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Abstract. We calculate the L2-Alexander torsion for Seifert fiber spaces
and graph manifolds in terms of the Thurston norm.
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1. Introduction and main result. In [7] Dubois, Friedl, and Liick associated
to an admissible triple (M, ¢,v) a function 7(3)(M, $,7): Rsg — Rx¢ called
L2-Alexander torsion. The triple consists of a manifold M, a cohomology class
¢ € HY(M;R), and a group homomorphism v: 71 (M) — G such that ¢ factors
through ~.

This invariant is a generalization of the L2-Alexander polynomial intro-
duced by Li-Zhang [17-19] and has been studied recently by many authors,
e.g., Dubois—Wegner [8,9], Ben Aribi [2,3], Dubois—Friedl-Liick [5-7], Friedl-
Liick [11], and Liu [14].

Given a 2-dimensional manifold S with connected components S;U- - -USy,
we define its complexity to be x_(5) := Zle max {—x(S;),0}. Thurston has
shown in [21] that the function

wy: HY(M;Z) — 7

> min {X— (S) ‘ [S] is Poincaré dual to ¢ }

and properly embedded

extends to a semi-norm on H!(M;R) for any irreducible 3-manifold M. Here
and throughout this paper, every 3-manifold is understood to be orientable,
compact, and to have empty or toroidal boundary.

In this paper we will show that for a Seifert fiber space M the function
7 (M, ¢,7) is completely determined by z;(¢). To be more precise:
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Theorem 1.1. (Main Theorem) Let M be a Seifert fiber space with M # S* x
S2,8Yx D? and (M, ¢,~) an admissible triple, such that the image of a regular
fiber under v is an element with infinite order. Then the L?-Alexander torsion
1s given by

7(2)(M, ¢,7) = max {1, th(‘b)} .

Here we write f = g for two functions f,g: Ry — Ry if there exists a
r € R such that f(t) =t"g(t) for all t € Rs.
Theorem 1.1 was already used in [7] to show the following two corollaries.

Corollary 1.2. Let (M, ¢,v) be an admissible triple with M # S' x S%, St x D2,
Suppose that M is a graph manifold and that given any JSJ-component of M
the image of a reqular fiber under v is an element of infinite order, then

73 (M, 9, 7) = max {1,474}

Note that the next corollary was first proved by Ben Aribi [2] using a
somewhat different approach.

Corollary 1.3. Let K C S? be an oriented knot. Denote by vK a tubular neigh-
borhood of K and by ¢ € H*(S*\vK) the cohomology class which sends the
oriented meridian to 1. Then K is trivial if and only if 7 (S*\vK, ¢x,id)
(t) = max {1,¢} "

In the literature the class ¢x € H'(S3\vK;Z) = Hom(m(S*\vK);Z) is
often referred to as the abelianisation of 1 (S3\vK).

The proof of the main theorem is obtained from two lemmas. The first
lemma characterizes the Thurston norm of a Seifert fiber space M by the
combinatorial invariant Xf,:b(M ) (see Definition 2.1).

Lemma A. Let M # S' x S§?, S' x D? be a Seifert fibered space with infinite
fundamental group. Then for any ¢ € H'(M;R), we have

2ar(9) = [Xow (M) - ko,
where kg := ¢([F]) and F is a regular fiber.

The second lemma calculates the function 7(2) (X, ¢,~) for spaces with a
certain S'-action.

Lemma B. Let X be a connected S*-CW-complex of finite type and ¢ € H*
(X;R). Suppose that for one and hence all x € X the map ev,: St — X
defined by z — z - x induces an injective map 7 o evy: m (S, 1) — G. The
composite

T (S, 1) =2 1 (X, 2) —2 R

is given by multiplication with a real number. Let ky denote this number. Define
the S'-orbifold Euler characteristic of X by

1 1
Xgrb(X) - Z(,l)” ’ Z ‘Hz|

n>0 i€y
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where J, denotes the set of open n-cells, and for i € J, the set H; is the
1sotropy group of the corresponding cell. Then
_, St X
(X, 6,7) = max {1,850} 7,

The paper is organized as follows. In Section 2 we recall the definition of
Seifert fiber spaces and prove Lemma A. Afterwards we give in Section 3 the
definition of the L2-Alexander torsion and some basic properties. In the last
part of the paper, we prove Lemma B. Note that not all Seifert fiber spaces
admit an S'-action, and so we will prove the main result for the remaining
cases in the remainder of this paper.

2. Thurston norm for Seifert fiber spaces.

2.1. Preliminaries about Seifert fiber spaces. We quickly recall the definition
and basic facts about Seifert fiber spaces. Most results are taken from the
survey article [20].

Definition. A Seifert fibered space is a 3-manifold M together with a decom-
position of M into disjoint simple closed curves (called Seifert fibers) such that
each Seifert fiber has a tubular neighborhood that forms a standard fibered
torus. The standard fibered torus corresponding to a pair of coprime integers
(a;b) with a > 0 is the surface bundle of the automorphism of a disk given by
rotation by an angle of 27b/a, equipped with the natural fibering by circles.

We call a the index of a Seifert fiber. A fiber is regular if the index is one
and exceptional otherwise.

Remark. The number of exceptional fibers of a Seifert fiber space M is finite.

Definition. Let M be a Seifert fibered space and Fi,...,F, the exceptional
fibers with corresponding indices a1, ..., a,. We define

n

X0 = (/81 = 3 (1= ),

=1

where M /S is obtained from M by identifying all points in the same Seifert
fiber.

Remark. In Scott’s survey article this is the Euler number of the base orbifold
M/S?t.

Let p: M — M be a finite cover. If M is Seifert fibered, then p induces a
Seifert fiber structure on M such that p is a fiber preserving map. Therefore
we get a induced branched cover p: ]\//T/S1 — M/S*. Denote by I the degree
of the branched cover. Then standard arguments show

g1

l- Xgrb(M) Xorb(M)

For more detail we refer to [20, Section 2 and 3].
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2.2. Proof of Lemma A. Having all the notions to our hand, we can prove

Lemma A. Let M # S' x S2, S! x D? be a Seifert fibered space with infinite
fundamental group. Then for any ¢ € HY(M;R), we have

2a1(0) = [Xor (M) - kg,
where kg := ¢([F]) and F is a reqular fiber.

The proof will consist of the following steps. First we reduce the problem
from Seifert fiber spaces to principal S!'-bundles. Then we look at the two
cases of a trivial and non trivial principal S'-bundle separately.

Claim. Tt is sufficient to prove Lemma A only for principal S!'-bundles.

Proof. Asshown in [1, Section 3.2(C.10)] a Seifert fiber space is finitely covered
by a principal S!-bundle. Let p: M — M be such a finite cover. We can
pullback the Seifert fiber structure from M to M. This structure and the
structure of the S'-bundle on M coincide, because the Seifert fiber structure
of an aspherical S'-bundle is unique by the argument of [20, Theorem 3.8]. Let
m denote the degree with which regular fibers of M cover regular fibers of M.
Then we have m - k4 = kp-4. Denote by [ the degree of the induced branched
cover p: M/S' — M/SL. Then I - m is the degree of the cover p: M — M.
From the discussion above we deduce
L~
XS 01) - by = Yol Fore

Furthermore Gabai showed in [12, Corollary 6.13] for a finite cover of 3-
manifold p: M — M:

z5; (P 9)

o) = P
Putting together both equations, we see that it is enough to prove Lemma A
for S-bundles. O

For the next proof we need the following well-known fact about fiber bun-

dles and the Thurston norm. If ¥, — M 2, $1 is a fiber bundle and ¢ is given
by p«: Hi(M;R) — H;(S*;R), then

oar(d) = {—x(zg> if x(Z) <0, O

0 else.

Lemma 2.1. Let 3, be a surface with x(X,) < 0. Consider M = S* x X, and
¢ € HY(M;R). Then we have

e (9) = [k - X(Eg)l;
where kg = ¢([F]) and F' is reqular fiber.

Proof. In the following homology and cohomology is understood with real
coefficients. By the Kiinneth theorem H'(M) = Hy(M,dM) decomposes into

H2(M7‘9M) gHQ(ngazg) D Hl(zgaazg)@’Hl(Sl)-
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Every generator of Hi(3,,0%,) ® H1(S') can be represented by a torus, and
therefore Hq(X,,0%,) ® Hq(S') is a subspace with vanishing Thurston norm.
The number k4 can be interpreted as the intersection number of a regular fiber
F with the surface representing the cohomology class ¢. A surface representing
¢ € Hi(X,,0%,) ® Hi(S") is parallel to a regular fiber, and therefore ky = 0.

Since H1(Z,,0%,) ® H1(S) is a subspace of vanishing Thurston norm, the
Thurston norm of a class does not change if we add elements of H;(X,,0%,) ®
H; (S1). Moreover k, is linear in ¢, and therefore the last open case is PD(¢) =
[Xg] € Ho(M,0M). This is equivalent with ¢ being the fiber class of the
fibration ¥, — S!' x ¥, — S!, and there the formula holds by Eq. (1) and the
fact that in this case kg = 1. 0

Lemma 2.2. Let M be a non trivial S*-bundle over a surface ¥,. Then the
following equation

T (9) = [k - X(Eg)]
holds for all ¢ € H*(M;R).

Proof. We will in fact proof that both sides are equal to zero. To calculate
HY(M) we look at a part of the Gysin short exact sequence [4, Theorem
13.2):

0 —— HY(S,) —2 HY(M) —— HO(D,) —2% H(S,) — ...

Here Ue means the cup product with the Euler class e associated to the S1-
bundle M. This is an isomorphism because the bundle is not trivial. Therefore
p* is an isomorphism too. We apply Poincaré duality to the sequence

(Ue

0 —— H\(%,) 2 Hy(M) —— Ho(X,) —2 Ho(%,) — ...

and get an isomorphism p : Hi(X,) — Ho(M). By the argument of [13,
Section 4] the map py has the following geometric interpretation. An element
¢ € Hi(X4;Z) can be represented by embedded curves in 3,. Then pi(c) is the
homology class, which is represented by the product of these curves and the
regular fiber. This is a collection of tori, and we conclude that all elements in
Hy(M) have trivial Thurston norm. We now have a second look at the Gysin
sequence to show that 0 = [F] € Hy (M) for a regular fiber F.

L HO(S,) 2 H2(S,) 2 H2(M) —— ...

We change again via Poincaré duality to homology and obtain the map p;: Hy
(X4) — Hi(M), [zo] — [F] which sends a point to a regular fiber F. This
map is trivial, because Ue is surjective. Hence [F] = 0, and we conclude
kg = o([F]) = 0. O

3. Definition and basic properties of the L2?-Alexander torsion. In the mono-
graph [15] Liick defines the L2-torsion p(®(C,) € R of a finite Hilbert-A(G)
chain complex of determinant class C,. We refer to [15, Chapter 3] for the
precise definition and basic properties.
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Definition. Let X be a connected finite CW-complex, ¢ € H!(X;R) = Hom
(m(X),R), and v: m(X) — G a group homomorphism. We call (X, ¢,7) an
admissible triple if ¢: m (X ) — R factors through 7, i.e., there exists ¢': G —
R such that ¢ = ¢'.

An admissible triple (X, ¢,v) and positive number ¢ € R give rise to a
ring homomorphism:

K(9,7,1): Z[m (X)] — R[G]

iaigi — iait(b(gi)’ﬂg )

Definition. (L2-Alerander torszon) Let (X ¢ v) be an admissible triple. We
write C27 .= 12(QG) Pr(dy,t) C<!(X:7Z), where X is the universal cover and
consider the function

(X, ,7)(t)
_Jexp (— p(2) (Cf ”Y’t)) Cf Tt if is of determinant class and weakly acyclic,
. 0 else.

This function may not be continuous in general, but Liu showed that in the
case of a 3-manifold and v = id this function is always greater than zero and
continuous [14, Theorem 1.2].

We can define the L2-Alexander torsion for a pair of CW-complexes (X,Y)
in the following way. Let (X,¢,7) be an admissible triple and ¥ C X a
subcomplex. We denote by p : X — X the universal cover of X. We write
Y = p}(Y). Then C(X,Y;Z) is a free left Z[r (X)]-chain complex. We
write CO7 = 12(Q) ® ) Ce(X,Y;Z) and define the L2-Alexander tor-
sion 72 (X, Y, ®,7)(t) as before.

We will make use of the following two propositions. The proofs are straight
forward. One applies [15, Theorem 3.35(1)] to the short exact sequences of the
chain complexes in question.

Proposition 3.1. (Product formula) Let (X, ¢, ) be an admissible triple and
i:Y < X a subcomplex. If two out of three of T (X, ¢,7), T(X, ¢ix,vi),
and 7'(2)(X, Y, 9,v) are nonzero, then we have the identity

T, i, vi) - TP (XY, 0,7) = 70X, 6,7).
Proposition 3.2. (Gluing formula) Consider a pushout diagram of finite CW-

complezes
X, -1 X,
)
Xy —25 Xy
such that every map is cellular and iy is injective. Let (X3, ¢,7y) be an admis-

sible triple. If three out of four of T®(Xo, ¢ivj1, viij), 72 (X1, dj1,vj1), 7
(X, ¢jo,vi2), and 73 (X3, b,7) are nonzero, then we have
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(X5, 6,7) - 7@ (Xo, dir1, virj1) = 7P (Xa, ¢z, v2) - TP (X1, b1, Vi)

More details on the gluing formula especially in the case of link exteriors
can be found in [3].

3.1. The L?-Alexander torsion for S'-CW-complexes. The calculation of the
L2-Alexander torsion of a circle can be found in [7, Lemma 2.8] or [9, Example
2.22]. It is the starting point of the proof of Lemma B.

Lemma 3.3. Let (S, ¢,v) be an admissible triple and v injective, then the L?-
Alexander torsion is given by

-1
rO(S,6,7) = max {1,499},
where g is a generator of mi(S').

Lemma B. Let X be a connected S*-CW-complex of finite type and ¢ € H'
(X;R). Suppose that for one and hence all x € X the map evy: S* — X
defined by z — z-x induces an injective map yoevy: w1 (S, 1) — G. The map
¢oevy: Hi(S') — R is given by multiplication with a real number which we
denote by ky. We obtain

_, St
T2(X?¢7’Y) imax{l,t’%} Xorb(X)

This proof is a variation of the proof of [15, Theorem 3.105]:

Proof. We use induction over the dimension of cells. In dimension zero X is a
circle. There the statement holds by Lemma 3.3. Now the induction step from
n — 1 to n is done as follows. Per definition of an S'-CW-complex, we can
choose an equivariant S*-pushout with dim(X,,) =n

|—|ieJ" S/Hl x Sn—1 M} X1

L J

Ue, S/H; x D 5994 X, .

We obtain from the gluing formula 3.2:

[I #2(s'/Hix D", 8/ Hix S™ 1, $Qi, Qi) = 7 (X, X1, 6,7).
i€Jn
The left-hand side can be computed by the suspension isomorphism.

[ ~®(s'/H;x D", S /Hi x 5™, 6Qi, vQi)

1€Jn
= II (5% 6Qi,7Q) "
i€ Jp
—1)nti. )
= H max{l,tkda}( D/ ||
i€ Jp

1yl H,
:max{l,tk¢}( DT e VI
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Here we used the assumption that «y o ev, is injective. The torsion for X,,_1
is defined by induction hypothesis. We can apply the product formula 3.1 and
conclude

(X, 0,7) = 72 (X, Xn_1¢,7) - 7P (X1, 61, 7i)

= max {1, tkd) }(71)714—1 Zie"" 1/|HL‘ . max {17 tkd) }7X§r1b(Xn71)

1
— max {Ltm}—xfrb(X) .

O

Corollary 3.4. Let M be an aspherical Seifert fiber space with M # S' x D?
and (M, ¢,7) an admissible triple, such that the image of a regular fiber under
7 is an element with infinite order. Assume that M/S" is orientable, then the
L2-Alezander torsion is given by

7@(X, $,7) = max {l,tzM(d’)} .

Proof. Note that the standard fiber torus (a;b) admits an effective S'-action
such that the fibers and the orbits of the action coincide. To choose such an
action for a neighborhood of a Seifert fiber is the same as giving the corre-
sponding point in the base space a local orientation. Hence this action extends
to M because M/S! is orientable. Therefore Lemma B implies

_ st 1
7@(M, ¢, ) = max {1, the } XorsM) _ 1ax {1, t*kqsxfrb(M)} .

The last equality holds because M is aspherical, and hence —ijb(M ) >0
[20, Theorem 5.3]. By the construction of the S'-action, we easily see that
ky and Xf:b(M ) are the same as in Lemma A. Moreover one has the re-
lation max{l,tk} = max{l,tw} for any £k € R because of the equality
max{l,tk}:tk~max{1,t’k}. O

3.2. The L2-Alexander torsion for Seifert fiber spaces without an effective
Sl-action. Let M be a Seifert fiber space. An embedded torus in M is called
vertical if it is a union of regular fibers. One should observe that cutting M
along a vertical torus T is exactly the same as cutting the base space of M
along an embedded curve which does not intersect a cone point. This will be
the key observation in the next proofs.

As indicated in the following proofs we will cut M into pieces where we can
calculate the L2-Alexander function. Therefore we need a gluing formula for
the Thurston norm which is due to Eisenbud and Neumann [10, Proposition
3.5].

Theorem 3.5. Let 7 be a collection of incompressible disjoint tori embedded
in N. Denote by B the collection of components of N\T and by ig: B — N
the inclusion of a component B € B. Then the Thurston norm of each ¢ €
HY(N;R) satisfies the equality

TN(}) = Z zB(ipe).

BeB
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FiGURE 1. A Klein bottle with two boundary components
is cut along two circles to obtain two orientable pieces. The
points indicate exceptional fibers. So we do not cut through
them.

Lemma 3.6. Let M be a Seifert fiber space with base space a Klein bottle (with
boundary), i.e., M/S" is diffeomorphic to the connected sum of two RP? (with
some disks removed). Moreover let (M, ¢,~y) be an admissible triple, such that
the image of a regular fiber under v is an element with infinite order. Then

7(2)(M,¢,7) = max{l,th(¢)} .

Proof. We can cut M along two vertical tori, such that we obtain two pieces
M, My both with orientable base space (see Fig. 1). Then the restriction of v
to the tori has infinite image by hypothesis. We obtain from Proposition 3.2,
Corollary 3.4, and Theorem 3.5

(M, ¢,7) = 7O (My, ¢in, vir) - 7@ (Ma, iz, viz)
= max {1, trMy (ﬁk(ﬁ)} . max {1’ T My (1347)}

= max {1, 000 (i) +oan (500}
= max {1,t"”M(¢)} )

Here we used that Lemma B yields 7(2) (T, ¢,~) = 1 for a torus T  and ~ having
infinite image. 0

Theorem 3.7. Let M be a Seifert fiber space with a non orientable base space
other than RP? and (M, ¢,7v) an admissible triple, such that the image of a
reqular fiber under vy is an element with infinite order. Then

73 (M, ¢,~) = max {17 th(¢)} .

Proof. This proof is a variation of the cutting and glueing technics estab-
lished before. Hence we only outline the argument. By the classification of
non-orientable surfaces, M/S! is the connected sum of RP?%’s with possibly
some disks removed. Hence we can cut the base space along embedded sepa-
rating curves, such that every component is a Klein bottle with boundary or
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a Mobius strip. This corresponds to cutting M along vertical tori, such that
every connected component is a Seifert fiber space which has a Mdbius strip or
Klein bottle as base space. By the additivity of the Thurston norm (Theorem
3.5) and the gluing formula for L2-Alexander torsion (Proposition 3.2), it is
enough to prove the statement for every connected component. The case of the
Klein bottle has been dealt with in the Lemma 3.6. So the last remaining case
is the Mobius strip. Since the doubling of a M&bius strip is the Klein bottle, we
can use a standard doubling argument for Thurston norm and L?-Alexander
torsion to receive the desired result. O
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