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The Marcinkiewicz multiplier theorem revisited
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Abstract. We provide a complete proof of an optimal version of the
Marcinkiewicz multiplier theorem and discuss a relevant example.
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1. Introduction and statement of results. We revisit a product-type Sobolev
space version of the Marcinkiewicz multiplier theorem. A version of this result
first appeared in Carbery [2] but a stronger version of it is a consequence of the
work of Carbery and Seeger [3]. In this note we provide a self-contained proof
of the Marcinkiewicz multiplier theorem, we point out that the conditions
on the indices are optimal, and we provide a comparison with the Hormander
multiplier theorem, which indicates that the former is stronger than the latter.
Given a bounded function ¢ on R™, we define a linear operator

T, (f)(x) = / F©)o()em =g

Rn

acting on Schwartz functions f on R"; here f(¢) = Jan f(@)e™? "8 dy s the
Fourier transform of f. An old problem in harmonic analysis is to find optimal
sufficient conditions on ¢ so that the operator T, admits a bounded extension
from LP(R™) to itself for a given p € (1,00). If this is the case for a given o,
then we say that ¢ is an LP Fourier multiplier.

We recall the classical Marcinkiewicz multiplier theorem: Let I; = (-2,
—29) U [27,271) for j € Z. Let o be a bounded function on R™ such that for
all @ = (aq, ..., ap) with |aq], ..., |a,| < 1 the derivatives 9%o are continuous
up to the boundary of any rectangle I;, x --- x I; on R". Assume that there
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is a constant A < oo such that for all partitions {s1,...,sp} U{ry,..., 7} =
{1,2,...,n} with n =k + £ and all §;, € I},, we have

sup --- sup / /| oyt (51,...,§n)|d§sk_~~dfsl§A (1.1)
57“1 €I7r1 gT[GIJrZ
for all (ji1,...,jn) € Z"™. Then o is an LP Fourier multiplier on R™ whenever
1 < p < o0, and there is a constant C), , < oo such that
1Tl < Cpn(A+ o). (1.2)

To obtain a Sobolev space Versmn of this result we define (I — 82) f as
the linear operator (14 472|ne|?) = (7])) associated with the multiplier (1 +
472 |n,|? ) . The purpose of this note is to provide a self-contained exposition
of a version of the Marcinkiewicz multiplier theorem which requires only 1/r+¢
derivatives per variable in L" instead of a full derivative in L' as in (1.1).

Theorem 1.1. Letn € N, n > 2. Suppose that 1 < r < 0o and v is a Schwartz
function on the line whose Fourier transform is supported in [—2,—1/2] U
[1/2,2] and which satisfies Zjezw@ﬂf) =1 for all £ # 0. Let v¢ > 1/r,

(=1,....,n. If a function o on R™ satisfies

|| I a1 o (1_82)77" (’J)\(fl) e '(Z(gn)o-(zjlglv s 72jn§7l)) HLr < 00,

(1.3)
then T, admits a bounded extension from LP(R™) to itself for all 1 < p < o0
with

Ji ]n

1 1
’5—5 <min(yy, ..., Yn)- (1.4)

Moreover, (1.4) is optimal in the sense that if Ty is LP-bounded for every o
satisfying (1.3), then the strict inequality in (1.4) must necessarily hold.

Carbery [2] first formulated a version of Theorem 1.1 in which the multiplier
lies in a product-type L?-based Sobolev space. Carbery and Seeger [3, Remark
after Prop. 6.1] obtained Theorem 1.1 in the case when v4 = -+ = v, >

= — 7| = 7. The positive direction of their result also appeared in [4, Condition

(1.4)] but this time the range of p is |% - %’
of the integrability of the multiplier and not in terms of its smoothness. In
our opinion it is more natural, nonetheless, to state condition (1.4) in terms
of the smoothness of the multiplier, as in the case of the sharp version of the
Hormander multiplier theorem, see [9].

The class of multipliers which satisfies the assumptions of Theorem 1.1
is strictly larger than the set of multipliers treated by the version of the
Hoérmander multiplier theorem due to Calderén and Torchinsky [1, Theorem
4.6]; see also [7]. Since Theorem 1.1 assumes the multiplier o to have 1/r + ¢
derivatives in each variable, while the Hérmander multiplier theorem requires
more than n/r derivatives in all variables, it is apparent that there are multi-
pliers which can be treated by Theorem 1.1, but not by [1, Theorem 4.6]. On

< % and is expressed in terms
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the other hand, it is an easy consequence of the following theorem that ev-
ery multiplier satisfying the assumptions of the Hormander multiplier theorem
falls under the scope of Theorem 1.1 as well.

Theorem 1.2. Let 1) be a Schwartz function on the line whose Fourier transform
is supported in the set {£ : 5 < |¢] < 2} and which satisfies Y, 1h(2°€) = 1
for every € # 0. Also, let ® be a Schwartz function on R™ having analogous

properties. If 1 < r < oo and ~y1,...,7vs are real numbers larger than %, then
n
swp_|[(7-00)% (1= )% o261, 2ne) [ o)
FTR / =1 I
<m0 oiose]| (15)
JEL Lr

2. The proof of Theorem 1.1: the main estimate. We start by introducing some
notation that will be used throughout the paper. We will use ¥ to denote the
bump from Theorem 1.1; further, § will stand for the function on the line
satisfying

6(n) = (n/2) + d(n) +(20).
One can observe that @ is supported in {3 < ¢l <4} and 6 = 1 on the support
of {/1\
To simplify the notation, if { = (&1,...,&,) € R" and J = (j1,...,jn) € Z",
we shall write

27¢ = (211¢,...,27"¢,)
and
D) =[[vE). b =T]oc.
=1 =1

Let kK € 1,...,n. For j € Z we define the Littlewood—Paley operators
associated to the bumps ¢ and € by

Aff = Ag)’kf = /f(xl,...,xk,l,mk — Y Ty ) 2000 (27y)dy
R

and

A?kf:/f(xlv--ka—hxk Yy Thi1s -5 20) 2 0(2y)dy.
R

We begin with the following lemma:

Lemma 2.1. Let 1 <r < oo, let1 < p <2 satisfy 1 < p<r andlet y1,...,7n
be real numbers such that vep > 1, £ =1,...,n. Then, for any function f on
R™ and for all integers ji,...jn, we have

n n 6,1 On %
AL AL T (N < OK (MW MO(AT A7 197, (2)

In
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where M) denotes the one-dimensional Hardy-Littlewood mazimal operator
in the £-th coordinate and

K= sup |(I=00)% - (1-02)% [0(2"61,.... 2 )b(&) - (&)

Jis--In€L

LT

Proof. Throughout the proof we shall use the notation introduced at the be-
ginning of this section and, whenever J = (j1, ..., j,), we shall write

6,1 o.n
Aof = AL ALf ALF - ANAL
Since 0 is equal to 1 on the support of 1Z7 we have

ASTo(f) (e, 2 / FOd@ 7)o (e)em v de
/ fe Y2 E)o (€)X Edg = / (A I €)o()e2 TS de

B / 2 (A )RIENDE ) (27T g

Rn

=2t [(88 7)) [0 ") @ - )iy
2j1+ﬂ§j+a‘n (A% f)

— 1+2j£$£*yz Ve
| T 0 2o - e 1A+ 2l - wel

[w@)a(z%)] (27 (@ — ) dy.
Holder’s inequality thus yields that |A;T,(f)(x)| is bounded by

— (ASF) ()] >i
Ji1+-+In
(/ ? T, (1 + 2oy — ge)oer Y

Rn

~

T+ 2L — el - [zZ(@a(?Jo] @ (e —y))

, </2j1+-~+jn
=1

R™

o 5
dy>,

where, when p = 1, the second term in the product is to be interpreted as

[L+ 2o =l [3000)| @)
=1 Lee
Since ygp > 1 for all £ = 1,...,n, n consecutive applications of [6, Theorem
2.1.10] yield the estimate
P (A5 H) ) N S S T TIVANE:
(/2 [To=; (14 29¢|zg — yel)ver W) o= C[M M (1451 )(x)} '

Rn
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We now write

(/2j1+~--+jn
£=1

TTC+ 270 — wel)™ [m)a(w@} 2’z —y))
J -
<(/]]

< H(I—a%)?.. (I- 32)7"[ (ng)zZ(g)]

~ / 1
o7

p
")

1

o’ o
dy)

Lr

[0+ HECZECIR

SCH(Iaf)?. - 62)””[ (2Jg)$(§)] (2.2)

<CK.

Lr

Notice that the second inequality is the Hausdorff-Young inequality, while (2.3)
is a consequence of the Kato-Ponce inequality [8] (if p < 7). A combination of
the preceding estimates yields (2.1). O

Proposition 2.2. Let 1 < r < oo and let v¢ > max{1/2,1/r}, £ =1,...,n. If
a function o on R™ satisfies (1.3), then T, admits a bounded extension from
LP(R™) to itself for all 1 < p < oo.

Proof. Suppose first that p > 2. Since vy > max{1/2,1/r}, £ =1,...,n, we
can find p € [1,2) such that p <r and py > 1, ¢=1,...,n. Then

I Dllsgeny < (2 A} A7 T (D)

.....

r

J1yeees Jn€Z v
<C(nKH(j zj:ezm AMf‘) .
i

< Cp(m)K||fllzr-

Notice that the second inequality follows from Lemma 2.1 and the third in-
equality is obtained by applying the Fefferman—Stein inequality [5] on the
Lebesgue space L% in each of the variables yi,...,y,. Observe that the
Fefferman—Stein inequality makes use of the assumptions 2/p > 1 and p/2 > 1.

The case 1 < p < 2 follows by a duality argument, while the case p =2 is a
consequence of Plancherel’s theorem and of a Sobolev embedding into L*>°. [

3. The proof of Theorem 1.1: an interpolation argument. When p = 2 no
derivatives are required of o for T, to be bounded. To mitigate the effect of
the requirement of the derivatives of o for T, to be bounded on LP for p # 2,
we apply an interpolation argument between p =2 and p =1+ 6.

We shall use the notation introduced at the beginning of the previous sec-
tion, and we shall denote

U({se}py) =T(s1,..y80) = (I =097 - (I - 92)F,
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The following result will be the key interpolation estimate:

Theorem 3.1. Fiz 1 < pg,p1,7r0,71 < 00, 0 < s¥,...,8% sl ... sl < .

19N »°n

Suppose that ros) > 1 and r1s; > 1 for all € = 1,...,n. Let ¢ be as before.
Assume that for k € {0,1} we have

n
ITo ()l €Ki sup_ TG, sh) 0@ TT 0] || 1610
J1ye-0yJn €L r—1 LTk
(3.1)
forall f € 65°(R™). For 0 <0 <1 andl=1,...,n define
1 1-66 6 1 1-6 6
- + =, == + =, se=(1-10)sY 4 0s}.
p Po p1 r To 1
Then there is a constant C, such that for all f € €5°(R™) we have
ITo (D)l < CEPKL sup | T(st,o0) 0@ TTG€]|| I711er-
J1s-Jn €L (=1 Lr
(3.2)

Assuming Theorem 3.1, we complete the proof of Theorem 1.1 as follows:

Proof. Given 1 <r < oo and 7, > 1/r, £ = 1,...,n, fix p € (1,00) satisfy-
ing (1.4). In fact, we can assume that p € (1,2), since the case p € (2,00)
follows by duality and the case p = 2 is a consequence of Plancherel’s the-
orem and of a Sobolev embedding into L. In addition, assume first that
ming ¢ < 3. In view of (1.4), there is 7 € (0,1) such that

Ll (3.3)

- — = min 7y. )

» 2 TZ'YZ
Setplz%ﬂ,rl:2rmingw,and7}:%+E,€:1,...,n,where5>0

is a real number whose exact value will be specified later. Since p; > 1 and
rlfy} >2vy; > 1, =1,...,n, Proposition 2.2 yields that

ITo (Dl <C1sup DG, 70)[0(27€) H ||| 1Ml -
J1seensin €L —1 L™
(3.4)
Pick pg = 2. Let 6 be the real number satisfying
1 1-60 0
J— + —,
p Po P
namely, § = 7(; — ). Observe that, by (3.3), 0 < § < 2ming v, < 1. Finally,
choose real numbers ry and ’yL,, {=1,...,n,in such a way that
1 1-6 0
== +— = (1-0)y +0y. (3.5)

T To T1
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We claim that, for a suitable choice of e > 0, one has ryp > 2 and rofye > 1,
¢ =1,...,n. Indeed, since mingvy, < 5, we have r; < r, and thus, by (3.5),
ro > r > ry > 2. Further,

27

7“070 _ rir(ye — 9%}) _ rming g (ve — % — 0e) S rming g (ming v, — g — 0e)
¢ ry —6r ming yi — % ming yx — % '

Since rming v, > 1 and ming v — g > 0, one gets rofy? > 1if ¢ > 0 is small
enough. Consequently, the space {g : T'(7?,...,7%)g € L™} embeds in L,
and we thus have

1£]lz= - (3.6)

Lro

1T6()llp2 < C1 sup
J1seesJn €%

r(,...,7%) [ (27¢) ﬁ ]

The boundedness of T,, on LP(R™) for any o satisfying (1.3) thus follows from
Theorem 3.1. Finally, if ming vy, > % then the required assertion follows di-
rectly from Proposition 2.2. O

Proof of Theorem 3.1. The proof of Theorem 3.1 follows closely that of [1,
Theorem 4.7] and for this reason we only provide an outline of its proof with
few details. Throughout the proof we shall use the notation introduced at the
beginning of the previous section. Also, whenever J € Z™, we denote

@5 =T(s1,.-50) [0(27€)0(9)].

and for z with real part in [0, 1] we define

)= > T({=st1-)-stz}in, ) [les 5

Jezn

e (0] (2776)f(2 ).

(3.7)
For any given £ € R™, this sum has only finitely many terms and one can show
that

T

lorsiellie < (L4 18D % ((sup [[Disn..sn) o@D ) 7 (38)

where 7, is the real number batlsfymg = 1;—07 —

Let T, be the family of operators assocnated to the multipliers o,. Fix
fig € 65° and 1 < pyp < p < p1 < oo. Given € > 0 there exist functions fZ
and g such that || f5 — fll,, <&, g5 — gl < ¢, and that

1
PO

1
15l ee < (IFNZ0 + )70 ([ fpiell o < (AT +2) 70,

1
b

g5l o < (gl +2) 76, N5 iaell o < (l9lE, +2)7

1
7/
1

The existence of f and g5 is folklore and is omitted; for a similar construction
see [1, Theorem 3.3]. Let F(z) = [T, (f$)gs dz. Then F(z) is equal to
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/ o (OTE(O)FE(€) de

Rn

Z /F {—=s0(1 —2) — 542} 1) [|¢J|r( o) giAre (w)] (2-7¢)

JeLr g

0277 €)F () g2 () de

11—z
= 3 [[lear O 0] -

JEL

D({=s0(1 = 2) = si=bimy ) (277 ) FogE] (&) de.

The function F(z) is analytic on the strip 0 < R(z) < 1 and continuous up
to the boundary. Notice that o, (2% )12 picks up only the terms of (3.7) for
which J differs from K in some coordinate by at most one unit. For simplicity
we may therefore take K = J in the calculation below. Using the Kato—Ponce
inequality we may “remove” the factor 9 and write

1T, (Fi)ll oo
< Ky sup F(s?,...,sg)[ait(QK)lﬂH I fi2ll v
Kezn L7o

< Ko sup ||T({sy — sp(1 —it) — sgit}}_)
Kezn

ow U5 s o)

£
L“"O ” it”LPo
1

S+t 7 Ky Sup lexclzo (IF11%0 + €)™

Using Hélder’s inequality |F'(it)| < [|T5,, (f5)| oo 195]| ;ny » We may therefore
write

-
70

|F(it)] < C(1+|t]) % K sup ID({se}ier) o (27 )9 12

(171, +€)7 (gl +2)7%

for some constant C = C(n,ro,sY,s}). Similarly, for some constant C' =
C(n,r1,s),s}) we obtain

r
71
Lr

[F(1+it)| < C(1+|t) % K, sup IT{seYezs)lo(27)9)

1
(17112 + €)™ (llgll%, +2) 7.

Thus for z =7 +it, t € Rand 0 < 7 < 1 it follows from (3.8) and from the
definition of F(z) that

N
RV PR P P

IF(z)] < C"(1+ \t|)37"(jélg IT(s1, -, 80) [0(27)

= A‘r(t) )
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noting that || f£]|r2]|¢5| Lz is bounded above by constants independent of ¢ and
7. Since A, (t) < exp(Ae®*!), the hypotheses of the three lines lemma are valid.
It follows that

|F(6)|<C Ky K} sup IT({sediz)[o(27)0]]

1
7/

o (L1, + )7 (gl +2)?

Taking the supremum over all functions g € L?’ with llgll.»r < 1, a simple
density argument yields for some C, = C,(n,rq,72,s), ;)

1T ()l p» < Cs K(%_GKla Jsgzp” ||F(51> . "Sn)[U(QJ'){D\]HU £l o -

This completes the proof of the sufficiency part of Theorem 1.1. The proof of
the necessity part is postponed to Section 5. 0

4. The proof of Theorem 1.2. Crucial ingredients needed for the proof of Theo-
rem 1.2 are two one-dimensional inequalities contained in the following lemma.

Lemma 4.1. Let ¥ be as in Theorem 1.2. If k € Z, v >0 and 1 < r < oo are
such that yr > 1, then

£8P ey < CllT=0%)2 (4.1)
and
H(_52)% [f(Qk')@| L7(R) < C(l + 2k(77%))”(1 N 82)%f||Lr(R)' (4.2)
Proof. Since yr > 1, the Sobolev embedding theorem yields
[f@5 ) < If e < O =03 f|l, ) forae zeR. (4.3)
Therefore,
||f(2k')$\ L (R) = CH(I - 82)% 2 Lr(®) — CIH(I - 62)%f| L™ (R)"

This proves (4.1).
Further, using the Kato—Ponce inequality [8], the estimate (4.3), and the
fact that 1) is smooth and with compact support, we obtain

I=0%)F[£(2*)9]]

L7(R)

SC(H (=03 (£ o o 19l e gy 15 e (872 )
<c(|-o»F[fe m o H =023,
=0 (2079 (- f| R (AL Py
gc(z’”*rwl H (I-0%72
namely, (4.2). O

Proof of Theorem 1.2. Set F(§) =Y.' 3)(2(15)’ £ € R™. Then F(§) =

a

for any & satisfying 2% < |¢| < 2™, Therefore, if ji,...,Jj, are integers and
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§ = max{j1,...,jn}, then F(2179& ... 20»77¢ ) =1 on {(&,...,&,) : % <
|&1] < 2,... ,% < |€n] < 2}. Consequently,

H F g, 270, [T (&)

(=1

Using this, we can write

1= )% (1= 3% o, 260 [T 0660

(=1

LT

= |- a-an#

|:0—(2j1€17 RS} 2jn€n)F(2j17j€13 sy 2jn7]§n) H 12)\(55)]

oy oy e

a=—n {iy,...,i}C{1,....n}

[o—(zﬁ'lgl,.. ,2In g, D201 Itag, 2j""j+“§n)H$(€e)}
(=1

LT

Using the estimate (4.2) in variables 4y, ...,4; and inequality (4.1) in the re-
maining variables, we estimate the corresponding term in the last expression
by a constant multiple of

|:S]i[1(1+2(jisj+a)(%‘si)):| H(]_af)él (I =03 { (Qjag)(’ﬁ(f)]

L’r‘
< C(l 4 gnmaxe=i,.., n(’)’if*)) (I A) ﬂ{l+“2‘+ﬂm |:0'(2Jaf)‘/1\)(§):|
L'f‘
yit-FIn =
< Csup [|(I —A) {U(me)q’(g)}
meZ Lr
This implies (1.5). O

5. Examples and remarks. Next we discuss examples that indicate the sharp-
ness of Theorem 1.1. As stated, the sufficient condition presented in Theo-
rem 1.1 is optimal in the sense that if T, is bounded from LP(R™) to itself
for all o satisfying (1.3), then (1.4) holds. This has been observed, at least in
the two-dimensional case with both smoothness parameters equal, by Carbery
and Seeger [3, Remark after Proposition 6.1]. We provide an example in the
spirit of theirs, given by an explicit closed-form expression and valid in all
dimensions n > 2.

Ezample 5.1. Given « € (0,1), consider the function

o(&m) = elnDe™F Il log )™, (&,m) € R x R*™! =R,
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where ¢ is a smooth function on the line such that 0 < ¢ < 1, ¢ = 0 on
(—o00,8] and ¢ =1 on [9,00). Then
(i) o satisfies (1.3), with r large enough, whenever v; = o and 7s, . .., v, are
arbitrary positive real numbers;
(i) o is an LP Fourier multiplier for a given 1 < p < oo if and only if
11

The previous example indicates that condition (1.3) does not guarantee that
11

T, is LP bounded unless all indices 71, ..., 7, in (1.3) are larger than |5 =5l

In particular, for a given i € {1,...,n}, one does not have boundedness on the

critical line v; = \% — %\, no matter how large the remaining parameters are.

Let us now verify the statement of part (i) of Example 5.1. We shall first
prove that

sup ||(I - ) E(I— Ay [(OB(m)o(2he, 2]l < o0 (5.1)

for any s > 0 and r > 1. Here, ® denotes a Schwartz function on R”~! whose
Fourier transform is supported in the set {n € R"~!: 1 < || < 2} and which
satisfies Y _,., ®(2‘n) = 1 for all ) # 0. Indeed, for any k,¢ € Z, { > 3, and for
any given nonnegative integer m, we have
[ ®(m)o (2, 2°n) |- < CL™°
and
1 mo o . —a
I(Z = 0¢)2 (I = Ay) % ()@ (m)a (2, 2] - < CL- 72,

where the constant C' is independent of k and /. Interpolating between these
two estimates, we obtain

(1 = 8e) 2 (1 = A,) F [() @ (n)o(2°¢, 2°)]|
Notice alsAo thgt the last inequality in fact holds for all integers k, ¢, since the
function 1 (&)®(n)o (28, 2%n) is identically equal to 0 if £ < 2. Hence, we have

sup [|(1 — ¢) % (I — A,) F (&) B(n)a(27¢, 2 )]l < C,
k€T

- <C.

and interpolating between variants of this estimate corresponding to different
values of m, we obtain (5.1) for any s > 0. Now, part (i) of Example 5.1 follows
by an application of Theorem 1.2 in the variable 7.

Let us finally focus on part (ii) of Example 5.1. If o > ‘zl) — 1, then o is an
LP Fourier multiplier thanks to (i) and Theorem 1.1. Let us now prove that
T, is not L” bounded if a < | — 3|. By duality, it suffices to discuss only
the case when 1 < p < 2. Further, by a result of Herz and Riviere [10], our
claim will follow if we show that T, is not bounded on the mixed norm space
LP(R; L*(R™~1)). We take first the L? norm in 1 and then the L” norm in £.

Let f be the function on R™ whose Fourier transform satisfies

Fl&m) = e p(n) =" (logn))~* (oglog|n)) ™, (€,7) € R x R*1.

Using Plancherel’s theorem in the variable 7, it is easy to check that f €
LP(R; L*(R™™')) whenever 3 > . Our next goal is to prove that T,f =

1—n
2
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F~Yof) does not belong to LP(R; L2 (R"1)) if B € (3, %] Using Plancherel’s
theorem in the variable i again, this is equivalent to showing that .7-"5_ 1(0]?) is
not in LP(R; L?(R"~1)), where Fe ! stands for the inverse Fourier transform
in the £ variable.

Observe that
1, 7 _1(onstlo 2 1-n a1 _
Fe (o f ) (a,n) = CemaGratlos "2 (|n|)n| 72" (log |n]) =~ 2 (log log |n|) ~*
> CX{(an): v<—2, e=2re=1<|n|<e=2m=} (25 7)

2™ (—2) 7 % (log(—x)) 7.
Therefore,
. :
17 o ey 2 C [ [ (-a) oD (log(-a)) o | =,

which yields the desired conclusion.
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