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1. Introduction and statement of the main results. Neither the horizontal
distribution of the nontrivial (non-real) zeros of the Riemann zeta-function
(s) is well understood nor their vertical distribution. In 1942, Albert Edward
Ingham [1] observed that the truth of the Mertens conjecture in the form
> < i(n) = O(z'/2) with the Mobius p-function would not only imply that
all nontrivial zeros lie on the critical line 1/2 4 iR (the Riemann hypothesis)
and are simple (the simplicity hypothesis)—consequences well known at his
time—but that in addition “the tmaginary parts of the zeros above the real
azis must be linearly dependent (with rational integral multipliers)” too. The
stronger original form of the Mertens conjecture, | Y, . pu(n)| < z'/2, has
been disproved by Andrew Odlyzko and Herman te Riele [5] in 1985; on the
other hand, no linear relation for zeros has been found so far. A slightly weaker
open problem than proving linear independence is to show that there are no
three or more nontrivial zeros in arithmetic progression. In that direction Put-
nam [7,8] showed that there is no infinite arithmetic progression of nontrivial
zeros. A different approach was found by Lapidus and van Frankenhuijsen
[2]. In a later paper [11] van Frankenhuijsen obtained an explicit bound for
the length of any hypothetical arithmetic progression, in particular proving
¢(3 +imd) =0 for 1 <m < M with positive real § > 44,000 is possible only
for M < 136 by use of the explicit formula. More recently, Elias Wegert and
the second author [9] as well as Martin and Ng [4] found another method using
discrete moments in combination with estimates for exponential sums. Very
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recently, Li and Radziwilt [3] showed by a similar approach that at least one
third of the values on arithmetic progression is different from zero; moreover,
they proved that among these values there are infinitely many extremely large
(resp. small) in absolute value. Here we continue these investigations (and
our previous related work [6]) by studying the values of the zeta-function on
generalized arithmetic progressions.

In [6] it was observed that the mean of the values of the zeta-function taken
on a vertical arithmetic progression sy + imd with m = 0,1,2,..., M inside
the critical strip exists and is equal to

.1 , (1—¢=50)=t if §=2" ¢qeN,2</ecN
1 5 — log ¢ y &= ’
Mose M Z ¢(s0 +imd) { 1 otherwise.
0<m<M

1)
Here sp may be any complex number with real part in (0,1) and if ¢ is of the
form 6 = % with 2 </ € N and g € N, then ¢ is supposed to be the smallest
integer for which such a value ¢ exists. This condition on ¢ is necessary to
determine ¢ uniquely since 1%:;(12 = ligqelz for any b € N. Any such § with least
possible ¢ is called a resonance value of order £, and all other § are said to be
generic.

In this note we consider the distribution of values of the zeta-function on
generalized arithmetic progressions of the form % +i(y+dmy+ ...+ 6m,),
where 7 is a real number, d1, ..., d, are positive real numbers, and my, ..., m,
are positive integers. It appears that the mean of the values of the zeta-function
exists also on generalized arithmetic progressions. The case of resonance here
is when all 0;’s oscillate with the same logarithm ¢ in the denominators. More
precisely, we say that d1,...,d, with some r > 2 are in resonance if there exists
some ¢ € N such that one of the §;’s is a resonance value of order ¢ and all

other d; satisfy d;log ¢ € 277 (which implies §; = fggqé with positive integers

g; for j =1,...,7); notice that this does not imply that all §; are resonance
values. It is easy to see that in the case of existence, the value of ¢ is uniquely
determined. Otherwise, when there is no such integer ¢, the values 6y, ...,d,
are said to be not in resonance.

For convenience we introduce some simplifying notation: we denote the
inner product of § = (01,...,d,) and m = (my,...,m;) by d -m = 3°7_, d;m;.
Moreover, m < M indicates that a summation is taken over all positive integers
ma,...,m, satisfying m; < M; for j = 1,...,r, where M = (My,...,M,).
Finally, we define Il := M; - ... - M,.

Theorem 1. Let My, ..., M, be quantities tending to infinity. Then,

% 3 ¢ iy +8-m)) =cs +o(1),
m<M

where cs is a non-zero constant defined by

1. . A .
{ (1 — ¢~ (Gtmy-1 if all &; = ?qu are in resonance
C(S = og

1 otherwise.
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If the §,’s are in resonance, the mean value is of similar form as in (1); otherwise
the mean equals 1. Here and everywhere the implicit constants may depend
on y,01,...,0n.

In the following section we shall give a simplified proof of Formula (1) for sq
from the critical line, which may also be considered as the induction hypothesis
for the proof of Theorem 1 by induction in the final section.

2. The case of an arithmetic progression. We begin with (a very simple form
of) the approximate functional equation, namely

I

n<z

(=77,

valid uniformly for o > o9 > 0 and |t| < x, where we write s = o + it (see [10,
§4.11]); writing here and elsewhere the range of summation as n < x indicates
that we sum up overall positive integers n < x. This yields for x < M (meaning
that © < M < x) that

Lyity=Y nai 4 vt L O(MR),
n<z
and
> G +ily +0m))
m<M
x%_i(')"f“sm)

- —g—i(y+om) v 3
=)D perihem g - —%+i(’y+5m)+0(M ).

m<M n<zx m<M

The second sum on the right-hand side can be estimated as

>

m<M

x% 7i(7+6m)

1 1 1
—_ s K22 — K M2 log M.
—3 +i(y+om) Z m &

m<M
And the double sum on the right can be rewritten as
M+ Z n-2mi Z exp(—idmlogn).
1<n<lz m<M

Using the classical bound

Sy (a) = Z exp(—ima) < min{M, ||%H_l}, (2)

m<M

where, as usual, ||A|| denotes the distance of A to the nearest integer, we have

Z n~3 " Z exp(—idmlogn)

l1<n<z m<M

=3 X+ > iSu(Slogn) =S+ Sy,
1<n<zx 1<n<z
Slogne2rnZ  §logng2nl
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say. If 6logn € 2n7Z, then Sy(dlogn) = M; hence
S1=M Z n,%,w.

l1<n<zx
dlogne€2nZ

The condition ¢ logn € 27Z implies that § = % is a resonance value of some
order ¢ and n has to be a power of £. Writing n = ¢°, this leads after a short

calculation with geometric series to
Si=M Y 64@+m>=A4@1—£*%“ﬂr4—1)+ouwx%y
1o
In view of < M the error term is O(M%) = o(M).

In order to treat Sa, let N be the minimum of M3 and the least positive
integer N for which the inequalities

do not hold. Hence, in combination with (2),

Z n_%—”SM((Slogn) < NM?: = O(Mg) = o(M).

1<n<N
Slogng2nZ

dlogn

>SM"2 for 1<n<N
27

It remains to estimate

Z n*%*”SM(Jlog n),
N<n<z
(6 log ng2nZ)
where the condition on §logn may be dropped. Of course, this sum can be
empty (if AV > x). We shall use an elementary (nevertheless tricky) estimate
due to Martin and Ng [4, Proposition 4.2], which implies here

Z n"2 min {M ,

N<n<z

Since < M and N tends to infinity as M — oo, it follows that Sz = o(M).
Combining all estimates yields the formula from the theorem for the case

r =1 as well as Formula (1) for sy from the critical line; it is not difficult to

extend the above reasoning to get (1) in its full generality.

dlogn
2

-1
} < MN™2 + 2% logz.

3. The general case. The general case is proved by an induction argument.
Without loss of generality, we may assume that §, is a resonance value of

order £ if d1,...,9, are in resonance. We write
SoCGHity+sm)= > o Y > G il +6my),
m<M m1 <My my—1<Mp_1 mp<M,

where v, ;== ~v+dmi+...+0,—1m,_1. In view of (1) with sg from the critical
line, resp. the result proven in the previous section (that is, the case r = 1 of
the statement of the theorem),
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Z <(% + i('YT + 5rmr)) = (Cr + 0(1))Mra

my <My
where
LT i 6 =3 g, e N2 < e,
" 1 otherwise.

This leads to
> (3 +i(y+6-m))

- Y Y Y (oo 3

m1 <M My <Myp_omp_1<My_1

If ¢, = 1, then the right-hand side equals (1 + o(1))II (even if there are reso-

nance values amongst the other d;’s). Otherwise, when §, = f;rng is a resonance
value, then the most inner sum in (3) can be rewritten as
> et
My 1 <My
— Z 1+ Z f_n(%‘f'i'ﬁ'—l‘f'i&r—lmrfl)
my—1<My_1 n>1
=M,_1+ Z + Z (5 +ive—1) Z exp(—im,_1nd,_1 log?).

1<n<N n>N Mp_1<M,_1

If §,_1logt € 277, then the most inner sum on the right-hand side equals
M,_1 and we find

R C R s B ¢ B e Iy VANPE

myp—1 <My

substituting this in (3) yields

Y (g +ily +6-m)

m<M

= Z Z (cr—1 +0(1)) - MM, _q, (4)

my <M, My—2<Mp_2

where ¢,_1 equals (1 — ¢~2~97=1)=1 Notice that in this case 6,_; and §, are
in resonance of order ¢ and we may proceed with induction.

However, if §,_1 logl & 277, then we may argue similar as in the previous
section. Let V' be the least positive integer N for which the inequalities

Op_1log ¥ _1
n;OgH>MT21 for 1<n<N
T
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do not hold. In view of the trivial bound (2), we have, for n < N,
Z exp(—im,_1nd,_1 log¢)

my—1<Myp_1
nd,_ilog ]| ™" 1
= S, (né,_1logl) < ”;ﬁg‘ < M7
and thus
) 1
Z ¢z tire—1) Z exp(—imy_1nd,_1 logl) < M2 ;.

1<n<N my—1<Mp_1
Moreover,

Z ¢z Fir-) Z exp(—imy_1nd,_1logl) < 5 1

n>N My 1 <My

Since A tends to infinity as M,_; — oo, we get
> - E) T = (1 o(1) My
my—1 <My

Substituting this in (3) leads to (4) and we may proceed with the induction.
Thus, if all J; are in resonance, we finally arrive at

> G +i(y+6-m))
m<M
= Z (ca40(1)) - MM,y -...- My = (c1 + o(1))IL.
my1 <M,
Here ¢; = (1 —£72772)"L and ¢; = (1 — £~(z+1))~1 which equals ¢5 in the
case that all §; are on resonance of order ¢. This finishes the proof of the
theorem.
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