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Polynomial bounds on the Sobolev norms of the solutions of the
nonlinear wave equation with time dependent potential

VESSELIN PETKOV@ AND NIKOLAY TZVETKOV

Abstract. We consider the Cauchy problem for the nonlinear wave equa-
tion wuy — Azu + q(t,x)u + u® = 0 with smooth potential g(¢,z) > 0
having compact support with respect to . The linear equation without
the nonlinear term u® and potential periodic in ¢t may have solutions
with exponentially increasing H I(Ri) norm as t — oo. In Petkov and
Tzvetkov (IMRN, https://doi.org/10.1093/imrn/rnz014), it was estab-
lished that by adding the nonlinear term u®, the H'(R3) norm of the
solution is polynomially bounded for every choice of ¢. In this paper, we
show that the H*(IR2) norm of this global solution is also polynomially
bounded. To prove this, we apply a different argument based on the anal-
ysis of a sequence {Y%(n7i)}neo with suitably defined energy norm Yi(t)
and 0 < 71 < 1.
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1. Introduction. Consider for t € R, € R?, the Cauchy problem
Ofu— Agu+ q(t,x)u+u® =0, u(0,z) = fi(z), du(0,2) = fo(x), (1.1)
where 0 < q(t,2) € C®(R; x R3), q(t,7) = 0 for |z| > p > 0 and
sup  |0F0%q(t,z)| < Ch.a, Vk, Ve (1.2)

teR, |z|<p
Set
[u(t, 2)[1# = ult, 2) | @s) + llue(t, ©) || L2 @s).-
For the Cauchy problem for the linear operator 92u — Ayu + q(t, x)u, there
exist potentials ¢(¢,2) > 0 periodic in time with period T > 0 such that for
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suitable initial data f = (f1, f2) € H(R?) = H'(R?) x L?(R?), we have
u(t, )| 1 sy > Cel

with C' > 0, @ > 0 (see [1,2]). This phenomenon is related to the so called

parametric resonance. On the other hand, adding a nonlinear term u3 for

the Cauchy problem (1.1), there are no parametric resonances and for every

potential ¢, the solution u(t,z) is defined globally for ¢ € R and satisfies a
polynomial bound

l[u(t, )|l g1 g2y < Bi(1+ Bolt|)®

with constants By > 0, B; > 0 depending on ¢ and the initial data f € H.
This result has been obtained in [2, Theorem 2], and the proof was based on
the inequality

X'(t) < CX(1)'?

where

2
R3

1 1
X(t) = 7/(|8tu\2 Vgl + glul + 5 Jul')da.

In fact, the local Strichartz estimates and [2, Theorem 2] hold for every non-
negative potential q(¢,7) € C*°(R; x R3) with compact support with respect
to x satisfying the estimates (1.2) since in the proofs of these results the
periodicity of g with respect to ¢ is not used.

In this paper, we study the problem (1.1) with initial data f € H*(R3) x
H*1(R?), k > 2. Throughout the paper, we consider Cauchy problems with
real-valued initial data f and real-valued solutions. First in Section 2, we
establish a local result and we show the existence and uniqueness of the solution
for t € [s,s + 7] with initial data f € H*(R?) x H*"1(R3) on t = s and

e = ce(1 4[| (f1, f2)lmersy) ™75 v >0,

where ¢ depends on ¢ and k (see Proposition 2.1). It is important to notice
that 7, depends on the norm || f||7 and since we have a global bound for the H
norm of (u,u;)(t,x), the interval of local existence depends on the H norm of
the initial data. We prove this result without using local Strichartz estimates.
Next we show that the global solution in R is in H*¥(R3) for all t € R and
the problem is to examine if the norm [lu(t, )| g ®s), k > 2, is polynomially
bounded. To do this, it is not possible to define a suitable energy Yy (t) > 0
involving

[t ) sy + et ) s oy o

R3
for which Y/(t) < CrY™(t), 0 < v < 1. To overcome this difficulty, we
follow another argument based on Lemma A.1 (see Appendix) which has an
independent interest and apply local Strichartz estimates for the nonlinear
equation. We first study the case k = 2 in Section 4 and by induction, one
covers the case k > 3 in Section 5. Our principal result is the following
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Theorem 1.1. For every potential ¢ and every k > 2, the problem (1.1) with
initial data f € HF(R®) x H*=Y(R3) has a global solution u(t,x) and there
exist Ax > 0 and my, > 2 depending on q, k, and ||f||3 such that

[ut, )| e sy + 10sult, 2) | e @s) < Ap(L+[E)™ te R (1.3)

We refer to [3] and the references therein for other results about polynomial
bounds for the solutions of Hamiltonian partial differential equations. The
method of the proof of Theorem 1.1 basically follows the approach in [3]. The
main difficulty compared to [3] is that in our situation, we do not have a
uniform bound on the H!(R3) norm and for that purpose, we need to apply
the estimate of Lemma A.1l in the Appendix.

2. Existence and uniqueness of local solutions in H*(R3), k > 3. In this
section, we study the existence and uniqueness of local solutions of the Cauchy
problem

— Agutg(t)utud =0t € [s,s+ 7], x € R, 2.1)

) ( 7ut(8’x):f2($)>
where f = (f1,f2) € HF(R3) x HF"Y(R3), k > 1,0 < 7 < 1. We assume
that [s,s 4+ 7] C [0,a], where a > 1 is fixed. The cases k& = 1,2 have been
investigated in [2, Section 3] by using the norms

Hu”Sk—l = H(uaut)HC’([s,er’r],H’“(RS)xH’f*l(R3))-

For k = 1, the space Sy has been denoted as S. The number 7 is given by
T=ci(1+|[(f1, f2)lln) " <1 (2.2)

with some positive constants ¢; > 0, > 0 depending on ¢. The case k > 3 can
be handled by a similar argument and we will show that with 7 = 7 defined
by (2.2) with the constant ¢; replaced by 0 < ¢ < ¢; depending on k and ¢,
one has a local existence and uniqueness in the interval [s, s + 75]. Consider
the linear problem

{8t2un+1 — Atpyr +q(t, 0)upiy +ud =0, n >0, 23)

unt1(s, ) = f1(2), Orunta(s, x) = fo(x)

for t € [s, s+ 7] with ug = 0. For the solution of the above problem with right
hand part —u? and f = (f1, f2), we have a representation

(s, (1)) = Ualt = 5)1 = [ [U(t = QT (7,2
+Uo(t — 7)Qoul (1, x)} dr. (2.4)

Here Uy(t,s) : H — H is the propagator related to the free wave equation in
R3 (see [2, Section 2]) and

Qi) = <q(70,x) 8) Qo= (2 8) '
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To estimate ||un+1]s,, we apply the operator
[oo (A=) 0
b 0 (1—A)E=D/2 )"

Notice that this operator commutes with Uy(t — 7) and ||Up(t — 8)||n—n < A
for |t — s] <1 with A > 0 independent of k. Therefore

|Uo(t = s)Lifll < Ol fll grwsrx g

and

| [vatt - D@ wir,

t
< / 1Un(t — 7Lk QY ledr < Agrims 5,
S

For Apm < 1/2 with Ax > 0, depending on k and ¢, the term involving
Q(7)tn41 in (2.4) can be absorbed by ||t,+1]s, and we deduce
luntalls, < CI(frs fo)llmr @y sam @) + Cllup | oo (s, s4r), 15 23)) -

Here and below the constants C' depend on k and ¢ and they may change from
line to line but we will omit this in the notations. Next we define the norm

£l rzem sy 2= 11 = D) fllzo sy, 1 < p < 0.
We will use the following product estimate
Ifgllaer < Aspll fllalgllaeas + Aspllgllorllfllasrs, (2.5)

provided

1 1 1 1 1

- =—+—=—+—,q,"1 € (1,00]7 q2,12 € (LOO]

P @1 Qg2 T2
For the proof of the classical estimate (2.5), we refer to [4]. We apply (2.5)
with p=2,q1 = 3,92 = 6,71 = 6,72 = 3 and get

||u§z||Hk(1R3) < CHunHHka(RB)”unniﬁ(R?’) + CHUELHHkvg(RS)HunHLG(R:S)'
For the term involving u2 in the above inequality, we apply the same estimate
with p =3,q1 = q2 = r1 = 72 = 6 and deduce
luill mres sy < 2C unl s @) lunl Lo s).
Consequently, by the Sobolev embedding theorem,
[ | e msy < Cllun | mer @) | Vatin || 22 o)
This implies
Ss+T

[ 0oyt < Curlun oo ool

On the other hand, for the solution u,,, we have the estimate

unllc(s,s4r),m1 @®3)) < 2C0l|(f1, fo)llre, VR > 1
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with some constant Cy > 0 depending on ¢ (see [2, Section 3]) and we deduce
the bound

C||u;°’1||L1([s,s+T],Hk(R3)) < C017(200)2H(f1, fz)”%c”Un”SHl-
Thus choosing 2CC17(2Co)?(|(f1, f2)||3, < 1, we may prove by induction the

estimate

lunlls, <2C|(f1, f2)ll et (msyx mrms), Yo > 1. (2.6)
Next, let w, = un4+1 — u, be a solution of the problem

2wy, — Awy, + q(t, v)w, = u? ud w,(0,2) = Oy, (0, ) = 0.

n—1" Yn>

By using the inequality
"UB - w?” < 2lv — w|(\v|2 + \w|2),
we can similarly show that

1
tUnt1 — unlls, < §||un — Un—1]|s,

which implies the convergence of (uy)n,>0 with respect to the || - g, norm.
Repeating the argument of [2, Section 3], we obtain local existence and unique-
ness. Thus we get the following

Proposition 2.1. For every k > 1, there exist C, > 0, ¢ > 0, and v > 0
depending on q and k such that for every (f1, f2) € HF(R3) x H*=1(R3), there
is a unique solution (u,u;) € C([s,s+71], H*(R3) x H*=1(R3)) of the problem
(2.1) on [s,s + 7] with 7 = cx(1 + ||(f1, f2)|ln) ™. Moreover, the solution
satisfies

ullse < Crll(f1s f2)ll e rs)x v sy (2.7)

It is important to note that for every k, 7, depends on the H norm of the
initial data.

In [2], it was proved that one has a global solution (u,u;) € C(R,H(R?))
with initial data (fi, f2) € H(R?). It is natural to expect that for (fi, f2) €
HE(R?) x HF=1(R?), we have a global solution (u,u;) € C(R,H*(R?) x
Hk—l(R?)))_

Let a > 1 be fixed and let £ > 1. We wish to prove that the global solution
with initial data f € H*T1(R3) x H*(R3) is such that

(u,uy)(t,z) € H*L(R?) x HF(R?), 0 <t < a. (2.8)
According to [2, Theorem 2], for 0 < ¢ < a, we have an estimate
1(w, u) (8, %) l2e < Ba = || fll3 + a(By + Bza),
where By > 0 and Bz > 0 depend only on || f|l#. Consider
mi(a) = cx(1+ Ba) 7. (2.9)

First for 0 < ¢ < 74(a), we apply Proposition 2.1. Next we apply Proposition
2.1 for the problem with initial data on ¢ = 274(a) which is bounded by (2.7).
Thus we obtain a solution in [0, 275 (a)] and we continue this procedure by step
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27c(a). On every step, the norm H*(R%) x H*(R®) of (u,u) will increase

with a constant Cj. Finally, if

(a+1),

N W

3
§a <mmi(a) <
we deduce
| (us we)(as )| e e < CF(fry f2) e < e
Mlogck
< ekl | (frs )l reer s e - (2.10)

Hence, we established (2.8) and one has a bound of the H**1 x H* norm. Since
a is arbitrary, we obtain (2.8) for ¢t € R and a global existence for ¢ € R. In
Section 5, we will improve (2.10) to polynomial bounds of the Sobolev norms.

3. Local Strichartz estimate for the nonlinear wave equation. Our purpose is
to establish a local Strichartz estimate for the solution of the Cauchy problem
g — Agu + q(t, 2)u +u® = 0,t €]s, s + 7], € R3, 3.1)

U(S,a?) :fl(x)’ut(sax) ng(.%‘), '

where f = (f1, f2) € H*(R?) x HY(R?), 0 < 7 < 1. It is well known (see [2,
Proposition 1]) that for the solution of the Cauchy problem

v — Agv+q(t,m)v =F, (t,x) €]s, s + 7] x R3,
{U(s,aj) = hi(x),ve(s, ) = ha(x), (3:2)

we have an estimate

v, )| Lo (5,547, L7 ®3)) < C(H(hl, ho) |l 1 (R3)x 12 (R3)

+HF||L1<[s,s+r},L2<R3>))a
where %—l—%:%, 2 <p<Loo. Wewilllaterchooser:%With0<e<<1
and this determines the choice of p > 2. For the solution of (3.1), we get

lw(t, )| Lo ((s,s47), L7 (®3)) < C(p,7) (||U(8, ), us (8, 2) || 5 (r3)x L2 (R3)

Tt @) [ e oo 25 ) (3.3)
where we have used the estimate
Hug(tvx)”Ll([s}erT],L?(]W)) < T“u(t?x)||i°°([s,s+‘r],Hl(R3))'
Next, for the solution u(t,z) € H'(R?) of (3.1) in |0, s + 7] with initial data
f = (u,u;)(0,2) € H(R3), we have a polynomial bound (see [2, Section 3])

sup  lu(t, )| g1 wsy < || fllrms) + s(B1 + Bas),
te[0,s+7]

where By > 0, B2 > 0 depend only on || f|#, and this implies
[w(t, )| Lo (5,547, L1 R5)) < Crp, 7 || flle) (1 4 5)°. (3.4)

Now we will examine the continuous dependence on the initial data of the
local solution to (2.1) given in Section 2. Let g, = ((gn)1, (gn)2) € HF1(R3) x
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H"*(R?) be a sequence converging in H¥(R3) x HF¥"1(R?) to f = (f1, f2) €
HF(R3) x H*1(R?). Let
wy(t,z) € C([s,s + 7], H¥H(R?) N CY([s, s + 7], H*(R?))
be the local solution of (3.1) with initial data g,. Setting v, = w, — u, we
obtain for v, the equation
D2vp — Ay + q(t, x)v, = u® — w3,

By the local Strichartz estimates for the linear equation with respect to v,
we get

| (vns (vn)t)||C([s,s+‘r],Hk(]R3)><Hk’*1(RB)) + an||Lgo([5,s+7],Hk*1’5(R3))

< Ck(a)llgn — f||Hk(R3)><H’“*1(]R3) + C’k(a)|\u3 - U’i||Lg([s,s+f],H£*1(R3))'
(3.5)
This estimate for & = 1,2 has been proved in [2, Proposition 1]. The proof for
k > 3 follows the same argument. The constant Cj(a) > 0 depends on k and

on the interval [0, a], where [s,s + 7] C [0,a]. In the notations below we will
omit the dependence of the constants on k and a. Applying (2.5), we have

0 w3 [ 2 SC v grn—o |+ 2 | 15
+C|lvnl| ol u®+uwn+wh | pr.s

< 2] onllszn-1.o (Iulde + lwallfe ) + Cllvallzs (2lulle-roullzs

2] wn || s lwa | Lol r-vollwn| Lo + IIwnIIvaHUIILG) = Pn + Qn.

To handle P,, notice that the L°°([s, s + 7], L°(R?)) norms of v and w,, by
local Strichartz estimates, can be estimated by || f||% and ||gn||7. Therefore,
for n > ng, we have

s+T7

‘ / Pndt‘ < AkTHUn||Loo([sys+7-]7Hk71,G(]R3))

with a constant Ay depending on Cy(a) and | f||». Hence, we may absorb P,
by the left hand side of (3.5) choosing 0 < 7 < ﬁ small. The analysis of

Q. is easy since we proved in [2, Subsection 3.2] that for all t € [s,s + 7], we
have ||V v, (t,7)|[z2rs) — 0 as n — oo and the term in the braked () for
t € [0,a] is uniformly bounded with respect to n according to the analysis in
Section 2 and estimate (2.10). Finally, we conclude that

(Vs (Vn)e) o (fs,s47], H* (R3) x HF—1(R3)) —n—oo O- (3.6)

4. Polynomial bound of the H?(IR3) norm of the solution. Let (u(t,z),u:(t, z))
€ C([s,s + 7], HA(R?)) x C([s,s + 7], H}(R?)), where u(t,z) is the solu-
tion of the Cauchy problem (2.1) for ¢ € [s,s + 7]|. Taking the derivative
O, = 0j, j = 1,2,3, and noting u; = d;ju, uj; = 0;0;u, one gets in the sense
of distributions

(wje)e — Aguj + (0;q9)u + quj + 3u2uj =0. (4.1)
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It is easy to see that
(0;9)u + qu; + 3u2uj € C([s,s + 7], L*(R?)).

In fact, our assumption implies that u(t,z) € C([s,s + 7], L°(R?)) and this
yields v?u; € C([s,s + 7], L*(R3)). Therefore

(uje)s — Aguj € O([s, s + 7], L*(R?)).
Multiplying the equality (4.1) by w;:, we have

/((u]'t)t - Amuj>ujtdm = — /(@q)uujtdx — /qujujtdl’
,3/u wjujidr = I (t) + Io(t) + I5(t). (4.2)

Assuming (u(t, z),ui(t,z)) € C([s,s + 7], H*(R3) x H?(R?3)), we can write

1 1 1
L(t) = -3 /q@t(ui)daz = 758,5 (/ qu?dx) + §/qtu§dz,
I5(t) = 3 u?0y(u?)dx = —§8 ( u2u2-dx) +3 [ wupuide
3 2 (U 50 j tujd.

After an integration by parts in the integral [ A, (u;)ujidz for solutions
(u(t,z),us(t,z)) € C([s,s + 7], H}(R3) x H*(R3)), the equality (4.2) can be
written as

3

;8tzl[/((ujt)2+|vm(uj)2 +3u2u? + qu; ) (t, ) dx Z/ i q)uujidx

iz
3 1 3
+3) / wuguide + 3 > / quuide = I1(t) + Ji(t) + J2(t), (4.3)
j=1 j=1

where the derivative with respect to t of the left hand side is taken in the sense
of distributions.

4.1. Justification of (4.3) for (u(t,z),u:(t,z)) € C([s,s+7], H*(R3) x H'(R3)).
Introduce

3
1
=3 Z/((uﬁ)2 + |V (u)]? + 3u2u? + qu?) (t,z)dx.
j=1

Notice that the function X (¢) is well defined. For the integral of u> u , we have

1/2 3/2 1/2 3/2
/ wlde < ul 3o g1 2e gy < Null 22 IV oull 36 sl 101 Vo 1557

(4.4)

Also a similar argument shows that the right hand side of (4.3) is well
defined and it is a continuous function of ¢. For example,

| [ it 2)da] < s 0,2 o ) oo st 2) sy (45)

This implies that the derivative with respect to ¢ is taken in the classical
sense. Now let (g,,h,) € H3(R3) x H?(R?) converge to (u(s,z),us(s,z)) in
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H?(R?) x HY(R?) as n — oo. Denote, as in Section 3, by wy(t,z) the local
solution of (3.1) with initial data (g, hy). Therefore, for ¢ € [s, s+ 7], we have

[t e opds = [t )i,
/wn(wn) (wn);)*(t, 2)dx —p— 00 /uutu (t,z)dx.

To justify these limits, we apply the estimates (4.4) and (4.5). For example,
[ttt e < | [ = wwne((wa)y)?ds
] [l = w) ()] + | [wnal((@n)s? ~ s

and we use (3.6) for k£ = 2. Passing to limit in the equality (4.3) for w,, we
obtain it for w.
Consequently, after an integration with respect to ¢ in (4.3), one deduces

S+T

X(s+7)=X(s) + / (Jl(t) D(t) + Il(t))dt.

S

4.2. Estimation of fs+T Ji(t)dt. Let 0 < € < 1 be a small number. First by
the generalized Holder inequality, one estimates

3
()] <33 [t ) e g e, 2) | e oyl (1 2) sy
j=1
3
1/2 3/2
<33 ult, o)) e, 2) | poe oy s (8 2) |ty 10 (8 2) | ot
j=1
where
1 _ €
r 442

According to the estimate (2.7), for s <t < s+ 7, by the local existence of
a solution of (3.1) with initial data (u(s,z),u(s,z)) € H*(R3) x H*(R?) on
t = s, we obtain

/2
3/
o 0, 2) 34y IV 4 0, 2) [y <Co 5, ) 2oy + e, s e )

with constant Cs > 0 depending on g. Next

3
s, ) s sy < C (D 1900, s, ) Bagasy + s, )l s )

ij=1

3
oo, ) 371 sy < (Z oo, ) F2asy + e (s, @) ey ) -
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Notice that we have a polynomial bound with respect to s for the norms
|u(s, z)|| 1 (rsy and [|ug(s, x)||12(rsy of the solution u(s,z) (see [2, Theorem
2]). Consequently, we obtain

sup ||u;(t, x)”m(R%)
te[s,s+7]

<O (XY (149, sup (60l eqay < Coll +9),
te(s,s+7]

where Cp > 0,C1 > 0 depend on ||(u, u¢)(0, 2)| g1 (r3)-
Now we pass to the estimate of ||us(¢, z)||L2+<(rs). By the Holder inequality,
we obtain

€ —£) 3 2(1—e/4 3
| [uredn] = | i do < ol 30550 o o

< Ca(1+ 0| Vuel fo oy < Call +5)? (X(s)% T+ 5)36).

/ 2+de

Taking into account the above estimates for the integral with respect to t,
one applies the Holder inequality and for small €, we have

Hence, one deduces

sup
t€(s,s+7]

T < O5(1+5)32 (X(s)ﬁ + 1).

S+T7
| / I(t)dt| < Cor 7 (14 5)° Jults) oo s pceon (X (5) 1

3e
8

+1),

where

1+ e 1 1_’_1_1
p 442 2°p p

To complete the analysis, we apply the Strichartz estimate (3.4) and deduce
l[u(t, @) Lo (s, s17):Lr 3)) < C(E)(1 4 5)°.
Finally, for 0 < 7 < 1 with y = 12, we have

s+T

‘/Jl dt‘<0’ ( (s)i+ %+1)(1+s)y. (4.6)

4.3. Estimation of fSHT I;(t)dt. We apply a similar argument.

3
|Il |<CZ Hu t x HLZ(]RJ)Hu]t(t $)|‘L2(Rs)<c7 1 + |t‘ Z |’U,]t t x |L2 (R3)-

j=1 j=1

w

By the local existence result for ¢ € [s, s + 7], one has

e (8 2) | 22 w3y < Culs, @)l 2(msy + lJue(s, )| (rs))
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and repeating the above argument, we deduce
S+T
| / I(t)di| < Cs(X(5)"? +1)(1 + 5 @7)

4.4. Estimation of fss'H Jo(t)dt. Tt is easy to find a bound for this term since
we have a polynomial estimate

/u§(t,x)da¢ < Co(1 4 |#))2

and this yields
s+T

‘/ Ta(t)dt] < Co(1+ )% (4.8)

Combining (4.6), (4.7), (4.8), finally we get
X(s+7) < X(s)+cm(X(s)%+% +1)(1+s)y. (4.9)

4.5. Growth of H?(R?) norm. Let a > 1 be a fixed number. According to [2]
and Proposition 2.1, there exists a solution in [s, s + 7(a)] C [0, a] with initial
data g € H?(R3) x H*(R?) on t = s. Here
—
T(a) = C((l + ||fHH1(]R3)><L2(R3) =+ a(B1 =+ BQG)) <1,

where ¢ > 0,7 > 0,B; > 0,By > 0 are independent of a and f. We choose
N(a) € Nsothat a—7(a) < N(a)7(a) < a. Setting X (n7(a)) = apn, n < N(a),
and exploiting (4.9), one deduces

o < ap_1 + Clo(az/fl +1)(1 +n)t2
We are in the position to apply Lemma A.1 in the Appendix and obtain

X (N(a)r(a) < C(N(a))'™
- sqn 104
<O(2) " (14 1w syrees) + al By + Bza)

This estimate and the bound of the H*(R?) norm of the solution u(a, ) estab-
lished in [2] imply a polynomial with respect to a bound of |[u(a, z)|| g2 (®s) +
|0su(a, z)|| g1 (rsy. This implies the statement of Theorem 1.1 for k = 2.
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5. Polynomial growth of the H*(R3) norm of the solution. To examine the
growth of the H*(R?) norm of the solution, we will proceed by induction.
Assume that for 1 < s < k — 1,k > 3, we have polynomial bounds

[t @)l g sy + ue(t, )] a1 sy < Ar(L+ )™, t € R

for the global solution of the Cauchy problem of u;; — A, u+ qu +u? = 0 with
initial data (f1, f2) € H*(R3) x H*~!(R3). Consider the equality

070%u — A (0%u) + 02 (qu) + 9% (u*) = 0
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with |o| = k — 1. After an integration by parts which we can justify as in
Section 4, we write
1d o, 12 o, 12
5ﬁ/(\vgﬁ,amu| (0,05 )da
= —/8g(qu)8§8tudx - /8g(u3)8§8tudx = Ki(t) + Ka(t). (5.1)
Clearly,

‘/(8§(u3)8§‘8tu)dm‘ <10 (w®)| 2 o || 0% Oyul| 2 (o
Applying (2.5) two times, one gets
105 ()| L2rsy < CllOT Ul L2y ullF oo (g

and by the Sobolev theorem, |u| s ®s) < C|lul|g2(rs). Thus by our assump-
tion,

09 (u? (t, )| L2(ra) < CAp_1 AS(1 + [t])™s—1H2m2,

Therefore, using the notation of Subsection 4.5 for n7(a) <t < (n + 1)7(a),
one deduces

||8S(u3(t,x))||Lz(R3) < CAp_1A%(1 4 n)me—rt2mz,

On the other hand, applying (2.7), one obtains

1020l @) | z2ms) < Coc( (lulnr(@),) s o) + e (07(0), @) -1 ) )-
The analysis of K;(t) is easy and
[ K1 (1) < Cllult, )| gr—1(r3) |05 Opu(t, )| L2 (r3)
< CpAp—1(1+n)"™ (Ju(nT(a), )| mes) + llue(n(a), )| gr-1 rs))-
Now define Y (t) := ||u(t, 90)”?%(]1@3) + [|Osu(t, x)H?{k_l(R;;) and integrate the
equality (5.1) from n7(a) to (n+1)7;(a) with respect to ¢, where 0 < 74,(a) < 1
is defined by (2.9). Taking into account the above estimates, we have
1
Yi((n+ 1)me(a)) < Yi(nri(a)) + CoAr—1(1+n)" 1Y, (n1y(a))
FC A AX(1 + n)™e1t2may 2 n 0 (),
Applying Lemma A.1 and repeating the argument of Subsection 4.5, we obtain
a polynomial bound for Yj(¢) and this completes the proof of Theorem 1.1.
Acknowledgements. We would like to thank the referee for his/her useful com-

ments.
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6. Appendix. The aim of this Appendix is to prove the following

Lemma A.1. Let {a, }22, be a sequence of nonnegative numbers such that with
some constants 0 <~y <1, C >0, and y > 0, we have

an < ap1 4+ C((an_1)' 7 + 1) (1 +n)Y, ¥n > 1.
Then there exists a constant C > 0 such that
an<C’(1—|—n) 5 , Vn > 1. (A1)

Remark A.1. A similar estimate has been established in [3] for sequences {o, }
satisfying the inequality

an < g+ Cay”]
Proof. We can choose a large constant C; > 0 such that
()7 +1<Cr(ap 1 + 1), Vn > 1.
This implies with a new constant C5 > 0 the inequality
an+1<an 1 +14+Colay_ 1+ 1) 7(1+n)Y, Vn> 1.

Setting 3, = «, + 1, we reduce the proof to a sequence «,, satisfying the
inequality

oy < ap_1+ Cg(an,l)lf"’(l +n)Y, n>1.
We will prove (A.1) by recurrence. Assume that (A.1) holds for n — 1.
Therefore
~ y ~ u\ 1=
an < Cn' 5"+ Cy (Cnlt ) (I1+n)Y

=Cn {1 +CC Y (1 + n)y}
— e (- ) oo (1))

To establish (A.1) for n, it is sufficient to show that for large C, one has

1 1ty

) 1o *1(77%1)_‘11] <1,n>1 (A2)

fn) = (1in—|—1

Setting CoC~7 = ¢, a simple calculus yields

f’(n)zl—’;—y(l n41—1>7 1(n+1)[ <n+1> }

1ty

1 = —y—1
+6(1_n7+1) [ ( 1) yn- n+1 ( n+1) }
:<1_ 1 )1“ [14— el +y<1_ 1 )fv

n+1 n+1 ¥ n n+1

. L

n n n+1
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Notice that since % <1- %H’ we have

(=) =)

1+y n+1l+y 1 \v_ 14y n+1l+y (1\—v
— (1-—) = — e ()
¥ n n+1 ¥ n 2
For small € > 0, the right hand side of the above inequality is positive. Conse-

quently, for the derivative, we have f’(n) > 0 and one deduces
fn) <l f(n)=1

This completes the proof of (A.2). O

which implies
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