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1. Introduction. Let K be R or C and given a = («,...,q,) € N*, define
la] == aq + -+ 4+ ap. Also, x stands for the monomial z7* .- 28 for x =
(z1,...,2n) € K" The polynomial Bohnenblust—Hille inequality asserts that,
given m,n > 1, if P is a homogeneous polynomial of degree m on £7 given by

P('r17 M 71'n) = Z a(lxa)
lal=m
then

m+1
2m

T < By |IP|

S Ja

loe|=m

for some positive constant Bﬁ;‘?}n which does not depend on n (the expo-

2m

nent = is optimal), where [P := SUD. ¢ 3,0 |P(z)|. Precise estimates of

the growth of the constants Bﬂz?:n are crucial for different applications. The

following diagram shows the evolution of the estimates of Bﬂgiln for complex

scalars.
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Authors Year Estimate
. 1931, [6] pol m+1 m—1
< m
Bohnenblust and Hille (Ann. Math.) BC,m <m=2 (\/5)
Defant, Frerick, Ortega-Cerdd, 2011, [9] grol < (1 N L)m71
Ounaies, and Seip (Ann. Math.) Cm = m—1
m—1
Vi (V2)
Bayart, Pellegrino, 2014, [5] pol m
<
and Seoane-Sepiilveda (Adv. Math.) Bem <Cle) (1 +¢)

In the table above, C'(g) (1 + )" means that given € > 0, there is a constant
C (g) > 0 such that BE?TIn <C(e)(14¢)" for all m.
For real scalars it is shown in [7, Theorem 2.2] that

(L1)™ < BES, < Cle) (2+29)™,

and this means that for real scalars the hypercontractivity of Bﬂgc;ln is optimal.
From now on, for any map f : R — R we define

f (o) i= lim f().

When replacing £7, by £}, the extension of the polynomial Bohnenblust-Hille
inequality is called polynomial Hardy—Littlewood inequality and the optimal
exponents are ﬁ%m for 2m < p < co. More precisely, given m,n > 1, if P
is a homogeneous polynomial of degree m on £ with 2m < p < oo given by

P(xy,...,x,) = Z|a\:m anx%, then there is a constant Cﬁz%’p > 1 such that
mp+p—2m
2mp
2my

D laa|7e57m < Gy 171

|a)=m
and CP°! , does not depend on n, where [|P[| := sup,¢p,, |[P(2)].

m, n

This is a consequence of the multilinear Hardy—Littlewood inequality (see
[2,10]). More precisely, given an integer m > 1, the multilinear Hardy—
Littlewood inequality (see [1,12,14]) asserts that for 2m < p < oo there
exists a constant Cﬁ(ff‘j,llfp > 1 such that, for all continuous m-linear forms
T:ly x---x £y — Kand all positive integers n,

mp+p—2m
n 2mp
27% mult
> Ty s, )| T < Cmp Il
Jiseesjm=1
2mp . —
and the exponents ;—Po— are optimal, where ||| := SUD>(1),.._ 2(0m) € By
IT(zM,...,2(M)]. When p = oo we recover the classical multilinear

Bohnenblust—Hille inequality (see [6]). More precisely, it asserts that there
exists a constant Bﬁé‘"#f such that for all continuous m-linear forms 7T : 2 x
- x 02 — K and all positive integers n,
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m+1
2m

n

S T(egysnne,) T < BEW||T|.

J1seesdm=1

In this paper we look for upper and lower estimates for C’ﬁorln - The notation
of the constants C’H‘a‘#f)p and Bﬂré"‘j}lt above will be used in all this paper.

2. First (and probably bad) upper estimates for C]Igf:@’p. Given a = (aq, ...

o) € N, define () := O”,L'a, for o] = m € N*. A straightforward con-
sequence of the multinomial formula yields the following relationship between
the coefficients of a homogeneous polynomial and the polar of the polynomial

(this lemma appears in [8] and is essentially folklore).

b

Lemma 2.1. If P is a homogeneous polynomial of degree m on K" given by
P(zy,...,z,) = Z anx”
|a]=m

and L is the polar of P (i.e., the unique symmetric m-linear form associated
to P), then

Ao
L(ef",...,enm) = —(m) ,
«
where {e1, ..., ey} is the canonical basis of K" and e}* stands for ey, repeated

o times.

The following result is also essentially known. We present here the details
of its proof for the sake of completeness of the paper.

Proposition 2.2. If P is a homogeneous polynomial of degree m on £ with
p = 2m given by P(21,...,Tn) = 3|41y GaX?, then

mp+p—2m
2mp
2mp pol
mptp—2om
> faa| T < CE, 1P
la]=m
with
m
pol mult m
CK,m,p S CK,m,p mp+tp—2m )
(ml) 5

where Cﬂgf‘jyllfp are the constants of the multilinear Hardy-Littlewood inequality.

Proof. From Lemma 2.1 we have
2mp

2mp m o mp+p—2m
r — — 1 @
§ |aa mptp—2m — § ((a)‘L(el 7"'7enn)‘)

|a]=m la]=m

2mp

—<MmpP____ 2mp

m\ mptp=2m o mptp—2m
J— 1 (o7
= E ( ) L(el7...,en”)‘ .
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2mp
mp+p—2m ig repeated
2mp
_11L(€ey -, €4,,)| P2 Thus

s tm =

s __2mp
m PP : L oy an mptp—2m
E N (ef*,...,exm™)

|a|=m

S m s 1 2

__2mp

= > <) |L(eiys- .., e, )| 7ore—2m
=13 ()

and, since (Z’) < m!, we have

However, for every choice of «, the term |L(ef*,...,e2n)
(") times in the sum )7

m mpiq;me %
Z( ) TR
jaj=m ~*
+2 n 2
mp—pt2m mp
< (ml)ymere=zn N L, e, )| TR
i1yeenim=1
We finally obtain
mp+p—2m
2mp
Z |aa|mzjr%
la]=m
mp+p—2m
n 2mp
mp—p+2m 2mp
< | e ST ey, e, )| e
i1yeenim=1
mp+p—2m
n 2mp
o 5
= ()" DT Lens )|
11,50 tm =1
ptom
< (m)" T oI
On the other hand, it is well-known that
mm
Izl < 2 P
and hence
mp+p—2m
2mp
S ol < o, () 7 T )|
|a]=m

mm
B p— oz 1Pl
ml) 2mp

O

Remark 2.3. Let us define the polarization constants for polynomials on ¢,
spaces as

K(m, p) := nf{M >0 : [|[L]| < M| P|]},



Vol. 104 (2015) On the polynomial Hardy-Littlewood inequality 263

where the infimum is taken over all P € P(™{;) and L is the polar of P.
Notice that using K(m, p) instead of M we may improve the inequality

m?
mm
I < 2 )P

used in the proof of Proposition 2.2. For details on polarization constants we
refer to the excellent book of Dineen [11, Section 1.3].

3. The real polynomial Hardy-Littlewood inequality: lower bounds for the
constants. As mentioned in the Introduction, in [7, Theorem 2.2] it is proved
that C’]g?:nm > (1.1)™ for all m > 2. In this section we show that a simi-

lar result holds for the constants Cﬂg?:n}p of the polynomial Hardy—Littlewood
inequality.

Theorem 3.1. For all positive integers m > 2 and 2m < p < 0o, we have
Proof. Let m be an even integer. Consider the m-homogeneous polynomial
P, 07 — R given by

P(x1,...,xm) = (27 —23) (2§ —23) -~ (22,_y — 22, .

Notice that
L, Lo o)
{:/m/2’ ’ {/m/Q,“" {:/m/Z7 mj2)

From the Hardy-Littlewood inequality for P,,, we have

|Pm||:Pm<

mptp—2m
2mp
2
> faa] T < CRonp 1Pl
|a]=m
ie.,
m mp+p—2m
CI%O:Q , Z ( 2 ) 2mpm _ 2'7'Lp+4pp72'rn (%) % _ 2mp+4pp—6mm% > 2mp+4pp—5m
1
(v7)
If m is odd, define
Qm(r1, ..., xm) = (m% — m%) (x% — xi) e (mfn_z — 1:1271_1) Ty

Then

1 m—1
ml S|Pl = | —F/0—= .
1@l < 1Pl ( (m_l)/2>

From the Hardy-Littlewood inequality for @Q,,, we have
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mp+p—2m
2mp
7_2*_"”72 < Cpol
mptp—2m
> laal < Crinp 1Qmll 5
|a]=m
ie.,
mp+p—2m
(27”;1 o (mptp—2m)(m=1) (M —1 5
mp+p—2m)(m— —
Cpol > = 2  dmp | —=
Rm,p = m—1 2
1
{/(mfl)/2
mp+p—6m+4 m—1 m—1 mp+p—6m+4 m-—1
=2 ap m (m—l)P > 2 4p mo,

O

Remark 3.2. From the estimates of the last proof, note that if m is even and
m > 4, then

mj —6m m m —6m 3 +1
0 D S D e (2%) T ({*@)m RNERY

R,m,p =

If m is odd, and m > 5, then

Cpol >9

R,m,p = " (m_l) v > 2 P "

mp+p—6m+4 m—1 m—1 mp+p—6m+4 m-—1 3 P
ip 1 3 22

24 dm—p —m
_ oM S (éﬁ)m . (3.2)

Thus, by (3.1) and (3.2), if m >4,

crel! >(\‘7§) "

R,m,p =

4. The complex polynomial Hardy-Littlewood inequality: upper estimates.
The following multi-index notation will come in handy for us: for positive
integers m,n, we set

./\/l(m,n) = {i: (llvvlm)a ila'“aim € {]‘7"',n}}»

and for k = 1,...,m, Pr(m) denotes the set of the subsets of {1,...,m}
with cardinality k. For S = {s1,...,sx} € Pr(m), its complement will be
S:={1,...,m}\S, and ig shall mean (i, ,...,is,) € M(k,n). For a multi-
index i € M(m,n), we denote by |i| the cardinality of the set of multi-indexes
j € M(m,n) such that there is a permutation o of {1,...,m} with is) = jg,
for every k = 1,...,m. The equivalence class of i is denoted by [i]. When we
write cjj for i €M(m,n), we mean ¢; for j € J(m,n) and j equivalent to i.

The following very recent generalization of the famous Blei inequality will
be crucial for our estimates (see [5, Remark 2.2]).
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Lemma 4.1 (Bayart, Pellegrino, Seoane [5]). Let m,n be positive integers, 1 <

kE<m and 1 < s < q, satisfying % = % + mT_k. Then for all scalar matrices

(ai)iEM(m,n) ’

S owr) s TS 2 lal®

ieM(m,n) SePr(m) is

Let us use the following notation: Sg; denotes the unit sphere on £ if p <
00, and Sgn denotes the n-dimensional torus. More precisely: for p € (0, 00)

Sen = {z =(z1,...,2,) €C": ||Z||eg = 1},
and
Spn =T"={z=(21,...,2n) € C" : 5] = 1}.

Let p™ be the normalized Lebesgue measure on the respective set. The fol-
lowing lemma is a particular instance (1 < p = s < 2 and ¢ = 2) of the
Khinchin—Steinhaus polynomial inequalities (for polynomials homogeneous or
not) and p < g.

Lemma 4.2. Let 1 < s < 2. For every m-homogeneous polynomial P(z) =
> laj=m 0az® on C" with values in C, we have

2 s

S ) <(2)( [irerace

laj=m Tn

When n = 1 a result due to Weissler (see [15]) asserts that the optimal
constant for the general case is \/% In the n-dimensional case, the best
constant for m-homogeneous polynomials is (1/2/s)™ (see also [4]).

For m € [2,00] let us define po(m) as the infimum of the values of p €
[2m, 0o] such that for all 1 < s < % there is a K, > 0 such that

p=2 %
2p

S lal® | <kn | [ P@) dre) (4.1

|a|=m Sen

for all positive integers n and all m-homogeneous polynomials P : C* — C.
For the sake of simplicity, po(m) will be simply denoted by pg. From Lemma
4.2 we know that this definition makes sense, since from this lemma we know
that (4.1) is valid for p = co. We conjecture that py < m?.

Now, let us state and prove the main result of this section. The argument
of the proof follows the lines of that in [5,9]. We will use the following result
due L. Harris (see [11, Exercise 1.68)):

Lemma 4.3 (Harris). Let X be a complex normed linear space. If P is a ho-
mogeneous polynomial of degree m on X and L is the polar of P, then, for
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any nonnegative integers mq,...,my with mi + --- 4+ mg = m and for any
M 2™ unit vectors in X,

mql---mg!l-m™

L(;c(l)’ . 73;(1)7 . ,gtj(k)7 .. 7gj(k)) < m;’“ — ~m;€nk o || ||
mq times myp times

Theorem 4.4. Let m € [2,00] and 1 < k < m—1. If po(m — k) < p < o0
(and p = oo if po(m — k) = o0) then, for every m-homogeneous polynomial
Pty — C defined by P(z) = Z\a|:m aaz®, we have

mp+p—2m

2mp

__2mp _ m™m
E ‘aalmP+P72m < K™ 21’; D
lal=m Eptp—2k P (m — k)
p—2 2k(k—1)
(m—Ek)I 2 2 v
m! NZs

p—2k

-(BER) TIPS

where chrt‘élt is the optimal constant of the multilinear Bohnenblust—Hille in-
equality associated with k-linear forms.

Proof. We can also write

P(z) = Z CiZiy - - Zi,, -

ieJ(m,n)
Consider
2mp 2kp d 2p
= S = — an i
p mptp—2m’ " kp+p— 2k’ ¢ p—2
Note that
-2
sp<2<gq and m _mp+p—2m
P 2p
and
k m—k kp+p—2k m—k -2
LA _kptp 4 )(p—2)
Sk q 2p 2p
kp+p—2k mp—kp—2m+2k
= +
2p 2p
mp+p—2m
= % .
Thus

m k m—k
— +
P Sk q

and we can use Lemma 4.1.
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Let L : £ x---x £ — C be the unique symmetric m-linear map associated
to P. Note that

1 m _ c[i] (1) (m)
L(z(),...,z( ))— Z WZil ez

ieM(m,n)

__2mp 2mp
§ mptp—2m — § .| mptp—2m
‘a p+p— = |Cl p+p

|a|=m ieJ(m,n)

Thus

2mp

mp+p—2m
e ——P |C[i]|
mp+p—2m T
ieM(m,n) |1‘ K

>

e
s ()
i«

ieM(m,n)

IN

Using Lemma 4.1 with s = Lk and ¢ = 2 we get

kp+p—2

mp+p—2m
2mp

27

2mp
E |aa | mp+p—2m

|a]=m

q
S x> [ s ()
SePy \iseMkn) \igeMm—kn) \ [i]7
Note that |i| < |1S|(mmf'k),, and thus

mp+p—2m
2mp q—1

__2mp m! Ta
mp+p—2m <
(")

<2 3 }C|[ii]|!q <yllsy>q1 :

SEPr \ iseM(k,n) \igeM(m—k,n)

D laa

la]=m

q—1

“(@om)

.q _
A x> S

SEP, \ iseM(k,n) \igeM(m—k,n)

“
-Q‘a..

Let us fix S € Pg(m). There is no loss of generality in supposing S =
{1,...,k}. We then fix some ig € M(k,n) and we introduce the following
(m — k)-homogeneous polynomial on £7:
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P, (z)=L(ei,...,€ix,2,...,2).

Observe that

P

Cli
is(2) = Z ﬁzls = Z | | | S| ig

igeM(m—k,n) igeJ(m—k,n)

and so

q q
Cii . Cli . -
1@, = > 'g;J )= X ||§|1J s

igeJ(m—k,n) igeM(m—k,n)

By the definition of py, we have

|Pro ()35 < Kb /|L Cirre e CinsZy s 2)| (@),
Sen
Thus,
| %xsk
Z(Z i lig]"™ ) < Ko /Z|L<eil,...,en.,z,...,zwdu”(z»
Sien is

Now fixing z € S@; we apply the multilinear Hardy—Littlewood inequality to
the k—linear form (z(l), ey z(k)) — L (z(l)7 o z®) g ,z) and we obtain,
from [3, Theorem 1.1] and Lemma 4.3,

Z|L(ei1,...,eik,z,...,z)|s"'
is

2k(k—1) Sk

) P p—2k
< (ﬁ) (Bmult) P sup ’L (Z(1)7...,Z(k),Z,...,Z) ‘

202 €S
P

2k(k—1) Sk

2 B muley 252 (m = k)-m™
< R — — 7
- ( (BE) 7 (m — k)ym=Fk.m! 1]

mp+p—2m
2mp q—1

N e ()"
“ ~ \(m—k)!

la|=m

2k(k—1)
P

(Bmult) P ”PH
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5. Real versus complex estimates. As it happens with the constants of the
Bohnenblust—Hille inequality, we observe that

cpel < gm=1cpol (5.1)

R,m,p C,m,p*

In fact, from [13] we know that if P : £, — R is an m-homogeneous polynomial
and Pc : ¢, — C is the same polynomial, then

|Pell < 2™~ H|P].

We thus obtain (5.1). So if one succeeds in proving that C’]gil,w < C™ (for
all p > 2m) for a certain C' > 1, as it happens with the constants of the
Bohnenblust—Hille inequality, then we immediately conclude that a similar

result holds for real scalars (with the constant multiplied by two).

Acknowledgements. The authors thank the referee for important remarks and
suggestions.
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