Arch. Math. 108 (2017), 601-607

(© 2017 Springer International Publishing
0003-889X/17,/060601-7

published online April 24, 2017

DOI 10.1007/s00013-017-1024-5

I Archiv der Mathematik

@ CrossMark

Inequalities for combinatorial sums
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Abstract. For k,l € N, let

ra= () S () G

v=

wi = (1) 3 () ()

‘We prove that the inequality
1
~ <P
7 S D

is valid for all natural numbers k& and [. The sign of equality holds if and
only if & = | = 1. This complements a result of Vietoris, who showed
that

1
P < 2 (k,l € N).

An immediate corollary is that

1 1
7§Pk71<§<Qk,l§ (k,l € N).

4

> w

The constant bounds are sharp.
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1. Introduction. In this paper, we are concerned with the combinatorial sums

o= () S ()G

and

ou- ()2 ()G

which are equal to the last k£ and k + 1 terms (when arranged in descending
order of powers of k/(k+1)), respectively, of the binomial expansion of (k: /(k+

D+1/(k+1)) "*! Both sums can be written in terms of the beta and incomplete
beta functions:
1

1
Poi=——7-— Rl 1 — t)dt 1.1
eIl (1)
k/(k+1)
and
1 1
- - k 1— -1 .
Q.1 B+ 1.0) / th (1 —t)dt
k/ (k+1)

From the integral representations we conclude easily that Py ; and @ are
connected by the elegant identity

PkJ + Qlyk =1 (k‘,l S N) (1.2)

Studies on mathematical statistics led Vietoris [2] in 1982 to the remarkable
inequalities

1
P < 3 < QkJ (k‘,l S N) (1.3)

From (1.2), we see that the two inequalities are equivalent. Applying
1 1 2k
Pk =5 = gmrt ( k)

1
lim Py = —. 14
i, Pk = 5 (14

This reveals that the upper bound 1/2 given in (1.3) cannot be replaced by a
smaller constant. It is natural to ask whether there exists a positive constant
lower bound for Py ;. It is the aim of this note to give an affirmative answer
to this question, namely, that the best possible constant lower bound for Py
is 1/4. Our work is inspired by an interesting paper published by Raab [1]
in 1984. He used the integral representation (1.1) to show that the inequality
Py, < 1/2 holds for all positive real numbers k and .

In the next section, we collect some lemmas. They play an important role
in the proof of our main result which we present in Section 3.

yields the limit relation



Vol. 108 (2017) Inequalities for combinatorial sums 603

2. Lemmas. The following product representation for P ; was derived by
Raab in [1]:

Pri=Ug Vi, (2.1)
where -
Uiy = eXp/g(t)th(t)dt, (2.2)
0
with
1 1 1 1
R e )] 23)
th(t) _ ef(kJrl)t o efkt - eflt7
and Y
I = e (k/l)
V = — 3 2 4
ol zﬂ;ﬁ(wn (24)
with
cp(x) = exp/g(t) (eiV(lﬂj)’s —e vt — efyt)dt (vr>0;z>0). (2.5)
0
Moreover, let
v (1/1)
b (l) = —"2— i1 . 2.
(1) NoIOE) (v >0;1>0) (2.6)

Lemma 1. With g(t) as defined in (2.3), if t > 0, then 0 < tg(t) < 1/2.
Proof. Let t > 0 and w(t) = tg(t). Since

1 et

2¢!
= —_— — = O
2 (et —1)2  t2(et —1)2 ;:2 (29)! >0,

(o] tQJ

w'(t)

we conclude that w is strictly increasing on (0, 00). Moreover, we have

, 1 l4t—et , 1
%E%w(t) =3 +%E%W =0 and tlggow(t) =3
This implies that 0 < w(t) < 1/2. O

Lemma 2. If1 > 0, then v — b, (1) is strictly decreasing on (0,00).
Proof. Let v > 0. We have

1
logb, (1) =loge,(1/1) — 3 logv — log(v +1)

and oo
P 1 1
9, _ - = 2.
o og by(l) /tg(t)(ﬁ,/’l(t)dt 2w v+1 ( 7)
0
with

bt = (1)« S - )
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Since ¢, is positive on (0, 00), we conclude from (2.7) and Lemma 1 that

9 17 11 1
alogby(l) < §/¢V71(t)dtf w v - 1l < 0.
0
This implies that b, (1) is strictly decreasing with respect to v. O
Lemma 3. If1 > 1 and v > 0, then
by, (1) < 1320y, (1). (2.8)
Proof. From
o0
log c;,,(1/1) —logc, (1) = /g(t)e”’t<1 - e*"(l*m) (1 - e*"t)dt >0,
0
we conclude that
e (1/1) > e, (1).
Thus,
13/2by,,(1) _a(/l) L
b, (1) c(l) —
This leads to (2.8). O

3. Main result. We are now in a position to present the best possible constant
lower bound for Py ;.

Theorem. For all natural numbers k and [, we have
1
~ < Py
1 S th

The sign of equality holds if and only if k =1=1.

Proof. We make use of Raab’s product representation (2.1) for Py ;.
First, we prove that
Ugy > Ui (3.1)
with equality only if £ =1 = 1. Let k and [ be real numbers with & > [ > 1.
Then, for ¢t > 0,

a%hk,l(t) = te*“““)’f(e” - 1) > 0.
This yields
hk-J(t) > hu(t) = e At _2e7t, (3.2)
Since
%hu(t) = ope~2t (e” - 1) >0,
we obtain

hoi(t) > hya(t). (3.3)
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Applying (2.2), (3.2), (3.3), and Lemma 1 leads to
o0
log Uy,,; > /g(t)hLl(t)dt =logUi1
0
which implies (3.1). Moreover, if Uy ; = Uy 1, then hy ;(t) = hy(t) and hy i (t) =
hy1(t). This gives k =1 and [ = 1.
Next, we estimate V}, ;. Let v > 1 and ¢ > 0. Since
9
oz
we conclude from (2.5) and Lemma 1 that ¢, (x) is strictly increasing with
respect to 2. Using (2.4), we obtain

Vi = Vi (3.4)

(e—v(1+m)t _ et _ e—l/t) — Vte—y(1+fc)t (evt _ 1) >0,

Finally, we show that
Vig = Vi (3.5)
Let 1 <p<land v >1. Applying Lemma 2 gives

byl-‘ru(l) Z bul—i—l(l)'
This yields

00 oo 1 9]
ZbV(l) = Z Z buiu(l) = Z ! b(u+1)l(l)-
v=1 v=0

v=0p=1
From Lemma 3 we obtain

1
Wwyy(l) =

VL

o~

Hence

NE

5

b1) 2 2 > bu(0) (36)
v=1

1

~— X

Using (2.6), (2.4), and (3.6) gives

27T(V17l - V171) = \/ziby(l) — iby(l) 2 0.
v=1

v=1

This settles (3.5).
Combining (3.1), (3.4), and (3.5) leads to

1
Poi=U Vg >2Ui1Vig=Pi1= T

If P,; = P 1, then Uy; = Uy,; which implies £ = [ = 1. This completes the
proof of the Theorem. O

Using (1.2), (1.3), (1.4), and our theorem yields the following chain of
inequalities which complements (1.3).
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Corollary 1. For all natural numbers k and I, we have

1 3
<P 3.7
1Sha<3< Qi < 1 (3.7)
All constant bounds are sharp.

When we apply (3.7) to specific values of k, then we obtain a sequence of
elementary but non-trivial inequalities, the first three are listed below.

Corollary 2. For all integers | > 1, we have
1 ) av1 () _ 3
1< (ZH) <3< I+1 (lTl) <D

I+1 l
1 _ 3144 (1 ; 5124100+4 ( 1 3
< I+2 <+2> <3< Tut22 (z+2) <

I+1 l
2 3 2
1o 17D 46815 ( ) < 1 < 2604117 531454 ( 1 ) <3

2(1+3)? 2(i+3)° 43

Applications of (1.2), (1.3), (1.4), and the theorem lead to sharp upper and
lower bounds for the ratio of two combinatorial sums. We define

Rk,z—;(kH)( ) Z(kH)( )

and

Sk,z—;)(kH)( ) ki <k+l)< ) |

Corollary 3. For all natural numbers k and I, we have

1

3 < Riy <1 (3.8)
and

1< Sk <3 (3.9)
All bounds are best possible. Equality holds if and only if k =1=1.
Proof. The proofs for (3.8) and (3.9) are similar. Therefore, we only establish

(3.8). Raab [1] pointed out that P ; < 1/2 is equivalent to the right-hand side
of (3.8). Indeed, we have

k+1 k—1

o<(¥)k (1-2P) = (Z Z)(kH)( )

This leads to the second inequality in (3.8). Moreover, using (1.4) gives
Py 1 1/2
l =1l = =1
m Ry = TPy 1-1/2

It follows that the upper bound 1 is sharp. From

k—1 k+l1

OS(?)W(U’M*l ( Z Z)(kH)( ) ’
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we conclude that the left-hand side of (3.8) is valid with equality if and only

itk=101=1.
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