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Martingale inequalities in noncommutative symmetric spaces
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Abstract. We investigate the Burkholder—-Gundy inequalities in a noncom-
mutative symmetric space F(M) associated with a von Neumann algebra
M equipped with a faithful normal state. The results extend the Pisier—
Xu noncommutative martingale inequalities, and generalize the classical
inequalities in the commutative case.
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1. Introduction. In classical martingale theory, the famous Burkholder—
Gundy inequalities can be stated as follows: given a probability space (2, F, P),
let {F,,}n>1 be a nondecreasing sequence of o-fields of F such that F = V.F,.
Given 1 < p < oo and an LP-bounded martingale f = (f,)n>1, we have

1/2

o0
111z, = || { D dfel? : (1.1)
k=1 L,
Note however that in strong contrast with the classical case, the square func-
tion S(f) = (35, |dfx]?)"/? in the noncommutative (quantum) case can take
two different forms so it is very important to formulate the ‘right’ square func-
tions. This surprising phenomenon was already discovered by Lust-Piquard in
[14] while establishing a noncommutative version of the Khintchine inequal-
ities. The square function is defined differently (and it must be changed!)
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according to p < 2 or p > 2. Within this spirit, the noncommutative ana-
logues of the inequalities (1.1) were successfully obtained by Pisier and Xu in
[15]. More precisely, for 2 < p < oo, and any finite noncommutative L, (M)-
martingale = (z,,)n>1, (1.1) has the following noncommutative version,

2]z, a1y = max{[[Se() |, vy, 19 (@) |2, a0} (1.2)

where S.(x) and S,(z) denote column and row versions of square function,
see Section 2 for the definitions. Moreover, they obtained a similar inequality
for 1 < p < 2 by duality. Recently, Randrianantoanina [16] proved a weak-
type inequality for square functions, which implies Pisier—Xu’s noncommuta-
tive martingale inequalities by interpolation.

In this paper we consider the Burkholder—-Gundy inequalities for noncom-
mutative symmetric space E(M),1 < pp < qg < 00, where pg and ¢ denote
the low Boyd index and the upper Boyd index, respectively. We refer to [13]
for the detailed discussions. One of our main results can be stated as follows
(see Theorem 3.1 for the detailed statement): for 2 < pg < gg < 00, and any
bounded E(M)-martingale © = (z,,)n>1, we have

2]l zvy = max{[[Se(@)l[ 2 (19 (@) By} (1.3)

Note that if E = L,,2 < p < 0o, we come back to the inequalities (1.2). We
also extend these inequalities to the case 1 < pp < gg < 2. Our proof uses a
very recent result of Le Merdy—Sukochev in [12] on the Khintchine inequalities
in noncommutative symmetric spaces. We should point out that in [1], the
inequality (1.3) also be obtained, however, the rearrangement invariant space
FE is required to be p-convex with p > 2 and g-concave with ¢ < co. Obviously,
our conditions are much weaker.

2. Preliminaries. Now we introduce the noncommutative symmetric spaces.
Let (M, 7) be a tracial noncommutative probability space. Let Ly(M) denote
the topological x-algebra of all measurable operators with respect to (M, 7).
For z € Ly(M), define its generalized singular number by

pe(xz) = inf{A > 0: 7(x(r00)(|2])) < t}, > 0.

The function ¢ — p(z) from (0,1) to [0,00) is right continuous, nonin-
creasing and is the inverse of the distribution function A(x), where A\s(z) =
T(X(r,00)(|2])), for s > 0. For a complete study of u(-) and A(-), we refer to [8].
For the definition below, we refer to [3] and [13] for the theory of rearrangement
invariant function spaces.

Definition 2.1. Let E be a rearrangement invariant Banach function space
on [0,1]. We define the symmetric space E(M,7) of measurable operators by
setting

EM,7)={z € Lo(M) : u(z) € E}
and

Izl ey = lu@)le, =€ E(M,).
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It is well known that E(M,7) is a Banach space if E is Banach space.
The space E(M, ) is often referred to as the noncommutative analogue of the
function space E and if E = LP[0,1] for 1 < p < oo, then E(M,7) coincides
with the usual noncommutative LP-space associated with (M, 7). We refer to
[4-6,11] and [17] for more detailed discussions about these spaces. For a finite
sequence a = (a,)p>1 in E(M), we define

1/2
||aHE(M;€§) = H(Z |an|2) HE(M)7 ||ClHE(M;e$) = H (Z |an|2)

Now, any finite sequence a = (a,) in E(M) can be regarded as an element
in E(M®B((?)). Therefore, || - || p(a,e2) defines a norm on the family of all
finite sequences in E(M). The corresponding completion is a Banach space,
denoted by E(M,¢2). There are the same arguments for F(M, ¢2).

We now recall the general setup for noncommutative martingales. Let
(My)n>1 be an increasing sequence of von Neumann subalgebras of M such
that the union of M/ s is weak*-dense in M. For each n > 1, it is well known
that there is a unique normal faithful conditional expectation &, from M onto
M,,. Since &, is trace preserving, it extends to a contractive projection from
L,(M,T) onto L,(M,,T,) for all 1 < p < co where 7, is the restriction of 7
on M,,. More generally, a simple interpolation argument would prove that if
E is a rearrangement invariant Banach function space on [0, 1], then &, is a
contraction from E(M, 1) onto E(M,,,T,).

Recall that a noncommutative martingale with respect to the filtration
(My)n>1 is a sequence & = (,,)p>1 in L1 (M, 7) such that

En(Tpy1) = Xp, VYn>1.

If additionally, x,, € E(M) for n > 1, then z is called an E(M)-martingale.
In this case, we set

1/2
HE(M)'

2]l ey = sup |2 | Baq)-
n>1

If [|2]|paqy < o0, then z is called a bounded E(M)-martingale. The differ-
ence sequence dr = (dz,)p>1 is defined by dz, = z,, — z,—1 with the usual
convention that o = 0. We describe the square functions of noncommutative
martingales. Following [15], we will consider the following column and row
versions of the square function: for a finite martingale x = (z,,), set

So(x) = (Z|dmn|2>1/2, S = (> \dx;|2)1/2.

Define H%, (M), respectively H7, (M), to be the space of all E(M)-martingales
such that dz € E(M;¢?), respectively dz € E(M;¢?), and set
2l 7e () = ldzl| By, 12llmn ) = [ldz | By -

Equipped respectively with the previous norms, H% (M) and H5(M) are
Banach spaces. We then define the Hardy spaces Hg(M). For 1 < pp <
qr < 2)

He(M) = Hp(M) + Hi(M),
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with the norm
2l = nf{llyllng + 124 c 2=y + 2,y € HE(M), 2 € Hp(M)}
For 2 < pp < qp < oo,
He(M) = Hp(M) N HE(M),
with the norm
[l = max{|[z]lxg,, 2]l }-

Throughout the paper the letter C' will denote a positive constant, which
only depend on E but never on the martingales in consideration, and which
may change from line to line. The notation “a~” means norm equivalence.

3. The Burkholder—-Gundy inequalities. We now investigate the Burkholder—
Gundy inequalities for the noncommutative symmetric space E(M). The prin-
cipal result of this section is the following

Theorem 3.1. Let 1 < pp < qp < o0, and let © = (T,)p>1 be a bounded
E(M)-martingale. Then

(1) for2<pp <qp<oo

Izl 5y = max{||Se(@) | By, 190 (@) B} 5 (3.1)
(2) forl1<pp<qm<2

el s = inf {{I1Sec@)llem + 15 () s} (3.2)

where the infimum runs over all decompositions dx,, = dy, + dz, with dy,,dz,
being martingale difference sequences.

The following proposition is the key ingredient of our proof.

Proposition 3.2. Let 1 < pg < qp < oo and let (g,,) be a Rademacher sequence.
Then for any bounded E(M)-martingale,

H den ® en

Proof. Consider the operator

T: LP(M) — LP(M&L>())

=~ ||T .
pon oy~ 17120

by
T = Zd:z:n ®en, VreIlP(M) and =z, =E,(x).

By Theorem 2.1 in [15],

2| Lr a1y = H Z dzy,

~ H Z dxr, ® e, B .
Lr(M) ~ L (MBL>(R))
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Then T is bounded in LP(M) for all 1 < p < oo. Choosing r,s to satisfy
1<r<pg <qrg < s < oo. Theorem 2.b.11 in [13] gives that F is an inter-
polation space for the couple (L,, Ls). Then by interpolation (see Proposition
2.1 in [12] or Theorem 3.4 in [7]), we obtain

H Zdwn R ep,
n

< C|lz .
BMOL=(@)) = [E4IF=10e)

In order to prove the inverse inequality, recall that for any 1 < p < oo,
P® I, (m) extends to a bounded projection Ly (2 Ly(M)) — Ly(S%; Ly(M)),
where P : Ly(Q) — Lo(£2) is the orthogonal projection onto the closed sub-

space generated by the e; and I1, (rq) denotes the identity map on L,(M).
Considering T' : L,(M®Ls(2)) — Ly(M),

T(Zan ® sn) = €ulan) — Eucilan), VY(an) C Ly(M).

Noting that (£, (ay) —En—1(ay)) is a martingale difference sequence, it follows
from (3.3) that

|5 e i),
< 0| X (ulan) — Ea-alan)) @0

Ly (M®L ()

< CH ;gn(an) ® en Lp(M®LOO(Q))

+CH z": En-1(an) @ n]| (M&Loo ()

Now we use the noncommutative Khintchine inequality and the noncommuta-
tive Stein inequality to estimate the inequality above. For p > 2,

H zn: En(an) ® en Ly (MOLw(9)
< C'max { H (Z lé’n(an)|2>
< C'max {H <§ |an|2>%

SCHZan®6n
n

Dk ~—

1
2

(X lEntanT?)
Yl

For 1 < p < 2, let a, = b, + ¢, be any decomposition with b, and ¢, in
L,(M), then &, (an) = En(bn) + En(cy). Hence

pr)}

Ly(M)’

Ly(M) H(; R

Ly (MBLw ()
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Lp(/‘/l)>

H Xn: Enlan) © en Ly (M®Loc ()
<o(I(S )], o+ [ (Sleer )
<o ([(S1) 1, g +[(S11) ], )

n

Now taking infimum over all the decompositions above, we get

H zn: gn(an) ® En L, (M@Lo@(ﬂ)) S H zn: (07 & En
Similarly,
St on, gy < Seno

Therefore, for all 1 < p < 00,T : L(M®Ls(2)) — Ly(M) is bounded.
Noting that P ® I (u) extends to a bounded projection L,(M®Lo(2)) —
L,(M®L()), by interpolation again, we have

| > (Euta) ~&int@n)| <] Yo

We get the desired inequality by taking (a,) = (dxzp). The proof is com-
plete. O

Ly (MOL ()

Ly (MBLw (@)

sy (@) C Ly(M)

It is easy to recognize that the following lemma is the Stein inequality for
noncommutative symmetric spaces.

Lemma 3.3. Let 1 < pg < qp < 0o and let a = (an)n>1 be a finite sequence in
E(M). Then there exists a constant C' such that

(S uto) [ <l ()

Proof. Let us consider the von Neumann algebra tensor product M&B(¢?)
with the product trace 7 ® tr. Then 7 ® tr is a semi-finite normal faith-
ful trace. Let E(M®B({?)) be the associated noncommutative symmet-
ric space. Then E(M®B(¢?)) is an interpolation space for the couple
(Lpy(M®B(£?)), Ly(M&B(£?))), where 1 < p < ps < g < q < o0o. Recall-
ing that the column subspace of L,(M®B(¢?)) is a 1-complemented subspace,
we define

T : Ly(M®@B(£?)) + Ly(MERB((?)) — L,(M&B(£?)) + L,(M&B(£?)),
by

E(M)

a1 0O ... 0 51((11) 0 0

a2 0O ... 0 52((12) 0 0
ry. . = .

a, 0 0 Enla,) 0 ... 0
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It follows from Theorem 2.3 in [15] that T is a bounded linear operator on
both L,(M®&B(¢?)) and L,(M®B(¢?)). By interpolation again, we obtain the
desired result. O

Proof of Theorem. 3.1. Recall that if 1 < pg < gqg < 2, then F(M) is an
interpolation space for the couple (L1(M), La(M)), and if 2 < pp < g < oo,
then E(M) is an interpolation space for the couple (La(M), Ly(M)) for some
finite ¢. Thus by Corollary (4.1) or Corollary (4.2) in [12], we have for 2 <
PE < qE < 00,

H Zdwn ® en

and for 1 < pp < qp < 2,

H den ® en

~ Sc 9 Sr 5
R (CR G ER O v

/
S0}

where dz,, = a, + b, and a,,b, belong to F(M,,). Then by Proposition 3.2,
we immediately obtain the desired equivalence (3.1). To complete the proof,
it is enough to set, for n > 1,

dyn = 0n — n—l(an)7 dzn = bn - gn—l(bn)

Then (dyn)n>1 and (dz,),>1 are martingale difference sequences with dz,, =
dy, + dz,. We will write e;; for the usual matrix units of M, (C). According
to Lemma 3.3,

(Z dykIQ) = 1> dyr @ e
k=1 E(M) k=1 E(M@B(lz))
= Z (ar — Er—1(ar)) @ ex1
k=1 E(MEB(£2))
< Z ar @ ex1
k=1 E(MEB(£2))
+ Z Er—1(ar) ® ex1
k=1 E(MEB(£2))
n 1/2 n 1/2
—‘ (Z |ak|2> + <Z|5k1(ak)|2>
e Bmy I E(M)
" 1/2
S C <Z |ak|2)
k=1

E(M)
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The same arguments are applied to ||(3_, [dzx|*)*?||p(a1), We then deduce

" 1/2 n 1/
k=1 BE(M) k=1 BE(M)

n 1/2 n 1/2
<C <Z |ak|2> +C (Z |bk|2>
k=1

E(M) k=1 E(M)

2

< c den D en

E(M®L>(Q))
< Cllzllzm)-

We get the desired inequalities (3.2). The proof is complete. O
We now can restate Theorem 3.1 as follows.

Theorem 3.4. Let © = (z,)n>1 be any finite E(M)-martingale, 1 < pp <
g < 2 or 2 < pgp < qg < o0. Then x is bounded in E(M) iff x belongs to
Hg(M). Moreover, if this is the case,

[zl vy = 12 ]7es ()

Consequently, E(M) = Hg(M) with equivalent norm.

We end this section with one open problem, which is related to the noncom-
mutative Burkholder inequality proved by Junge and Xu in [10], and extended
to the frame of Lorentz spaces in [9]. At the time of this writing, it is still
unknown if the conditional version of Theorem 3.1 is true.

Problem 3.5. Let @ = (z,,)n,>1 be a bounded E(M)-martingale.
(1) Ifl1<pp<gqp <2, then

- o
||‘T||E(M) Nmf{”(%zgk_ﬂdyk' ) E(M)

(i)’
k

where the infimum runs over all decompositions dxy, = dyi + dzx + dwy
where (dyi), (dzi) and (dwy) are all martingale difference sequences, and
(en,) denotes the canonical unit of £>°.

(2) If2<pg<qg < oo, then

1
~ 22
HxHE(M) ~ max{H( Ek :5k71|dxk| ) M
1
| (3 €e-tlasi?)”
k

d n
E(M)Jerk: e E(Mww)}

EM)

Z drp®e,
k

E(M@fzoo)}'
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4. Examples. In this section we apply the main result to some concrete exam-
ples.

First consider the noncommutative weak L, space wL,(M), 0 < p < oo,
which is defined as the space of all measurable operator x such that

@z, a0 =17 e (@) < oo.
Equipped with ||z, A1), wLy(M) is a quasi-Banach space. However, for
p > 1, wL,(M) can be renormed as a Banach space. Now take E = wL, (M)
with 1 <7 < 0o. Then pg = qg = r but F is g-concave for no finite ¢q. Conse-
quently, we can not obtain the Burkholder—-Gundy inequality by the result in
[1]. But by Theorem 3.1 in this paper, it is easy to deduce the following

Corollary 4.1. Let 1 < r < o0, and © = (z,)n>1 be a bounded wL,(M)-mar-
tingale. Then

(1) for2<r<oo

[ llwr, vy = max{l|Se(@)lwr, (s [150(@)llwr, (v} 3 (4.1)
(2) forl<r<2
oz, > i0f {ISc@)lwz, o + 150 (2)llwz, ol (4.2)

where the infimum runs over all decompositions dx,, = dy, + dz, with dy,,dz,
being martingale difference sequences.

More generally, we consider the noncommutative weak Orlicz space
wLe(M). Let ® be an Orlicz function on [0,00), i.e., a continuous increas-
ing and convex function on with ®(0) = 0 and lim;—, . ®(t) = oo. Since P
is convex, ®'(t) is defined as the right derivative for each t > 0 except for
a countable set. Two standard indices associated to an Orlicz function ® are
defined as follows,

td'(¢) td’(t)
, : sup .
D(t) t>0 @(t)
It is known that 1 < ag < bg < co. For an Orlicz function @, define wLg (M)

as the set of all measurable operators = such that sup,.q tCD(“tT(I)) < oo for
some ¢ > 0. Equipped with

aep —: inf b¢. =
t>0

Jellwra vy = inf {e> 0 supt¢><M> <1},
t>0 C

wLgs(M) is called a noncommutative weak Orlicz space. Taking ®(t) = t?,
wLy(M) = wL,(M). If @ is an Orlicz function with 1 < ap < by < o0,
then wLg(M) can be renormed as a Banach space. Consequently wLg (M)
can be regarded as a noncommutative symmetric space; see Remark 3.2 and
Corollary 4.2 in [2] for detailed discussions. Noting that

as < pg < qr < ba,

where pp and qg denote respectively the lower and upper Boyd indices of
E = wLg(M) (see Corollary 4.3 in [2]), we have the following inequalities for
noncommutative weak Orlicz spaces.
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Corollary 4.2. Let 1 < ap < by < 00, and let & = (T,)n>1 be a bounded
wLe(M)-martingale. Then

(1) f07“2<aq>§bq><00

2l wre ) & max{||Sc(z)|wre s 190 (@)]lwre}s (4.3)
(2) forl<ap <bgp <2

2 lwzan ~  0f {ISc@)lwramn + 18- () oL} (4.4)

where the infimum runs over all decompositions dx,, = dy, +dz, with dy,,dz,
being martingale difference sequences.

Acknowledgements. The main work in this paper was started during my study
for my doctor degree at Université de Franche-Comté in France. I would like
to express my gratitude to the department of mathematics for its warm hos-
pitality.

References

[1] T. N. BEKJAN, ®-inequalities of noncommutative martingales, Rocky Mountain
J. Math., 36 (2006), 401-412.

[2] T. N. BEKJAN, ET AL. Noncommutative weak Orlicz spaces and martingales
inequalities, Studa Math., 204 (2011), 195-212.

[3] C. BENNETT AND R. SHARPLY, Interpolation of operator. Academic press, 1988.
[4] V. 1. CHILIN AND F. A. SUKOCHEV, Symmetric spaces over semifinite von Neu-
mann algebras, Dokl. Akad. Nauk SSSR, 313 (1990), 811-815.
[5] P. G. Dopbps, T. K. Dopps, AND B. DE PAGTER, Noncommutative Banach
function spaces, Math. Z., 201 (1989), 583-579.
[6] P. G. Dopps, T. K. DoDDS, AND B. DE PAGTER, Noncommutative Kothe dual-
ity, Trans. Amer. Math. Soc., 339 (1993), 717-750.
[7] P. G. Dopbps, T. K. DopDs, AND B. DE PAGTER, Fully symmetric operators
spaces, Integral Equations Operator Theory, 15 (1992), 942-972.
[8] T. Fack AND H. Kosakl, Generalized s-number of 7-measure operators, Pacific
Math. J., 123 (1986), 269-300.
[9] Y. Jia0o, Burkholder’s inequality in noncommutative Lorentz spaces, Proc.
Amer. Math. Soc., 138 (2010), 2431-2441.
[10] M. JUNGE AND Q. Xu, Noncommutative Burkholder/Rosenthal inequalities.
Ann. Probab, 31 (2003), 948-995.
[11] N. KALTON AND F. SUKOCHEV, Symmetric norms and spaces of operators,
J. Reine Angew. Math., 621 (2008), 81-121.
[12] C. LE MERDY AND F. SUKOCHEV, Radermacher averages on noncommutative
symmetric spaces. J. Funct. Anal, 255 (2008), 3329-3355.
[13] J. LINDENSTRAUSS AND L. TzAFRIRI, Classical Banach spaces II, Springer-Ver-
lag, Berlin, 1979.
[14] F. LusT-P1QUARD AND G. PISIER, Noncommutative Khintchine and Paley
inequalities. Ark. Mat., 29 (1991), 241-260.



Vol. 98 (2012) Martingale inequalities 97

[15] G. PI1SIER AND Q. XU, Noncommutative martingale inequalities. Comm. Math.
Phys, 189 (1997), 667-698.

[16] N. RANDRIANATOANINA, A weak type inequality for noncommutative martin-
gales and applications. Proc. London Math. Soc., 91 (2005), 509-544.

[17] Q. Xu, Analytic functons with values in lattices and symmetric spaces of mea-
surable operators, Math. Proc. Cambridge Philos. Soc., 109 (1991), 541-563.

YoONG Jiao

Institute of Probability and Statistics,
Central South University,

Changsha 410075,

China

e-mail: jiaoyong@csu.edu.cn

Received: 23 August 2011



	Martingale inequalities in noncommutative symmetric spaces
	Abstract
	1. Introduction
	2. Preliminaries
	3. The Burkholder--Gundy inequalities
	4. Examples
	Acknowledgements
	References


