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1. Introduction. Let G be a group. The center and the commutator subgroup
of G are denoted by Z(G) and v2(G), respectively. By d(G) we denote the min-
imal number of generators of G. We write ~;(G) for the i-th term in the lower
central series of G. Finally, the abelianization of the group G, i.e. G/v2(G), is
denoted by G?.

Let G be a non-abelian p-group of order p" with |y2(G)| = p* and M(G)
be its Schur multiplier. Niroomand [4] proved that

|M(G)‘ < p%(nfkfl)(n+k72)+1' (1.1)

He also classified p-groups such that k£ = 1 and bound (1.1) is attained. Note
that if £ = 1, then the group is of nilpotency class 2. The author ([6]) further
classified the groups of nilpotency class 2 such that this bound is attained.
Recently Hatui ([2]) proved that there are no p-groups, for p # 3, of nilpotency
class 3 or more attaining the bound. She also gave an example of a 3-group of
nilpotency class 3 such that the bound is attained.

In the following theorem we give a shorter proof of Hatui’s result and
classify 3-groups such that bound (1.1) is attained completing the classification
of such groups.

Theorem 1.1. Let G be a non-abelian finite p-group of order p™ with |v2(G)| =
p*. Then |M(G)| = pz(n=F=D(n+k=2+1 it 4nd only if G is one of the following
groups.
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1. Gy =E, x C’,(,n_?’), where E,, is the extraspecial p-group of order p® and
exponent p for an odd prime p,

2. Gy = 0154) x Cp for an odd prime p,

.Gy = <Oé1,ﬂ17042,ﬂ2,0137ﬁ3 | [on, o] = B3, [z, a3] = B, [z, cn] = o,

a;, B =1, =62 =1 (p an odd prime) (i,7 =1,2,3)).
J 7 7

4. Gy = <041,517042,/32,043,53,’Y | [o1, a2] = B3, [z, a3] = B, [z, a1] = o,
[ﬁhai] =7, [alaﬁj] = 1(Z 7&.])705? = 67:,3 =1 (Z = 172737 .] = 17273)>

2. Prerequisites. Let G be a finite p-group of nilpotency class ¢ and G be the
factor group G/Z(@G). Define the homomorphism
—a —a —a G — Q.
v, e eq - 28 o g
73(G)

by U(ZT7 ® Tz ® T3) = [T1, 22] @ T3 + [x2, T3] ® T1 + [3, 21] @ T3.

For 3 < i < ¢ define homomorphisms

U, G"90" ... 00" — M@@“b

, - Yi+1(G)

i+1 times

by

Vi(T1®T2 Q- @ Tig1) = (X1, T2, , i)l @ Tig1 + [Ti1, [21, T2, - Tic1]l] @ Ty

+ [[xs, Tig1]r, [T1, -, Tim2]i] @ Tiq
+[[Tiz1, i, Tig1]r, (X1, T2, -+, Tim3]il] @ Tiz
+ e, win] ®TT

where

[551,562, s xi]r = [iﬂl, [ - [%’—27 [%'717%]] .- ]
and
[I17I25 e xi]l = [ < [[I17I2],$3], e ax’i}'

The following proposition was given by Ellis and Wiegold [1, see Proposition
1 and the comments on page 192 following the proof of Theorem 2].

Proposition 2.1. Let G be a finite p-group and G be the factor group G/Z(G).
Then

1) pa(@)| I |

. (G —a
= ’M(G b)‘ 1_[2 vli(é) oG

c

K2

The following Lemma is from [5].
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Lemma 2.2. [5, Lemma 2.1] Let G be an abelian p-group of order p™ such
that G = Cpar X Cpez X -+ X Cpaa(1 > g > -+ > ay), then |M(G)| <
p%(d(G)—l)(n—(al—ad))

3. Proof of Theorem 1.1. Let [M(G)| = p2(n—k=Dntk=2)+1 1y view of [6,
Theorem 1.1] suppose that the nilpotency class ¢ of G is at least 3. Let
[7.(G)| = p". From the exact sequence [3, Corollary 3.2.4 (ii)]

1= X = G/72(G) @7(G) = M(G) = M(G/7:(G)) — 7.(G) — 1,
it follows that

|M(G)] < IM(G/(G))]
G/72(G) @7(G)] = (G
Since |G/72(G) @ (G| < p"~ P we get that

IM(G/7e(G))| > p2 (k=D nth=2r=2)41

This shows that the bound (1.1) is also attained for the group G/v.(G). Ap-
plying induction, the bound (1.1) is attained for G/v3(G). But G/v3(G) is of
nilpotency class 2, therefore by [6, Theorem 1.1], p # 2.

Let ¥; be as defined in Section 2, d(G) = d and d(G/Z(G)) = 6. No-

, — (@) 4G _ .
tice that |29 @ G* 2:(%) . Therefore [];_, &) oG <

Yi+1(G) < vi+1(G) Yi+1(G)
—~ab
|72 (G)|HUE) = pkd . From Proposition 2.1 we have
|M(G)||2(G)| [T 1 Tm ] < [M(G)[p*.
i=2
Applying Lemma 2.2 for G we get that
IM(G)| T] 1 1m ;] < pal@-Dn-k+h-1),
i=2
so that
L(d—1) (natk)—k(d—
(@) T 11m | < pd=Dtmeh ko), (31)
i=2

Following the proof of [1, Proposition 1], we have | Im Wy| > p°~2. Therefore
from Eq. (3.1) it follows that d(G) = d and

MG T 1Tm | < p2(d-Dmth=2eL, (3.2)
i=3
Now using [4, Theorem 2.2] we see that d(G) > 3. Suppose d(G) > 4 and let
U, be the maps as given in Section 2. By simplyfying notations

Us(T1 @ T2 T3 ®Ta) = [[w1, 2], 23] ® Tx + [24, [21, 22]] @ T3 + [[23, T4], 1]

RT3 + w2, (X3, 24]] ® T7.
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Since G is of nilpotency class at least 3 and § > 4, there exist x1, 22, 23,24 € G
such that [[z1, 2], x3] & 74(G) and méab ¢ (xléab7 mgéab, :rgéab>. This shows
that Im @3 # {1}. Which is a contradiction in view of Eq. (3.2). Therefore
d(G) = 3. Let G be generated by aq, s, 3. Then for i # j

V(@ @aj @ a; @ a5) = 2([as, aj, ai] @ @5) + 2([ayg, [, )] @ ).
This shows that [, a;, ;] € 74(G) because p # 2. Now for @ # j # k # i,
consider
Uy(o @ @ @ ay, @ @) = [, g, ] @@ + [ay, fag, il @ @
Therefore
i, 0, k] 1a(G) = [ag, @iy 05]74(G).
Putting (7,4, k) = (1,2,3) and (2,3, 1) gives
[a1, a2, a3]74(G) = [as, a1, a2](G)

and

[, a3, 1]74(G) = [an, az, as]va(G),

respectively.

Applying Hall-Witt identity we see that [ao,as3,01]® € ~4(G). Since
[ai,aj, 5] € 74(G) and v3(G)/v4(G) is non-trivial, we have [aq, g, 3] ¢
v4(G). Tt follows that p = 3. Let G be a group of nilpotency class at least 4.
Consider the map 4. By simplyfying notations

Uy (TI R T2 ®T3 QT4 Q@ Ts) = [x1, T2, 3, 24] T + (25, [1, T2, 23]] ® Ta
+ H«’L‘4;x5]7 [xlamQ]] XT3+ [[1’3, [274,375]],331] ® T2.

+[z2, [z3, [24, 25]]] @ 7.

Since v4(G)/v5(G) is non-trivial, one of the elements [ag, ag, a3, @], @ =
1,2, 3 does not belong to v5(G). Suppose [y, a2, a3, a1] ¢ v5(G). Then Uy (a7®
a2 ® a1 ® 2 @ ag) is non-identity so that ImW¥y is non-trivial. Similarly sup-
posing [aq, g, ag, as] ¢ v5(G), the element U4(a7 @ a5 @ @ @ a7 @ @z), while
supposing [o, a2, a3, 3] ¢ 75(G), the element Wy(on ® o ® 03 @ o3 ® o)
give that ImW¥, is non-trivial. This, in view of Eq. (3.2), gives a contradiction.
Therefore G is a 3-group of nilpotency class 3. Hence we have

[O[l,OéQ,OZ;;] = [04370417OZQ] = [a27a37a1]-

Since [a1, ag, a3] # 1, we get that [o, ;] € v3(G) for i,j =1,2,3 and i # j.
Also, since [y, a;, ;] = 1, it follows that [, orj]y3(G) cannot be generated
by {Jaks ul1s(G) | (1) # (i) or (j,i)}. This shows that 15(G)/%(G)
is generated by 3 elements. Using Eq. (3.2) G/72(G) is elementary abelian, so
that v2(G)/v3(G) is elementary abelian. Hence |y2(G)/v3(G)| = 33. Therefore
|G| = 37. Now it can be checked using GAP ([7]) that the bound is attained if
and only if G = G4. This completes the proof.
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