fzij|)|ﬁzij|”52 < \/W/IWII% L (1.2)
M

M

and equality occurs if and only if (M™,g) is either Finstein or isometrically
covered by one of:

(1) St x S*=t with a product metric;

(2) S' x S"~1 with a rotationally symmetric Derdziriski metric.

The Cotton tensor is defined by

Cijk =Riji — Rrij — m(R,igjk — R ;gik), (1.3)
where the indices after the comma denotes the covariant derivatives, which is
related to the Weyl curvature tensor by

— HCW = Wijkl,l- (1.4)
Thus, it is easy to see that for conformally flat manifolds with constant scalar
curvature and n > 4, the Ricci curvature must be a Codazzi tensor, and hence
the curvature tensor is harmonic (since Rijr — Rik,j = Rjra,, the curvature
tensor being harmonic is equivalent to the Ricci curvature being a Codazzi
tensor with constant scalar curvature). That is to say, conditions on harmonic
curvature are weaker than those on conformal flatness. On the other hand, the
key to prove Theorem A and Theorem B is the fact that the Ricci curvature
becomes a Codazzi tensor under assumptions.
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In this note, we will continue to generalize the above results by removing
the conditions on constant scalar curvature and that the Ricci curvature is a
Codazzi tensor. Our main results are stated as follows:

Theorem 1.1. Let (M™, g) be a closed Riemannian manifold with positive scalar
curvature, where n > 3. Then

[ 7= vt =Dl - =2 1

M (0 — 22 . (1.5)
n — n —
< 2 12
M M

and equality occurs if and only if (M™,g) is either Finstein or isometrically
covered by S' x S*~1 with the product metric.

The following modified Schouten tensor with a parameter 7 was introduced
by Gursky and Viaclovsky [6] (see also Li and Li [13]):

TR N
Q(TL _ 1) ng ’
where 7 € R is a constant. When 7 = 1, the tensor A}j is exactly the Schouten
tensor. We denote by o2(A7) the 2nd-elementary symmetric function of the
eigenvalues of the so-called modified Schouten tensor. Then, for manifolds with
non-negative constant oo( A7), we have the following

Al; = Rij — (1.6)

Theorem 1.2. Let (M™, g) be a closed Riemannian manifold with positive scalar
curvature, where n > 3. If the function o9(A™) is a non-negative constant,

where 7 < 1 0r7>3—%, then
o n—1
|Rigl* < — /l@jk\z,
M

[ 7= vt =l - =2
(1.7)

M
and equality occurs if and only if (M™,g) is either Finstein or isometrically
covered by St x S*1 with the product metric.

Remark 1.1. If we add the conditions W;;z; = 0 and that the scalar curvature
is constant in Theorem 1.1, then (1.5) becomes

/ (R — /n(n — D[Ry )| Bisl? < 0. (18)
M

On the other hand, if we add the condition that the curvature tensor is har-
monic in Theorem 1.1, then (1.5) becomes

/ [R —/n(n —1)|R;;| — \/WIWI] |Ryj* < 0. (1.9)

M

Comparing (1.8) and (1.9) with (1.1) and (1.2), respectively, our Theorem 1.1
gives a new estimate.
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Remark 1.2. Since R = \/n(n — 1)|R;;] on S' x S"~! with the product metric,
Theorem 1.1 can also be interpreted as an interpolation curvature estimate.

Remark 1.3. In [1], Bo and Sheng gave some rigidity characterization for con-
formally flat manifolds with constant quotient curvature of o4 (A7™). Our The-
orem 1.2 gives an integral pinching condition with the o3(A™) assumption,
which can be seen as a complement.

2. Proof of the results.

2.1. Proof of Theorem 1.1. Recall that the Riemannian curvature tensor and
Weyl curvature tensor are related by

1
Wikt = Rijri — f(Rikgjz — Rugjr + Rjgir — Rjrgi)

-2
+ u (9irgjt — ggjr)
v (YikYj1 — GilGjk
(n—1)(n—-2) / / @2.1)
1 o N o - ’
= Rijm — m(Rikgjl — Rugjr + Rjugir — Rjrga)
R
n(n — 1) 9ik9j51 — Gil9jk)-
Using formula (2.1), it is easy to check that
o o 1 R s o 1 N
kil = il + ——(|Rii1%gi: — 2R Rix) — ——— RR;:. )
Ry Rikji =RuWikj + n_2(|RJ\ gij — 2Rk Rjk) n(n — 1)RRJ (2.2)
It follows that
ék’j,ik = ékj,ki + éllekik + Zo%klleik
n—2 o o 1_ - .
= — R + RinBjp + —RRij — | RiuWinji
1 . o o 1 5
—(RiylPgi — 2Rirly) — ———— RE]
+7’L—2(| J| Gij k ]k) n(n—1) J (2.3)
n — 2 n o o 1 °
= gy Tt g el T
N 1 N
— Ry Wik — m|Rij|29ij-
On the other hand, formula (1.3) is equivalent to
. . n—2
gk k3, kij T 2n(n — 1)( i9jk i 9ik) (2.4)
Therefore, from (2.3) and (2.4), we have
5 0 n—2
Crijk = ARij — Rijin + 5 (9i;AR — R ;5
kij,k Rij Rk]’k+2n(n—1)(gj R—R;)
o n—2 n o o 1 o .
:Ai'*(i i+ ——FRirRjr + —— RR;; — ikji (2.5
RJ on R’]+’n—2RkRjk+n—1RR] Rlek]l ( )

-2

n
T2 (G AR—R .
2n(n — 1) (9i;AR — R ;5),

1 -
- m|3ij|291‘j> +
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which shows

ARy :n2;2R7ij + - i 21°%ikloi’,jk + ﬁRéij — RuWigi y
- $|ézj|29ij - %(%AR — Rij) + Chijuks (26)
and hence
%Néxﬂz =|VR;|* + }OBZ-J-AJD%Z-J-
=V + RZJRWRJ’C — Wi RisRia + %RH%‘F (2.7)
+ hR,ij‘Ri]‘ + Ckij,kRij.

We recall the following inequalies (cf. [12, Lemma 3.4])

|WszlRLJRkl| < \/ |W||R1]|2 (2-8)

n—
RZ]RZ]CRJIC 7| 2]|3 (29)
nin—1)
with equality in (2.9) at some point p € M if and only if R” can be diagonalized
at p and the eigenvalue multiplicity of le is at least n — 1 (see also [9,10], or
[15]). Thus, (2.7) becomes

7A|RU|2 >|VRU|2 \/ | U|3 M |WHRZJ|2 + 7R|R1]|2

R,szZJ + Ck:zy kR'Lj

and

T
(2.10)
Integrating both sides of (2.10) gives

oz/wEm [\l = | g W IR + g RI P

-2
" /R'LJRU +/Ck:1j kRzg (211)

Using the definition of the Cotton tensor given by (2.4) and the fact that the
Cotton tensor is trace-less in any two indices, we obtain

o o 1
/Ck:ij,kRij = _/Ckinij,k = _§/|Cijk|2-
M M M

On the other hand,

5 o n—2
/R7inij = —/R,iRim = —W/WRF’
M M M
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where we used the second Bianchi identity R;; ; = -2 R ;. Hence, (2.11) be-
comes

0> /\vi%,-ﬂh/[— \/7IW|+ B[R,
M M
_4(:(;3); /'VR|2 - %/'C”MQ
> [/ \/Q(T W+ = Rl
M

(n —2)? , 1 )
_m/wR' - §/|Cijk| ) (2.12)
M M

which yields the desired estimate (1.5).
Now, we consider the case of equality in (1.5), that is

/ R —+/n(n—1)|Rij|— W\VW |Rij)?
M ) (2.13)
:%/WRP + 7 ikl
M

In this case, the inequalities (2.8), (2.9), and (2.12) become equalities. In par-
ticular, the second equality in (2.12) implies

VR =0, (2.14)
which shows that f{im = 0 and hence the scalar curvature is constant. Fur-

thermore, the Ricci curvature is parallel and hence the metric g has harmonic
curvature. Thus, (2.13) becomes

[ 7= vam =i - == D

5 |Ri;|2 = 0. (2.15)
M

As stated in the lines following (2.9), R” has, at each point p, an eigenvalue of

multiplicity n — 1 or n. Writing R,J = av;v; + bg;; at p, with some scalars a, b

and a vector v, we see that the left-hand side of (2.8) is zero at every point p.

As (2.8) is an equality, the metric g must be conformally flat or Einstein. Our

claim about the equality case now follows from Theorem B of Huang and Ma

(or see the proof of Catino’s Theorem A) since the Ricci curvature is parallel.
This completes the proof of Theorem 1.1.
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2.2. Proof of Theorem 1.2. By virtue of the definition of o9(A”™), we have

03(AT) =3 [(1xA")? — |AG ]

Cldn—1)(A—7)+nT? _, 9
*5[ A(n—1) R |y (2.16)
_17[2(n—1) —nr]? P
_2[ 4n(n —1) [ }
Since 02(A7) is a non-negative constant, we have (see [1, Proposition 2.11],
VAL > > |V (trAT) . (2.17)
By a direct calculation, we have
—4(n—1
VAL =|VRyP + T A DT g g
4(n —1)2
2 3 ]2 (2.18)
VR, 2 B\ ) T T 2
=|VR;;|* + n(n —1)? |VR|?,
and )
2 _ [2(n—1) —n7] 2
== 7 2.1
V(A = SRR, (219)
then (2.17) is equivalent to
- 2(n —1) — n1)?
gy Bzl =nr 2, 2.20
Inserting
dn(n —1) o
VRP < ———————|VR;;|?
VR *[Z(n—l)—nTP' il

with 7 % 2 — 2 into (2.12) yields

02<1 2(n fim )/VR”|2 /[ \/Tll}?”|

(2.21)
n—2 1
w Rij|? Cijil?
s W+ e R I - /| sl
It is easy to check that
_ 92
B Gl
[2(n — 1) —nT)?
is equivalent to 7 < 1 or 7 > 3 — =. In this case, we have from (2.21),
[\ = i W+ g ] - / Cusel?,
(2.22)

and the desired estimate (1.7) is attained.
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If the equality in (1.7) holds, then
o n—1)(n—-2 o n—1
[ (7= vt =Dl - == D = 22 [ joel
M
(2.23)

M
In this case, the inequalities (2.8), (2.9), and (2.22) become equalities, which
also shows that

VR =0, (2.24)

and the Ricci curvature is parallel. Since the rest of proof is the same as that
of Theorem 1.1, we omit it here.
Therefore, we complete the proof of Theorem 1.2.
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