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Abstract. It is proved that the setwise limit of a bounded sequence of
signed topological measures is a signed topological measure; here the
signed measures and proper signed topological measures which are the
components of the decomposition of the members of the sequence set-
wise converge to the corresponding components of the decomposition of
the limit signed topological measure. The results thus obtained give a
negative answer to the question concerning the possibility to represent a
regular Borel measure (nonzero) as a setwise limit of a sequence of proper
topological measures.

Mathematics Subject Classification (2010). Primary 28C15;
Secondary 28A33.

Keywords. Set function, Topological measure, Setwise convergence.

1. Introduction. Throughout the paper, X is a compact Hausdorff space, (
and 7 denote respectively the collection of all closed and open subsets of X,
a =7UC and 7 is the Borel o-algebra of X.

Definition 1.1. A set function p : @ — R is called a signed topological measure
if the following hold:
1) p is finitely additive: if {E;}!; C o, E; N E; = () for i # j,
Ui, B; € a, then

m (U E> = u(Ey);
i=1 i=1
2) p is bounded: sup{|u(E)|: E € a} < oo;

3) w is regular: for any U € 7 and € > 0 there exists a C' € ( such that
CcU,andifa> ECU\C, then |u(E)| <e.
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If, in addition, p is nonnegative, then p is called a topological measure.
It can readily be proved that in this case Definition 1.1 is equivalent to the
collection of the following three conditions:

a) if E,F € a and E C F, then u(E) < u(F);
b) if BE,F €a, ENF =0,and EUF € a, then u(EUF) = pu(E) + u(F);
¢) if U € 7, then pu(U) = sup{u(C): (> C CU}.
Obviously, the signed topological measures form a linear space, and the topo-
logical measures form a cone denoted by STM and T M, respectively.

It is known that a topological measure does not necessarily extend to a regu-
lar Borel measure. A topological measure which admits such an extension will
be called a measure. Denote the cone of measures by M. Similarly, we will
define a signed measure. Denote the linear space of signed measures by SM.

The topological measures (formerly called quasi-measures) were first intro-
duced in [1] and the signed topological measures in [4] for representations of
certain nonlinear functionals on the space of continuous functions on X. At the
same time these set functions are interesting by themselves. So our paper was
caused by the Aarnes open question connected with the setwise convergence
(see below).

The main results of this paper are contained in Theorems 6.1-6.5, and the
material needed for their proof is presented in Sections 2-5.

2. The Aarnes question and proper topological measures. When studying
€ STM, we use the supremation i given by

p(E) =sup{|p(C)|: (5 C CE}, ECX.

Obviously, i is a monotone set function on the collection of all subsets of
X, and if E; N Ey = () and both the sets are in 7 or ¢, then u(E; U Ey) <
1(E7) + f(Es). Using the regularity of u, one can readily show that

w(U) =sup{|p(V)|: 72V Cc U} for U € 7.

If A € SM, then A\ can be assumed to be extended to 7, and one can prove
that

ME) =sup{|\(F)| :n> F C E} for E €,
NE; U Ey) < MEy) + M) for any Ey, By € 1.
For € TM, it is clear that g = g on a. If A € M, then A = A on 7.

Definition 2.1. A signed topological measure p is said to be proper if for any
€ > 0 there exists a finite family {U;}?_; C 7 such that

X = 0 U; and iﬁ(Ul) <e.
i=1 i=1

In the case of a topological measure, we replace @ by pu.

Denote by PSTM (respectively PT M) the class of all proper signed topo-
logical measures (respectively proper topological measures).
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Remark 2.2. In [5] a topological measure p is called proper if whenever X is
a measure and 0 < XA < p, then A = 0. The equivalence of the two defini-
tions was proved in [6]. The concept of a proper signed topological measure
was considered in [7]. Our approach is more convenient for the results here.
It was also used to prove the nontrivial fact that if pi,pus € PSTM, then
p1 + p2 € PSTM (see [6,7]). Using this, everyone can show that PSTM is a
linear space and PT M is a cone.

Below we also need the following result [7].

Theorem 2.3. For any pu € STM there is a unique decomposition of the form
w=XN+v, where \ € SM and v € PSTM. If u € TM, then A\ € M and
vePTM.!

We say that a sequence {u,} C STM converges setwise if for any set E € «
there is a finite lim,, pp, (E) = p(E). It is true that p € PSTM if p, € PSTM
for any n? This problem remained open even for topological measures. Let us
consider the example given by Aarnes [2, Sec. 6].

Example. Let X = [0;1] x [0;1], and let A be the Lebesgue measure on X .2
Let n € N and g = 2" 4 1. Define

Iy =1[k/q; (k+1)/q) for k=0,1,...,2" =1, In =[2"/g;1].

Let C be a closed solid in X, i.e., a closed set such that both the set and its
complement are connected. Put

n(C) = k/2" it AN(C) € Iy

Obviously, p, (C) € I, for A(C) € I, pun(C) =0for \(C) < 1/q, and p,(C) =
1 for A(C) > 2™/q. It was proved in [2] that every p, is a solid set-function
and hence it can uniquely be extended to a topological measure on «, and for
any closed set C' with a finite number of connected components

lim 1, (€) = A(C). 21)

Aarnes asks whether or not this equality holds for any closed set C. Our

results lead to a negative answer. Obviously, there is a family of closed solids
{C;}™, such that

X=[]JC and MC)<1/q.
i=1
In this case p,(C;) = 0 for any ¢ = 1,...,m. This implies that u, € PTM.
Assuming an affirmative answer, we can readily deduce the equality (2.1) for
all sets from « and obtain by Theorem 6.4 that A € PT M, whereas A is not
proper.

I The result for u € TM was proved in [5].
2In [2] the conditions on X and A are more general.
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3. Singularity. We noticed the following property of a proper signed topolog-
ical measure.

Proposition 3.1. Let v € PSTM and A € SM. Then v is singular to X\ in the
sense thatl for any set © € 7 and for any € > 0, there exists a sel C' € ¢ such
that C C©, AO\C)<e,and v(C)<e.

Proof. Since v € PSTM, there is a finite family {U;}?_; C 7 such that

=1 i=1
Put
n—1
Ey=Uy, By =Ux\ U, ..., E,=U,\ |J Us.
i=1

Obviously, E; € n, E;NE; =0 for i # j, E; C U;, and © = Ul E;. Assume
that A is extended to a signed regular Borel measure on 7. By the regularity,
there are sets C; € ¢ such that C; C E; and N(E; \ C;) < ¢/n, i =1,...,n.
Put

Obviously, C € (, C C © ,and © \ C =U?_,(E; \ C;). We see that

AO\C) <Y ANENC) <e and #(C) <D H(C) <D B(U) <.

i=1 =1 i=1

This proves the proposition. O

Now we can obtain two inequalities that are useful below.

Proposition 3.2. Let u = A+ v, where A € SM and v € PSTM (and hence
pw€ STM). Then ANU) < pu(U) and v(U) < p(U) for any U € 7.

Proof. Let © € 7 and € > 0. Find C € ( as in Proposition 3.1. Then

AO)] < MO\ C) + [MC)| < e+ [AC)]
< e+ MCO) +v(O)] + [v(C)] < 26 + [u(O)] < 2¢ + i(O).

Since € > 0 is arbitrary, we see that |A(©)| < u(0O) forany © e 7. If U, 0 € 7,
and © C U, then |A(0)] < u(0)] < u(U). Passing to the supremum over all ©
of the above kind in this inequality, we obtain A(U) < fi(U). We can carry out
similar bounds for the function v. O

4. Uniform s-boundedness. The concept of uniform s-boundedness, which is
widely used in measure theory, turns out to be fruitful when studying signed
topological measures as well.
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Definition 4.1. Let £ be a collection of subsets of a set T. A family of set
functions {s,}yer, where p, : £ — R, is said to be uniformly s-bounded on ¢
if for any sequence of pairwise disjoint members {F, } in & we have
limsup |p~ (Ey)| = 0.
n ~el
In the case of a single function, we say that it is s-bounded.

Proposition 4.2. If u € STM, then it is s-bounded on .

Proof. Assume the contrary. Then there is an ¢ > 0 and a sequence {E,} of
pairwise disjoint members in 7 or in ¢ for which |u(E,)| > € holds for all n
and p has the same signs on all E,,. It is readily seen that this contradicts the
boundedness of . O

Proposition 4.3. Let {p }yer C STM. The family {p} is uniformly s-bounded
on T if and only if the family {fiy} has this property.

Proof. The sufficiency is obvious. Let us prove the necessity. Suppose the con-
trary. Then there are an € > 0, a sequence {U,, } of pairwise disjoint members
in 7, and a sequence {v,} C I' such that /i, (U,) > ¢ for any n € N. By the
properties of supremation, for any n € N there is a V;, € 7 such that V,, C U,
and |, (V)| > €. We obtain a sequence {V;,} of pairwise disjoint members
in 7 for which lim,, p, (V5,) # 0. This contradicts the uniform s-boundedness
property of the family {4} on 7. O

Propositions 3.2 and 4.3 immediately imply the following proposition.

Proposition 4.4. Let {yy}yer C STM. Let piy = Ay + v, where A, € SM and
vy € PSTM. The family {j} is uniformly s-bounded on 7 if and only if both
the families {\.} and {v,} have this property.

We need the following well-known variant of the Vitali-Hahn—Saks—Nik-
odym theorem. For a proof we refer to [3, 1.4.8].3

Theorem 4.5. A sequence of finitely additive, bounded, real valued set functions
on a o-algebra which converges setwise is uniformly s-bounded.

Now we can readily obtain the main result of this section.

Proposition 4.6. Let A\, € SM, v, € PSTM,and p, = Ay, +v,, n € N.
Let a finite lim,, p,, (E) exists for any E € . Then the sequences {fin}, {A\n},
and {v,} are uniformly s-bounded on T.

Proof. Let {Uy} be an arbitrary sequence of pairwise disjoint members in 7.
Obviously, the collection of sets ¥ = {Uge Uy : I C N} is a g-algebra of the
space Up2 Uy, and the restriction of an arbitrary signed topological measure
to X is a finitely additive, bounded, real valued set function. Thus, {u,|s} is
a setwise convergent sequence of set functions with the above properties. By
Theorem 4.5, it is uniformly s-bounded on .

3Note that in [3, 1.4.8] uniform strong additivity can be replaced by uniform s-boundedness
in view of their equivalence (see [3, 1.1.17 and 1.1.18]).
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We have that limg sup,,cn |pn(Ux)| = 0, and hence the sequence {up},
together with the sequences {\,} and {v,,} (by Proposition 4.4), is uniformly
s-bounded on 7. O

5. Uniform regularity. Now we establish a relationship between the uniform
s-boundedness and uniform regularity for a family of signed topological mea-
sures and also for a family of signed regular Borel measures. Although the
results related to the last are known [3, VI.2.13], we construct proofs in a
somewhat different way, with regard to results concerning signed topological
measures.

For a family {1y }yer C STM, we interrelate the following statements:

(a) {p} is uniformly s-bounded on (;

(b) {~} is uniformly s-bounded on 7;

(c¢) for any U € 7 and € > 0, there is a C € ¢ such that C C U and
Ly (U \ C) < ¢ for all v € T simultaneously (obviously, this is equivalent
to the following: for any C € ¢ and ¢ > 0, there is a U € 7 such that
CcUandp,(U\C)<eforall yeTl).

If, moreover, {1ty }yer C SM, then we also consider:

(d) {m~} is uniformly s-bounded on #;

(e) for any E € n and € > 0, there is a C' € ¢ such that C C E and
fy(E\ C) < € for all v € T' (obviously, this is equivalent to what fol-
lows: for any F € n and € > 0, there is a U € 7 such that £ C U and
iy(U\E) <ceforalyel).

Proposition 5.1. 1) Let {py}yer C STM. Then (a) = (b) < (c).

2) If {ty}yer C SM, then each of the statements (a) — (e) above implies
all the others.

Proof. 1) Let us prove that (a) = (b). Suppose the contrary. Then there are
an € > 0, a sequence {U,} of pairwise disjoint members in 7, and a sequence
{¥n} C I' such that |u,, (U,)| > ¢ for any n € N. By the regularity of each .,
there is a C), € ¢ such that C,, C U,, and |p+, (Cp)| > €. This contradicts (a).
The proof that (b) = (c) is analogous to [3, VI.2.13]. Suppose that there
are U € 7 and € > 0 for which there exists no desired set C. Put ©; = U. By
assumption, the empty set is not a desired set. Therefore, there is a 7, € T’
such that fi,, (©1) > €. By the definition of the supremation, there is a Cy € ¢
such that C; C ©1 and |p., (C1)| > €. Since the compact Hausdorff space X
is normal, there are U; € 7 and K7 € ( with C; € U; C K; C ©;7. Using
Definition 1.1, one can readily prove the existence of a set V7 € 7 such that

CicVicUp and |u,, (V1) >e.

Put ©, = U \ K;. By assumption, the set K is not a desired one. Therefore,
there are 7, € I' and Cs € ¢ such that Cy C ©2 and |p., (Cs)| > €. We further
find V5 € 7 and K> € ¢ for which

Cy C Vo C Ky COy and |y, (V2)] > e.
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Put ©3 = U \ (K7 U K3), and so on. Continuing the process, we obtain a
sequence {V,} of pairwise disjoint members in 7 and a sequence {/, } such
that |14, (V5)| > € for any n € N. This contradicts the (b).

To prove that (c) = (b), let {U,} be a sequence of pairwise disjoint mem-
bers in 7 and € > 0. Put U = U2, U, and find a set C' as in (c). Since C
is compact, there is ng such that C C U]%,U,. Thus, for m > ny we have
U, C U\ C and, consequently, |u,(Un)| < ¢ for all ~.

2) To complete the proof, it is sufficient to show that (c) = (a), (a) = (e),
and (a) = (d).

To prove that (c) = (a), let {C),} be a sequence of pairwise disjoint mem-
bers in ¢ and € > 0. According to (c¢), for any n € N there is U,, € 7 such that
C,, C U, and (U, \ Cy) < g/2" for all . Put U = U2, U, and find a set
C C U such that 11,(U \ C) < € for all v. Since C' is compact, there is ng such
that C' C U;°,U,,. For m > ny we have

no
Cn C (U\C)U (U (Un \ Cn)>.
n=1
For any v € I' we obtain 11,(Cy,) < € + X7'% /2" < 2¢ as supremation of
a signed measure is subadditive.

Let us prove that (a) = (e). Suppose the contrary. Then there are E €
and € > 0 for which there exists no desired set C. Find v; € I and C; € ¢
such that C; C E and |u., (C1)| > e. By assumption, the set C; is not a
desired one. Therefore, there are vo € I' and Cy € ¢ such that Cy C E\ C;
and |, (C2)| > €. Find 3 € T" and C3 € ¢ such that C5 C E'\ (C; U Cy) and
|ty (C3)| > €. Continuing the process, we obtain a sequence {C),} of pairwise
disjoint members in ¢ and a sequence {u., } such that |u., (C,,)| > € for any
n € N. This contradicts (a).

We obtain the proof that (a) = (d) if in the proof that (a) = (b) we replace
U,etby E, €n. 0

Remark 5.2. We do not know whether the implication (b) = (a) is true for a
family {p}yer C STM.

Now we can generalize Proposition 3.1 as follows.

Proposition 5.3. Let the family {\y}yer C SM be uniformly s-bounded on T.
Let v € PSTM. Let © € 7 and € > 0. Then there 1s a C € (¢ such that
Cco,v(C)<e and A\, (©\ C) <€ for ally € T simultaneously.

Proof. Let us repeat the proof of Proposition 3.1 by taking C; € ¢ in such a
way that C; C E; and A\, (E; \ C;) < ¢/n for all v € T', which is possible by
Proposition 5.1. 0

6. Main results.

Theorem 6.1. Let N\, € SM, v, € PSTM, u, = \p + vn, n € N. Further,
let lim,, un(E) = 0 for any E € a. Then lim, A\, (E) = 0, and consequently
lim, v, (E) =0 for any E € a.
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Proof. Note that, by Proposition 4.6, the sequences {\,} and {v,} are uni-
formly s-bounded on 7.

Take © € 7. Suppose that the condition lim, A, (©) = 0 fails to hold.

Put ®; = ©. Then one can find an € > 0 and a d; > 0 such that for any n
there is an m > n for which |A,,(01)| > € + 3d;. Since lim,, u,,(©1) = 0, we
can find an ny such that |u,, (01)] < §1 and |\, (©1)] > € + 301. Therefore,
[V, (©1)] > € + 267. B

By Proposition 5.3, there is a C7 € ¢ with Cy C ©1, A\, (01 \ C1) < §; for
all n € N simultaneously and v, (C1) < d;.

Let us find K; € ¢ and ©, € 7 for which C; € ©y C Ky C ©; and
v, (K1)] < 61,

Put U; = ©1 \ K1. Obviously, Uy € 7, U1 N Oy =, and

Yy (Un)] 2 vy (©1)] = [vm, (K1)| > & + 61

Note that © = O2U (01 \ O2), where Xn((‘)l\(")g) < 071 for all n € N simul-
taneously. Therefore, if |\, (©1)] > ¢ 4+ 3d; for some m, then we necessarily
have |Ap, (O2)] > € + 20;.

Let 352 = 26;. We have O, € 7, and for any n there is an m > n for which
[Am(©2)] > € 4 302. Consider ©2 instead of O1, and so on. Continuing the
process, we obtain a sequence {U} of pairwise disjoint members in 7 and a
sequence {ny} for which |v,, (Ug)| > ¢, k € N. This contradicts the uniform
s-boundedness of the sequence {v,} on 7. O

Theorem 6.2. Let {u,} C STM, and assume that for any E € « there exists
a finite lim,, p,(E) = w(E). Let the sequence {u,} be uniformly bounded on
a, i.e.,

sup{|un(E)|: F € o, n € N} < o0. (6.1)

Then € STM.
If we have here p = XN+ v and p, = A\, + vy, where A\, \,, € SM and
v,v, € PSTM, then

lim A, (E) = M(E) and limv, (E) = v(E).

Proof. 1t is clear that p is finitely additive on a. By Proposition 4.6, the
sequence {f, } is uniformly s-bounded on 7 and hence, by Proposition 5.1, the
statement (c) is true. We immediately obtain that p is regular. The uniform
boundedness of {x,,} implies the boundedness of p. Thus, € STM by defi-
nition.
We have
Mn_M:(An_/\)+(Vn_V)7

where A, — A € SM and v,, — v € PSTM. Further, lim, (u, — u)(E) = 0 for
any E € a. By Theorem 6.1, lim, (A, — A)(F) = 0 and lim, (v, —v)(E) =0
for any F € a. O

Theorem 6.3. Let {u,} C PSTM, and assume that for any E € « there exists
a finite im,, p,(E) = p(E). If the sequence {u,} is uniformly bounded on «,
then € PSTM.
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Proof. By Theorem 6.2, x € ST M. Then there are A € SM and v € PSTM
such that 4 = A+ v. One can consider the decomposition p,, = A, + vy, where
A =0€ SM and v, = p,, € PSTM. By Theorem 6.2, lim,, \,,(E) = A\(F)
for any F € a. Thus, A =0 and u = v. O

Let us now consider a sequence {p,} C TM. In this case, the setwise
convergence obviously implies the uniform boundedness, and condition (6.1)
should be omitted in the statements of Theorems 6.2 and 6.3. For example,
the following assertion holds.

Theorem 6.4. If {u,} C PTM and if for any E € « there exists a finite
lim,, pn, (E) = p(E), then p € PTM.

Obviously, Theorems 6.2 and 6.3 remain valid if condition (6.1) is replaced
by the boundedness of p. It is not known to the author whether or not pu is
bounded in the general case if condition (6.1) is omitted. However, the follow-
ing assertion holds.

Theorem 6.5. Let {u,} C STM, and assume that for any E € « there exists
a finite im,, p, (E) = p(E). Further, let u, = A\, + vn, where A, € SM and
vn, € PSTM. Then for any E € « there exists a finite lim, A\, (E) = A(E)
and hence the finite lim, v, (E) = v(E) exists as well. Here X\ € SM, and the
functions p and v are finitely additive and reqular on .

Proof. Let A € a. We claim that {\,,(A)} is a Cauchy sequence. Suppose the
contrary. Then there are an € > 0 and an increasing sequence {n,,} with

|)‘n2k—1(A) - )‘ngk (A)| > €, k € N.
Put

;c = )\n2k—1 - )\n2k7 Vllc = Vnop_1 — Vnagp M?c = Hngr_1 = Hngg-
Obviously, A\, € SM, v, € PSTM, pj, = N, + v}, and limy, . (E) = 0 for
any E € a. In this case, limy A} (A) = 0 by Theorem 6.1. This contradicts the
condition that |A}(A)| > € for any k € N.

Extending all functions A, to 7, we obtain a sequence of signed regular
Borel measures with setwise convergence on 7. By the well-known Dieudonné
theorem, for any E € n there exists a finite lim, A, (E) = AM(E), and X is a
signed regular Borel measure (this also can be obtained by using Propositions

4.6 and 5.1).
It is clear that p and v are finitely additive, and their regularity can be
proved in just the same way as the regularity of p in Theorem 6.2. O
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