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Decay rates for the magneto-micropolar system in LZ(R™
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Abstract. In this paper, the large time decay of the magneto-micropolar
fluid equations on R™ (n = 2,3) is studied. We show, for Leray global
solutions, that ||(w,w,b)(-,t)||p2®n) — 0 as t — oo with arbitrary ini-
tial data in L?(R™). When the vortex viscosity is present, we obtain a
(faster) decay for the micro-rotational field: ||w (-, )| L2@n) = o(t™/?).
Some related results are also included.

Mathematics Subject Classification. Primary 35Q35; Secondary 35B40,
76D05.

Keywords. Magneto-micropolar fluid equations, Long-time behavior, De-
cay rates in L?.

1. Introduction. In this work, we derive a large time asymptotic decay esti-
mate (see (1.3)) for global Leray solutions of the magneto-micropolar equations
in L?(R"), where n = 2,3. The 3D micropolar fluid model, firstly introduced
by Eringen in [3], is a substantial generalization of the classical Navier—Stokes
equations in the sense that the microstructure of the fluid particles is taken
into account. When one considers also the effect of an induced magnetic field
on the motion, one gets the more complete magnetic-micropolar fluids. The
magneto-micropolar fluid flow in the whole 3D space is governed by the fol-
lowing equations,

u+u-Vu + Vp=(p+x)Au + xVxw+b-Vb, (1.1a)
wr+u-Vw=7Aw + V(V:- w) + xVxu —2xw, (1.1b)
bi+u-Vb=vAb+b-Vu, (1.1c)
V- u(-,t) =V-b(,t) =0, ( )

with initial data (wg,wo,bg) € L2(R?)x L*(R®) x L2(R?) and

[|(w, w, b)(-,t) — (uo, wo, bo)||L2r3) — 0, ast— 0.

® Birkhduser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00013-018-1186-9&domain=pdf
http://orcid.org/0000-0001-6275-4658

432 R. H. GUTERRES ET AL. Arch. Math.

The two-dimensional magneto-micropolar fluid motion is a special case of
the corresponding 3D motion (1.1), u(z,t) = (u1(z1,22,1), u2(z1,22,1),0),
w(z,t) = (0,0,ws(x1,22,t)), and b(z,t) = (by(x1,z2,t),ba(x1,22,1t),0). Sub-
stituting w, w, and b of the above form into the system (1.1), one gets the
following 2D governing equations (see [7]),

u +u-Vu +Vp=(p+x)Au + xVxw+b-Vb, (1.2a)
w: +u-Vw=7Aw + xV X u — 2xw, ( )
bi+u-Vb=vAb+b-Vu, (1.2¢)
V-u(,t) =V b(-,t) =0, ( )
with initial data (ug,wo,b) € L2(R?)x L*(R?) x L2(R?) and
H(u7 w, b)(> t) - (UO, wo, bO)HLz(RQ) - 07
ast — 0.

In (1.1) and (1.2), g,7 > 0 are the kinematic and spin viscosities, v 7! is
the magnetic Reynolds number, and x > 0 is the vortex viscosity and u =
u(z,t), w = w(z,t), b = b(x,t), and p = p(x,t) are the flow velocity, micro-
rotational velocity, the magnetic field, and the total pressure, respectively,
for t > 0 and z € R”. Here, L2(R") denotes the space of solenoidal fields
v = (v,v9,...,v,) € L*(R?) = L*(R™)" with V-v = 0 in the distributional
sense. Our main result can be described as follows.

Theorem 1.1 (Main Theorem). For a Leray solution (u,w,b)(-,t) of (1.1) and
(1.2), one has

tll)lrolo ||(u,w,b)(-,t)HLz(Rn) =0. (1.3a)
Moreover, if x > 0, then
Jim 2w ()| p2@ny =0, forn=2,3. (1.3b)

For this purpose, it was necessary to establish some auxiliary results (Sec-
tion 2), including the following gradient estimate

Jim ¢/2][(Du, D, DB 1) 2y = 0.

n = 2,3. In the last section, we prove the main theorem.

A.C. Eringen proposed in his paper entitled Theory of micropolar fluids
(see [3]) a study about the system (1.1) for the case of null magnetic field,
ie., b = 0. In the literature, such fluids are called micropolar. Physically,
micropolar fluids represent fluids consisting of rigid, randomly oriented (or
spherical) particles suspended in a viscous medium, where the deformation
of fluid particles is ignored. The non-Newtonian models of micropolar and
magnetic-micropolar fluids have been used in modeling a variety of physical
phenomena involving suspensions of rigid particles in fluids, such as human
blood, polymeric suspensions, and so on, and therefore have found many ap-
plications in physiological and engineering problems. For more information on
these type of fluids, see [8] and the references therein.

There are many results on the existence and uniqueness of solutions for
problems related. The two-dimensional problem has been extensively studied
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and many interesting results involving the existence of solutions and asymp-
totic behavior have been established considering zero and partial viscosities,
see, e.g., [1,2,7,10,11].

Notation. As usual, HI(R”) = H'(R™)" where H'(R") denotes the ho-
mogeneous Sobolev space of order 1, e¥2* denotes the heat semigroup and
Cw(I, L*(R™)) denotes the set of mappings from a given interval I C R to
L?(R™) that are L?-weakly continuous at each t € I, for n = 2,3. As shown
above, boldface letters are used for vector quantities, as in wu(z,t) =(w (z,t),

(33 t), ug(z,t)). Also, Vp = Vp(-,t) denotes the spatial gradient of p(-,t),

= 0/0xz;, V- u = Dyug + Daup + Dsug is the (spatial) divergence of u(-,t).
| |2 denotes the Euclidean norm in R3 and || - lramsy 1 < g < o0, are the
standard norms of the Lebesgue spaces Lq(R3) with the vector counterparts

q
et oy = { 3 /\uzxuqu} (1.4a)

z—l]Rn
/a
| Du(-,t)||pagn) = Z /|D wi(z,t) |qu} (1.4b)
7, jfan
and, in general,

| D™ u(-,t) ||Lo@ny = { i /| -Dj, ui(z,t) |7 dz }1/q (14c)

&y Iy Jm= 1R7L

if 1 <g<oo.
When, ¢ = o0
Hu("t)”Loo(Rn) = max{||ui(-,t)||Loc(Rn) 1<i<n} (1.4d)
and, for general m > 1:
H Dmu(at) ||L°°(R" = max{ || ]m ( 7t) ||L°°(R"): 1< ia.jla' .. a.ij n}
(1.4e)

Definitions (1.4) are convenient, but not essential. However, some choice
for the vector norms has to be made to fix the values of constants. We also
defined for simplicity the following norms for (u,w, b) as usually made in the
literature:

12ty 0, 1) [y 2= (1l + 0012 ey + 1B (L4f)
and more generally, for all integers m > 1
(D™ w, D™ w, D™b)|| 74 gny = D™l Lq@ny + D™ w70 gny + 10" 0l 70 gy
(1. 4g)
for all 1 < ¢ < oo and when ¢ = oo

The constants will be represented by the letters C, ¢, or K. For economy, we
will use typically the same symbol to denote constants with different numerical
values.
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2. Preliminaries. First, we will focus in the 3D case. Although it is not known
that Leray solutions to the problem (1.1) are smooth for all ¢ > 0, it is known
that they do behave nicely for all ¢ > 0 sufficiently large [8,9], say t > t., with

(u,w,b)(-,1) € C®(R? x (t.,0)) (2.1a)
and, for each m € Z,:
(w, w,b)(-, 1) € CO([ts,00), H™(R?)) (2.1b)

and such that the strong energy inequality

1(w, w, B) (-, )| L2 s +2N/||Du('a7-)H%2(]R3)dT
+27/|\Dw HLz(]Rs)dT—FQI//HDb >||L2 ]R?’

2 / IV - w(, 712 sy dr + 2x / (e, 7) 2 gy

< ”(uvw’ b)('7t0)||L2(R3)a vt > to (2.2)

for a.e ty > 0, including ¢y = 0. Similarly, for the 2D case, one has

(e, 0, 0) (-, )17 g2y + 2#/ IDu(-, 7|72 g2y dT

to

+2fy/||D'w ||L2(R2)dT+2V/||Db )||L2 ]R2

+2x/ lw (T 1Z2 gy d < | (u,w,B)( t)Fo ey, VE>t0 (2:3)

to

and we actually have ¢, = 0 in this case [8].
We will now establish some lemmas that are necessary to our analysis in
the next section.

Lemma 2.1. For (u,w,b) Leray soltions of (1.1) and (1.2), one has

Jim t'/2||(Du, Dw, Db)(-,t)|| p2@ny = 0, n = 2,3. (2.4)

Proof. This next argument is adapted from [4]. Define, for simplicity, z(-,t) :=
(u,w,b)(-,t) and D™z = (D™u, D"™w, D™w), for each m > 0 integer. In
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order to show (2.4), we use (1.1) and (2.1) to get, after a few computations,

1Dz (-, t)l[72 gs) + 2min{p, 7, V}/”Dzz('vT)”%?(R?’)dT

to

+2/||DV HL2(R2)dT+2X/||D'LU )HLZ(Ra)dT
< IIDz(~ to)l1Z2 (es)
1/2
e / 2 ey [ D2 | D22 ) B, (25)

where we have used a Sobolev-Nirenberg-Gagliardo (SNG) inequality (see
(2.7)). By (2.2), we can choose to > t. large enough such that

Cz||(u0,w0,b0)||Lz(R3)||(Du7Dw,Db)(~7t0)||Lz(R3) < (min{u,’y,l/})27

so that (25) giVQS ||(D'u,, Dw, Db)(7 t)||L2(R3) < || (Du, Dw, Db)(, tO)||L2(]R3)
for all ¢ near ¢y by continuity. Actually, with this choice, it follows from [(2.5)
again] that

CQH(uO,'wO,b0)||L2(R3)||(Du,Dw,Db)(~,s)||Lz(R3) < (min{yu,vy,v})?, Vs > to.
Recalling (2.5), this implies that
[[(Du, Dw, Db)(-, 1) HLZ(RS) < [[(Du, Dw, Db)(-, to) ||L2(R3)7
for all t > tg. For n = 2, using the same argument, one has
|(Du, Dw, DB)(-, )2 ey < [[(Dwt, Dw, Db)(-,to) | 2oy, > to,  (2.6)

for n =2, 3.
Because a monotonic function f € C%((a,00)) N L!((a,0)) has to satisfy
f(t) =o0(1/t) as t — oo (see, e.g., [4, p. 236]), we have

Jlim ¢][(Du, Dw, Db) (-, )| 72y =0, n=2,3.
O

In R™, for n = 2,3, we observe that pointwise values of functions can be
estimated in terms of H? norms.

Lemma 2.2.
| (e, ) || )| (D, D, DB) | 2 )
1/2 1/2
< Ol (w,w, b) ||} 3355, | (D, Dw, DY) || 550, | (D, D*w, D?b) || 2z
(2.7)
For R? one has,

Lemma 2.3.
| (w, w, ) || oo g2 || (Dw, Dw, Db) || 2 g2

< C| (u,w,b) ||L2(R2) H (D2u7 D2w7 D2b) ||L2(R2)7



436 R. H. GUTERRES ET AL. Arch. Math.

Finally, a well known heat kernel estimate is used,

Lemma 2.4. Let u € L"(R™) and e”®7 the heat kernel, then

n(1_1)_ la|
| D[e” T u] || 2 gny < K(n,m) || ullpr@m (v7) L(F-3)-15 (2.8)

for all 7 > 0 and o (multi-index), 1 <r <2, n>1, and m = |«a|. (For a
proof of (2.8), see, e.g., [5,6])

3. Proof of the main theorem. We start with n = 3. First, we will prove the
result for the field w(-,t). By (2.1), given € > 0, there exists ¢y > 0 such that

|(Dw, Dw, Db)(-, )| L2ms) < et ™%, Vit > to. (3.1)

We begin with the inviscid vortex case, i.e., x = 0. By Duhamel’s principle,
we get

[l ()l 2 rs) < HevA(t_tU)w('atO)||L2(R3)

I

t t
+ / €72 (w - Vw) (-, )| L2 (syds + / 72TV - w) (-, 5) | 2 meyds -
to to

I 1
(3.2)
I is the solution of heat equation with initial condition w(-,tq) € L?(R3),
and so,

lim [|e720) (-, t0)|| 2 sy = 0. (3.3)

t—oo

To estimate the other terms, we use Lemma 2.4.

t t
II = /||67A(t_s)u -Vw||2msyds < K~~3/4 /(t —5) |- Vw| 1 (rs)ds
to

to
t

< K~y-3/4/(t )| sy | Dw ] e s

to
t

< Key 4| (u,w, b) (-, to) | 12 (rs) /(t — )M 2ds

to
t

< /(t —5) s 2qs < Ot~/
to

Therefore,

t—o0

t
lim / 72179 (w - Vaw) (-, 8)|| 2 (rsyds = 0. (3.4)
to
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Similarly,

t—oo

t
lim /||67A(t_S)V(V-w)(~7s)||Lz(Ra)ds:O. (3.5)
to

That is, if x = 0, then
Jm [l (e, )| L2 sy = 0. (3.6)

2

Now, suppose that y > 0. Defining z = e?X*w and applying Duhamel’s

principle, we obtain that

t
w(., t) — 672X(t7t0)e'7A(t7t0)w(.’ to) — \/672X(t75)€7A(t75) (u . v'u))(7 s)ds

to
t

+ /6_2X(t_s)eVA(t_s)V(V-w)(~,s)ds

to
t

+ x/e‘zX(t_s)e“’A(t_s)(V x u) (-, s)ds.

to

Hence,

£ [l (-, ) 2 sy < £2e7 XTI AT (- k) | 2 e

1

t
+ t%/€‘2X<t‘s)lle”“t‘s)u~V'w||L2<R3)d3
to

11

t
+ th / e P RIV(T - w)|| ey ds
to

117
t

I Xt% /e—QX(t—S)”eVA(t—S)V X u||L2(R3)dS~

to

v

By (3.3), we have that

tlim t%ef2x(t7to)||e'yA(t7to)w(.7t0)||L2(R3) =0.
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To estimate the other terms, we use again Lemma 2.4.
t
17 = t1/2/e*QX(t*S)He"’A(t*S)u - Vwl|p2(rsyds

to
t

< K341/ / X9 (¢ )73/ s Vaw | s oy ds

to
t

< K7_3/4t1/2 e 2XE=9) (4 — )3/ | p2(gey || Dw| 12 (rayds
(R3) (R3)

to
t

< K7*3/4H(u7w,b)(wto)llw(n@s)tm/672"(’5*5)(15 =) Dw|| g2 zs) ds

to
t

< Key™3/4 (u, w, b) (-, t0) | 12 oy £/ / e~ 2X(1=5) (4 _ )=8/45=1/2 ¢

to
< Ke’y_3/4 w, w, b) (-, to) || 2wy [ e X4 + 2x —1/4p 1 ,
(R3) 4

where T' is the so-called gamma function. Therefore

t

tlim tl/g/e‘2X(t—5)||67A(t_s)u -Vw||L2rsyds = 0.
to
Similarly,
¢

Jlim t2 / em X7V AIZIT(V - w) || L2 (reyds = 0.
to
And, using again the same idea
t

tlim Xt1/2/6_2X(t_s)||67A(t_s)(V x ) (-, 5)| 2 rsyds = 0. (3.7)
to

That is, if x > 0, then
Jim Y2 w(- 1) || L2 sy = 0. (3.8)

Now, we show that |lu(-,t)| z2®s) — 0 whether x = 0 or x > 0. Rewrite the
equation (1.1a) as

u = (n+ x)Au+F(-, 1),
where F(-,7) = xV x w —u - Vu — Vp+b-Vb. We can write F(-,7) as
F(,7)=PixVxw—u-Vu+b- Vb,
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where P, denotes the Helmholtz—Leray projector [6,8,9]. By Duhamel’s prin-
ciple (again)

t
u(-,t) = e(u+x)A(t—to)u(.7t0) 4 /e(u+x)A(t—s)F(.77)(.7s)ds.

to

Since the heat kernel commutes with the Helmholtz projector, we get the
following inequality,

Hu(a t) HLQ(]R3) < ”e(#JrX)A(tito)u(', tO)||L2(R3)

t
+ /||e<#+X>A<t*S>(u V) (-, 8)| 2 ey ds

17

t
4 x / I3 (7 aw) (-, 8)]| 2 rayds

117

t
+ / 0B =9 (b Tb) (-, 5)]| gy s

v

As in (3.3), I is the solution of the heat equation with initial condition w(-, ).
Hence,

lim ||€P‘/A(t t(’)u( t0)||L2 (R3) = 0.

t—oo
To estimate the other terms, we use again Lemma 2.4.

t t
/ [eHFOAE )y Ta|| 2 syds < K (p+ x) 1 /(t — )71 ||u - V|| gs)ds

to to

3

t
K(u+x) Z/t—s (-, 8) 2@ | Dul-, 5)|| 2 royds

t

< K (p+x) 71| (w, w, b) (-, to) | 12 sy / (t — )73 || D, 5| £2 sy ds
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Therefore

t
lim /||e(”+X)A(t_s)(u-Vu)(-,s)”Lz(Rg)ds:0.

t—oo

We only need to worry about 171 when x > 0, but in this case we may assume
that ¢( is large enough [see (3.8)] such that

1
lw(-t)||L2msy < et™2, Vt>to

and so, we have

t
X/ ||eFOAE=9)7 w2 (r3)ds

t
< Kx(u+x) 1/2/ )2 |wl| 2 (rsyds
< Kye(p+ ) 1/2/ —1/24 1/2d8§KX€(N+X)_1/2-
to
Therefore
t
Jim X/ [ TIAE=) (T w) (-, 8)|| p2(rsyds = 0 (3.10)

and the last term (IV) can be estimated following (3.9). That is,

lim (-, #)]| 25 = 0. (3.11)

t—oo

Similarly, in order to show that |b(-,t)|/z2®sy — 0 as t — oo, we can apply
the same previous idea to prove (3.11). More specifically,

1BC, )| L2 gy < e HORET1ID(- 10) | L2 gs)

I

t t
+ / |20 (b Tu) (-, )| 2 gas)ds + / |eIAE=) (- TB)(-, 8)]] 2us)ds

17 111

and, as before, (I), (IT), and (III) above can be estimated without problems
[see (3.9)]. That is,

}E% Ib(-, t)”L?(]RS) =0. (3.12)
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For n = 2, we can apply the previous argument for the system (1.2) and use
the Lemma (2.3) to show (3.6), (3.8), (3.11), and (3.12) in the two-dimensional
case. Hence the proof of the main theorem is complete.
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