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Krull dimension for differential graded algebras
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Abstract. We introduce a naive notion of a system of parameters for a
homologically finite complex over a commutative noetherian local ring
and compare it to the system of parameters defined by Christensen. We
show that these notions differ in general but that they agree when the
complex in question is a DG R-algebra. In this case we also show that
the Krull dimension defined in terms of the lengths of such systems of
parameters agrees with Krull dimensions defined in terms of certain chains
of prime ideals.
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1. Introduction. In this paper, R is a commutative noetherian ring with iden-
tity. The term “R-complex” is short for “chain complex of (unital) R-modules”
indexed homologically. The infimum of an R-complex X is inf(X) := inf{i €
Z | Hy(X) # 0}, and X is homologically finite if the total homology module
[l;cz Hi(X) is finitely generated. The Koszul complex over R on a sequence
X =1m1,...,T, € Ris denoted K (x).

Foxby [4] defines the Krull dimension of an R-complex X as

dimp(X) := sup{dim(R/p) — inf(Xy) | p € Supp(X)},

where Suppp(X) = UjezSuppr(H;(X)). If M is a finitely generated
R-module, then dimpg(M) is the usual Krull dimension of M, given in terms
of chains of prime ideals in Suppg(M). If inf(X) > —oo, then dimp(X) >
—inf(X).

When R is local, it is natural to seek a notion for systems of parameters for
homologically finite R-complexes. One such notion comes from Christensen [2],
starting with the following version of minimal prime ideals for complexes. Let
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X be an R-complex such that inf(X) > —oco. A prime ideal p € Spec(R) is an
anchor prime for X if dimp, (X,) = —inf(X,). Let Ancr(X) denote the set
of anchor primes for X. Assuming that (R, m) is local and X is homologically
finite, a system of parameters for X is a sequence x = z1,...,xq € m such that
m € Ancgr(K®(x)®p X) and d = dimg(X) +inf(X). Christensen [2, Theorem
2.9] shows that X has a system of parameters in this setting.

The point of this paper is to explore the following different (possibly more
naive) versions of these notions.

Definition 1.1. Assume that (R, m) is local, and let X be a homologically finite
R-complex. A length sequence for X is a sequence x = x1,...,24 € m such
that each H;(K®(x) ®p X) has finite length. If m is the length of the shortest
length sequence for X, then the length dimension of X is

ldimpg(X) := m — inf(X).

A length system of parameters for X is a length sequence xy, ..., z,, € m for
X such that m = ldimg(X) + inf(X).

Remark 1.2. Assume that (R, m) is local, and let X be a homologically finite
R-complex. Any generating sequence for an m-primary ideal of R is a length
sequence for X, so X admits a length system of parameters, and

dim(R) > ldimpg(X) + inf(X).

We have ldimp(X) > — inf(X), with equality holding if and only if each H;(X)
has finite length.

Lemma 3.3 shows that ldimpg(X) > dimg(X). It is straightforward to show
that one can have strict inequality here; see Example 3.4. On the other hand,
the main result of this paper shows that this cannot occur when X is a DG R-
algebra. It is stated next and proved in 3.6. See Section 2 for some background
on DG algebras.

Theorem 1.3. Let A be a homologically finite positively graded commutative
local noetherian DG Ag-algebra such that (Ag,mg) is local noetherian.

(a) Given a sequence x € mg, the following conditions are equivalent:
(i) x is a system of parameters for A;
(il) x is a system of parameters for Hy(A); and
(iil) x is a length system of parameters for A.
(b)  One has 1dima,(A) = dimy,(A) = dim(Hy(A)).
(¢c) If A is generated over Ay in odd degrees or if A is bounded, then
DGdim(A) = 1dim4,(A) = dim 4, (A) = dim(Hp(A4)).

2. DG algebras and DG Krull dimension. We begin this section with a sum-
mary of terminology from [1,3].

Notation 2.1. Given an R-complex X, write |z| = ¢ when z € Xj.

Definition 2.2. A positively graded commutative differential graded R-algebra
(DG R-algebra for short) is an R-complex A equipped with a binary operation
(a,b) — ab satisfying the following properties:



Vol. 101 (2013) Krull dimension for DG algebras 113

associative. for all a,b,c € A we have (ab)c = a(bc);

distributive. for all a,b,c € A such that |a| = |b|, we have (a+b)c = ac+bc
and c(a + b) = ca + cb;

unital. there is an element 1 € Ag such that for all a € A we have 1la = a;

graded commutative. for all a,b € A we have ba = (—1)1%ll’lgh € Ala|+18)»
and a? = 0 when |a| is odd;

positively graded. A; = 0 for ¢ < 0; and

Leibniz Rule. for all a,b € A we have 8é|+‘b|(ab) = 0@|(a)b+ (—1)‘a‘a8fb‘|(b).

Given a DG R-algebra A, the underlying algebra is the graded commutative
R-algebra A" = ¢ A;.

We say that A is noetherian if Hy(A) is noetherian and the Hy(A)-module
H;(A) is finitely generated for all ¢ > 0. We say that A is local if it is noetherian,
R is local, and the ring Ho(A) is a local R-algebra.!

Example 2.3. Given a sequence x = z1,...,z, € R, the Koszul complex
K(x) is a noetherian DG R-algebra under the wedge product; it is generated
over Ko = R by K;. If (R,m) is local and x € m, then Kf(x) is a local DG
R-algebra.

Definition 2.4. Let A be a DG R-algebra. A differential graded module over A
(DG A-module for short) is an R-complex M equipped with a binary operation
(a,m) — am satisfying the following properties:
associative. for all a,b € A and m € M, we have (ab)m = a(bm);
distributive. for all a,b € A and m,n € M such that |a| = [b] and |m| = |n/,
we have (a 4+ b)m = am + bm and a(m + n) = am + an;
unital. for all m € M we have 1m = m;
graded. for all a € A and m € M, we have am € Mq4|m|;
Leibniz Rule. for all a € A and m € M, we have 5‘|’2|+‘m‘ (am) = 8@‘(a)m+
(—1)'“'(18'%'(771).
The underlying A%-module associated to M is the A%-module M* = &2 M;.
A DG submodule of a DG A-module M is a subcomplex that is a DG

A-module under the operations induced by M. A DG ideal of A is a DG
submodule of A.

Definition 2.5. Let A be a DG R-algebra. A DG ideal I C A is prime if I"isa
prime ideal of A". Let DGSpec(A) denote the set of DG prime ideals of A. The
DG Krull dimension of A, denoted DGdim(A), is the supremum of lengths of
chains of DG prime ideals of A. For each ideal I C Ho(A), write I = I/im(d;})
where T is an ideal of Ay containing im(8{'), and set
25 o4 =
I A ST 0.

Remark 2.6. Let A be a DG R-algebra. The following facts are straightforward
to verify. For each DG (prime) ideal J C A, the subset Jy C Ap is a (prime)
ideal containing 95'(J;). For each ideal I C Hy(A), the subset I4 C A is a DG

I This means that Ho(A) is a local ring whose maximal ideal contains the ideal mHg(A),
where m is the maximal ideal of R.
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ideal of A. An ideal I C Ho(A) is prime if and only if I4 C A is DG prime. The
operation I — I, considered as a map from the set of (prime) ideals of Ho(A)
to the set of DG (prime) ideals of A, is injective and respects containments.
In particular, one has DGdim(A) > dim(Hp(A)).

Proposition 2.7. Let A be a DG R-algebra. If A is generated over Ay in odd
degrees or if A is bounded, then the map (—)*: Spec(Ho(A)) — DGSpec(A)
is bijective, so DGdim(A) = dim(Ho(A)).

Proof. Assume that A is generated over Ag in odd degrees. Since each element
a € A of odd degree is square-zero, it must be contained in each DG prime ideal
of A. That is, each DG prime ideal P C A contains Ay =--- — A; — 0. Since
P must be closed under 97!, it must contain 04 = --- — A; —im(9}4) — 0.
From this it follows that P = (Py/im(8}))#. Since P is a DG prime of A,
Remark 2.6 implies that Py/im(d}) is a prime ideal of Ho(A) = A/im(d})).
Thus, the map (—)#: Spec(Hp(A4)) — DGSpec(A) is surjective, hence it is
bijective by Remark 2.6. The equality DGdim(A) = dim(Hy(A)) follows imme-
diately.

In the case where A is bounded, it follows that every element a € A of
non-zero degree is nilpotent, so the above argument applies. 0

Corollary 2.8. Let K = K®(x) be a Koszul complex over R. Then the map
(—)%: Spec(R/(x)) — DGSpec(K) is bijective, so DGdim(K) = dim(R/(x)).

The following example shows that the assumptions on A (generated in odd
degrees or bounded) are necessary in Proposition 2.7.

Example 2.9. Let k& be a field, and let A = k[X] denote the polynomial
ring in one indeterminate X of degree 2. This is a DG k-algebra, using the
trivial differential. The ideals 0 and Ay = (X)A are DG prime. (Moreover,
DGSpec(A) is precisely the set of graded prime ideals of A.) In particular, we
have DGdim(A) = 1 > 0 = dim(k) = dim(Hp(A)) since Ho(A) = k.

For our main theorem, we require some DG localization.

Definition 2.10. Let A be a DG R-algebra. A subset U C A is multiplicatively
closed if it contains 1 and is closed under multiplication. Given a DG A-module
M (e.g., M = A) and a multiplicatively closed subset U C A, we define an
relation on M x U as follows: (m,u) ~ (n,v) if |m| — |u| = |n| — |v| and there
is an element w € U such that w(un — (—1)I*lym) = 0.

Proposition 2.11. Let A be a DG R-algebra. Given a DG A-module M (e.qg.,
M = A) and a multiplicatively closed subset U C A, the relation from Defini-
tion 2.10 is an equivalence relation.

Proof. Symmetry and transitivity are tedious but straightforward to verify.
There is a tiny subtlety with reflexivity. To check that (m,u) ~ (m, ), we need
to consider two cases. The case where |u| is even is straightforward. For the case
where |u| is odd, it follows that u?=0, so we have u(um—(-1)**lum)=0. O
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Definition 2.12. Let A be a DG R-algebra, and let U C A be multiplicatively
closed. Let M be a DG A-module (e.g., M = A). For each (m,u) € M x U,
let m/u and ™ denote the equivalence class of (m,u) under the equivalence
relation ~ from Definition 2.10.

We define the DG localization U ' M using the quotient rule:

(U™ M); o= {m/u | i=|m| - |ul},

gUM <@ udM(m) — 04 (u)m
= = ,
u u
m m' _ um/ + (=1)lllvly'm
uw oo w! ’
am _ am
wo  ouv’

Proposition 2.13. Let A be a DG R-algebra, and let U C A be multiplicatively
closed. Let M be a DG A-module (e.g., M = A).

(a)  Using the above definition, Ut A is a DG R-algebra, not necessarily pos-
itively graded, and U~'M is a DG U~'A-module.
(b) IfU C Ay, then Ut A is positively graded.

Proof. Note that if U contains an element u of odd degree, then everything is
trivial: the fact that u has odd degree implies that u? = 0, so for all m/v €
U='M we have m/v = (u?m)/(u?v) = 0. Thus, for the remainder of this
proof, we assume that U does not contain any elements of odd degree. It is
straightforward to show that the addition and multiplication rules for U~ A
and U ' M are well-defined and satisfy the standard axioms (associative, etc.).
We show that the differential 9V M is well-defined. (The special case M =
A then follows.) To this end, let m/u = n/v in U1 M. Since |u| and |v| are
even, it follows that there is an element w € U such that w(vm — un) = 0.
Applying OM to this equation, we have the first equality in the next display:
0 = O™ (w(vm — un))
= 0 (w)(vm — un) + wdM (vm — un)
= 04 (w)(vm — un) + wd (v)m + vwd™ (m) — wd (u)n — uwd™ (n).
The second and third equalities follow from the Leibniz rule, since |ul, |v|, and
|w| are even. The fact that w(vm — un) = 0 implies that wd? (w)(vm — un).

Thus, if we multiply the above display by uwvw, we have the first equality in
the next display:

w)n — uow?oM (n)

u) (wun) — u?vw?d™ (n)

0 = wow?d? (v)m + ww?d™ (m) — uvw?d*(
= uwd’ (v) (wvm) + w?w?dM (m) — vwd(
= wwd? (v) (wun) + v w?d™ (m) — vwd (u) (wvm) — v2vw?d™ (n)
= w?(u?0* (v)n + w?0M (m) — v20 (w)m — u*vd™ (n)).
The second and fourth equalities follow from the fact that |ul, |v|, and |w]| are

even. The third equality follows from the condition w(vm — un) = 0. This
explains the second equality in the next display
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ud™(m) — 0 (w)ym  ww?0M(m) — v204 (u)m
u? u?v?
u?voM (n) — w04 (v)n
u?v?
vOM(n) — 04 (v)n

2 I

v

so we conclude that 9V M is well-defined.
Next, we show that 9V M9V M = (. (The special case M = A then
follows.)

()

_ UM (“8M(m) - 8A(U)m>

-

w20 (ud (m) — 0% (um) — 94 (u2) (ud (m) — 94 (w)m)

w24 (W) (m) + uaM@MIZ;)); 94(0% (u))m + 94 (w)0™ (m))
200 w)(u0 ) ~ P wm)

220 ()9 ) — 200 () (™ 1) — 9 ()

200 ()0 (u)m "

=0. v

The first two steps are by definition. The third step follows from the Leibniz
rule for M, and the fourth step uses the fact that 0™9M™ = 0 = 9494. The
fifth step is straightforward cancellation. For the sixth step, note that the
fact that |u| is even implies that |9 (u)| is odd, so the element 04 (u) € A is
square-zero.

The Leibniz rule for U7'M (and hence for U1 A) is straightforward. [

3. Dimension and systems of parameters. Before proving Theorem 1.3, we
require a few more preliminaries.

Lemma 3.1. Let X be a homologically bounded below R-complex, and letm C R
be a maximal ideal. If Suppr(X) = {m}, e.g., if X 20 and each H;(X) has
finite length over R, then m € Ancg(X).
Proof. By definition, we have
dimp(X) = sup{dim(R/p) — inf(Xy) | p € Suppy(X)}

= dim(R/m) — inf(Xy,)

= —inf(Xy)
as desired. g

Here is an example showing that the converse of the previous result fails.
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Example 3.2. Let k be a field, and set R = k[T with m = T'R. Consider the
following complex, which is concentrated in degrees 0 and 1:
X=0-R%k—0.
Since Hy(X) = R, we have Suppg(X) = Spec(R). And we compute:
dimp(X) = sup{dim(R/p) —inf(X,) | p € Suppxr(X)}
= sup{dim(R/m) — inf(Xy,),dim(R/(0)) — inf(X ()}
= sup{—inf(X), 1 — inf(X (o))}
= sup{0,1 — 1}
=0
= —inf(X).
So, we have m € Ancg(X) and Suppp(X) # {m}.
Lemma 3.3. Assume that (R,m) is local, and fix a homologically finite

R-compler X. FEach length system of parameters x for X satisfies m €
Ancr(KT(x) ®p X). In particular, we have 1dimg(X) > dimg(X).

Proof. Let x = x1,...,T, € m be alength system of parameters for X. By the
definition of dimp(X), it suffices to show that m € Ancg(KT(x)®x X). Since
x is a length system of parameters for X, we know that each H;(K 7 (x)®g X)
has finite length, so we have m € Ancg(K%(x) ®z X) by Lemma 3.1. O

Example 3.2 shows that equality can fail in the previous result, as we see
next.

Example 3.4. Let k be a field, and set R = k[T] with m = T R. Consider the
following complex, which is concentrated in degrees 0 and 1:

X=0-R%Ek—-0

We have already seen that dimpg(X) = 0. Since H;(X) = R does not have
finite length, we have ldimg(X) > 0 = dimg(X). (More specifically, it is
straightforward to show that ldimpg(X) = 1.)

Theorem 1.3 from the introduction follows from the next result; see 3.6.

Proposition 3.5. Let A be a homologically finite positively graded commutative

local noetherian DG Ag-algebra such that (Ag, mg) is local noetherian.

(a) Given a system of parameters x € mg for Ho(A), each H;(K4°(x)®4, A)
has finite length over Ay. In particular, we have dim(Hg(A4)) >
ldimAO (A) .

(b)  Given a system of parameters x € mq for A, the ring Ho(A)/(x)Hp(A) is
artinian. In particular, we have dimy,(A) > dim(Hg(A)).

Proof. (a) Let x € mp be a system of parameters for Ho(A). It follows that
K40 (x) ®4, A is a homologically finite local noetherian DG Ag-algebra such
that (Ag, mp) is local noetherian. Furthermore, the ring

Ho (K (x) ®4, A) = Ho(A)/(x)Ho(A)
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is local and artinian. Since each H;(K4(x) ®4, A) is finitely generated over
Ho(K4°(x) ®a, A), it follows that each H;(K“°(x) ®4, A) has finite length.

(b) Let x € mg be a system of parameters for A. By definition, this implies
that mg € Anca,(K4°(x) ®4, A). This explains the second equality in the
next display:

0 = —inf(K4°(x) @4, A)
= dimAO (KAO (X) ® A, A)
= sup{dim(Ap/po) — inf((K°(x) @4, A)p,)
| po € Supp 4, (K40 (x) ®.4, A)}.

The first equality is by the isomorphism Ho(K“°(x)® 4, 4) = Ho(A)/(x)Ho(A)
and Nakayama’s Lemma, and the third one is by definition.

Claim: We have

Supp 4, (K4 (%) ©.4, A) = Supp 4, (Ho(K°(x) @4, 4))
= Suppy, (Ho(4)/(x)Ho(A)),

and for each po € Supp 4, (K (x)®4, A), we have inf (K (x)®4, A)p,) = 0.
The equality Supp 4, (Ho(K#°(x) ®4, A)) = Supp 4, (Ho(A)/(x)Ho(A)) follows
from the isomorphism Ho(K4°(x) @4, A) = Ho(A)/(x)Ho(A). And the con-
tainment Supp 4, (K0 (x) ®4, A) 2 Supp,, (Ho(K*(x) ®4, A)) is a conse-
quence of the definition Supp 4, (K“°(x) ®4, A) = U; Supp 4, (H; (K4°(x) ®4,
A)). Now, fix a prime py € Suppy, (K*°(x) ®4, A), and suppose that
po ¢ Supp 4, (Ho(K40(x) ®4, A)). It follows that we have

0 2 (K0 (x) ©a, A)py = K20 (x) ©(a,),, Apo-

Note that K (40)eo(x) ®(Ag)y, Apo 18 a positively graded DG (Ag)p,-algebra
by Proposition 2.13. So each homology module H;(K (4o (x) ®(A0)p, Apo)
is a module over Ho(K (Ao (x) ®(Ag)p, Apo)- The condition pg & Supp 4, (Ho
(K49 (x)@a, A)) implies that Ho (K (A0)%o (x) ®(Ag)y, Apo) = 0, s0 each module
over this ring is 0. Hence, for all i we have H;(K (40)ro(x) ®(A0)py Apo) = 0,

contradicting the non-triviality condition K (40)eo (x) @ (A0)p, Apo # 0. The
claim now follows.
Combining the claim with the previous paragraph, we have

0 = sup{dim(Ao/po) | po € Supp,(Ho(A)/(x)Ho(A)).
Thus, the only prime in Supp 4, (Ho(A)/(x)Ho(A)) is mg. Since Ho(A)/(x)Ho(A)
is noetherian, it follows that Ho(A)/(x)Hg(A) is artinian, as desired. O

3.6. (Proof of Theorem 1.3) Parts (a) and (b) follow from Proposition 3.5 and
Lemma 3.3. And part (c) is from Proposition 2.7. O

Acknowledgements. We are grateful to the referee for his/her careful reading
of this paper.



Vol. 101 (2013) Krull dimension for DG algebras 119

References

[1] L. L. Avramov, H.-B. FoxBY, AND S. HALPERIN, Differential graded homolog-
ical algebra, in preparation.
[2] L. W. CHRISTENSEN, Sequences for complexes, Math. Scand. 89 (2001), 161-180.

[3] Y. FELIX, S. HALPERIN, AND J.-C. THOMAS, Rational homotopy theory, Gradu-
ate Texts in Mathematics, vol. 205, Springer-Verlag, New York, 2001. MR 1802847

[4] H.-B. FoxBY, Bounded complexes of flat modules, J. Pure Appl. Algebra 15
(1979), 149-172.

KRISTEN A. BECK

Department of Mathematics,
The University of Arizona,

617 N. Santa Rita Ave.,

P.O. Box 210089, Tucson,

AZ 85721, USA

e-mail: kbeck@math.arizona.edu

URL: http://math.arizona.edu/ kbeck/

SEAN SATHER-WAGSTAFF

Department of Mathematics,

NDSU Dept # 2750,

PO Box 6050, Fargo,

ND 58108-6050, USA

e-mail: Sean.Sather-WagstaffOndsu.edu

URL: http://www.ndsu.edu/pubweb/ ssatherw/

Received: 13 November 2012



	Krull dimension for differential graded algebras
	Abstract
	1. Introduction
	2. DG algebras and DG Krull dimension
	3. Dimension and systems of parameters
	Acknowledgements
	References


