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Gradient estimates for a nonlinear parabolic equation
on Riemannian manifolds

(GUANGYUE HUANG AND BINGQING MA

Abstract. Let M be a complete noncompact Riemannian manifold. We
consider gradient estimates for the positive solutions to the following non-
linear parabolic equation

% = Ayu+ aulogu + bu
on M x [0,400), where a,b are two real constants, f is a smooth real-val-
ued function on M and Ay = A—V fV. Under the assumption that the N-
Bakry-Emery Ricci tensor is bounded from below by a negative constant,
we obtain a gradient estimate for positive solutions of the above equation.
As an application, we obtain a Harnack inequality and a Gaussian lower
bound of the heat kernel of such an equation.
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1. Introduction. Let (M,g) be a complete noncompact n-dimensional Rie-
mannian manifold. The f-Laplacian (also called the drifting Laplacian, see
[13,14]) is defined by

Ap=A—VfV,

where f is a smooth real-valued function on M. There is a naturally associated
measure dm = e~/ dvol for Ricci solitons, which makes the operator Ay self-
adjoint. The measure dm also plays a key role in Perelman’s entropy formulas
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for the Ricci flow [16]. A complete Riemannian manifold M is called a gradient
Ricci soliton if

Ric; := Ric + V2f = \g

for some smooth function f and constant )\, where V2 is the Hessian and
Ric is the Ricci tensor. We say that M is expanding, steady or shrinking if A
is negative, null or positive respectively. Ricci solitons are generalizations of
Einstein metrics and naturally arise in the Ricci flow as special solutions. The
N-Bakry-Emery Ricci tensor is

1
m#:mq—ﬁﬂ®#

for 0 < N < oo and N = 0 if and only if f = 0. In particular, Ric; is also
called the co-Bakry-Emery Ricci tensor.
In this paper, we consider the following evolution equation

0
a—qz:Afu—&—aulogu—i—bu (1.1)

on M x [0,+00), where a, b are two real constants and f is a smooth real-val-
ued function on M. Here, we do not introduce the importance to study the
elliptic equation (1.1), the readers who are interested in it see [4,12,19]. For
more research of (1.1) on the Ricci flow, we refer to [3,9]. By replacing u by
e«u, Bq. (1.1) reduces to

ou

i Ayu+ aulogu. (1.2)

Therefore, we only need to consider the Eq. (1.2). Generalizing the results of

Ma [12], Yang [19], Chen et al. [4], and Huang et al. [§] studied Eq. (1.2) and
obtained the following estimate:

Theorem 1.1. [8] Let (M, g) be a complete noncompact n-dimensional Rie-
mannian manifold with N-Bakry-Emery Ricci tensor bounded from below by
the constant —K =: —K (2R), where R > 0 and K(2R) > 0 in the metric ball
Bar(p) with radius 2R around p € M. Let u be a positive solution of (1.2) on
M x [0,400). Then

(1) ifa <0, we have

|Vu1;|2 — ﬁ% + afBlogu

(N +n)p* ( (N +n)cip? 1 (a(B—1) —2K)\
<y (Sopm 41 ey ) 09

(2) ifa >0, we have
|V1;\2 —ﬁﬂ + aflogu
U U
(N +n)B3* (N +n)cif? 1, K
< 21— 0) <§(ﬂ—1)R2 +A+a+t+ﬁ—1>' (1.4)
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Here c1,c2,6, 8 are positive constants with 0 <6 <1, 8> 1 and

s (n—1+VnKR)cy + ca + 2¢2

(1.5)

R2
As pointed out by Ruan [18], in order to derive the Gaussian lower bound
of the heat kernel for the equation % = Au, we must assume that 5 — 1.

However, when 3 is close to 1, % will tend to infinity unless K = 0. Conse-
quently, the inequalities in Theorem 1.1 do not work if K > 0 and [ is close
to 1. A natural idea is to derive a new estimate which is independent of K. In
this paper, by setting 3(¢) is a function of the time ¢, we can cancel the term
of the Ricci curvature. Thus, we obtain the following results for Eq. (1.2):

Theorem 1.2. Let (M,g) be a complete noncompact n-dimensional Riemann-
tan manifold with N -Bakry-Emery Ricci tensor bounded from below by the
constant —K =: —K(2R), where R > 0 and K(2R) > 0 in the metric ball
Bar(p) with radius 2R around p € M. Let u be a positive solution of (1.2) on
M x [0,400). Then

(1) ifa <0, we have

|Vul? Uy N+n (N +n)c? a 1
logu— " < Ao,
e el S aa—ap\esa-pre 2 AT L)
(2) ifa >0, we have
|Vul? Ut N+n (N +n)c? 1
1 - —< A+ =
Fp taleev="r<on—sa\maa—pre AT )

where A is given by (1.5), c1,c2,d are positive constants with 0 < § < 1 and
ﬁ — e—QKt.

Letting R — oo, we can obtain the following global gradient estimates for
the nonlinear parabolic equation (1.2):

Corollary 1.3. Let (M,g) be a complete noncompact n-dimensional
Riemannian manifold with N-Bakry-Emery Ricci tensor bounded from below
by the constant —K, where K > 0. Let u be a positive solution of (1.2) on
M x [0,4+00). Then

(1) ifa <0, we have

|Vul? U N+n a 1
logu — Yt < _tn (o 1Y 1.
Prp talesu="rson—aE T Ty (16)

(2) ifa >0, we have

|Vul? Uy N+n 1
e T =
b u? alogu u ~ 2(1-96)8 a+t

Here 0 < § <1 and 3 = e 2K¢.

Corollary 1.4. Let (M, g) be a complete noncompact n-dimensional Riemann-
ian manifold with N -Bakry-Emery Ricci tensor bounded from below by the
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constant —K, where K > 0. Let u(z,t) be a positive smooth solution to the
equation

ou
— =A 1.7
5 = A (1.7)
on M x [0,4+00). Then
(1) the positive solution u satisfies
ue ot Vul? | e N4n
— — — — >0 1.8
u ¢ u? 260 — 7 (18)

(2) for any points (x1,t1) and (x2,t2) on M X [0,400) with 0 < t1 < ta, we
have the following Harnack inequality:

N+4n

t 2
w(zy, t1) < ulwa,ta) <t2> ef(@1mnti )+ B (1.9)
1

where
to N
(21,22, t1,t2) = i{/lf/4€2Kt|“.Y|2dtv B = %(ezmz’ — ?fh;
ty

N+4n

(3) suppose that lim;_o(4nt) 2 H(z,x,t) > C, then the heat kernel
H(z,y,t) of the Eq. (1.7) satisfies

H(z,y,t) > C4nt) "2 e ¢@u)=B"

where
t

b(z,y,t) = inf/462Kt|"y|2 dt, B=
Y
0

N
#(621(15 _ 1)

Remark 1.5. In [7], Hamilton proved a gradient estimate for the heat equation

%7; = Au. Moreover, he obtain a Harnack inequality and a Gaussian lower

bound of the heat kernel of % = Auw. His results are included in Corollary 1.4.

2. Proof of the theorem. Let u be a positive solution to (1.2). Set w = log u,
then w satisfies the equation

wy = Ajw + |[Vw|? + aw.

Lemma 2.1. Let (M,g) be a complete Riemannian manifold with Ricci cur-
vature bounded below by the constant —K := —K(2R), where R > 0 and
K(2R) > 0 in the metric ball Bar(p). For a smooth function w defined on
M x [0,+00) satisfies the equation

wy = Ajw + |Vw|? + aw,
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we have

B 2 F\?
(A —8)F> 2VwVF+t{an<(ﬂ—1)Vw|2—t>

F

- (2.1)

—a(B — 1)|Vw|2} —aF —

where F = t(8|Vw|? + aw — w;) and 3 = e~2K?.
Proof. Define
F =t(8|Vw|* + aw — wy),

where 8 = e 2K, Tt is well known that for the N-Bakry-Emery Ricci tensor,
we have the Bochner formula [10,11]:

A Vw]? > +2VwV(Ajw) — 2K Vw2,
Noticing
Ajwy = (Apw), = —2VwVw, — awy + wy
and
2 5 F
Ayw =—|Vw|* —aw+w, = (6 — 1)|Vuw|* — -
1 F
=(1—— — [
< ﬁ) ( aw +’U)t) 5t7
one gets

AfF = t(BAf|Vw)® + aAjw — Agwy)

2 {2

+n
+a (( ) (—aw 4 w;) — Bt) — (=2VwVw: — aw: + wtt)}
28

|Afw|? + 268VwV (A jw) — 2K 8| Vw|?

F\? 2
{ - 1)|Vwl|? ——) - EVwVF—Q(a(6—1)+K6)\Vw|2
+25Vwth7a2 (1*%)104’&(2*%) wtwtt%};} (22)

and

Fy = (B|Vw|* + aw — wy) + t(268VwYVw; + aw; — wy — 2K B|Vw|?)

F
=—+ t(2BVwYVw; + aw; — wy — 2K B|Vw|?). (2.3)
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It follows from (2.2) and (2.3) that

t

—2a(8 — 1)|Vuw|* - d® (1—1>w+a(1—1)wt}—aF—F

6 2
(A - &) F>- QVwVF—i-t{N?fn ((B —1)|Vwl|® - E)

g B

B 23 s F\°

—a(B— 1)|Vw|2} —aF — ?

This completes the proof of the Lemma 2.1. O

Let £ be a cut-off function such that {(r) =1 for r <1, {(r) =0 for r > 2,
0<&(r)<1,and

0> £72(r)é'(r) > —e,
f”(’l“) Z —Ca,

for positive constants ¢; and co. Denote by p(x) = d(x, p) the distance between

z and p in M. Let
o) =€ (451)).

Making use of an argument of Calabi [2] (see also Cheng and Yau [5]), we can
assume without loss of generality that the function ¢ is smooth in Bag(p).
Then, we have

Vel _ ¢

2
o= R—g. (2.4)

It has been shown by Qian [17] that

4K p?
Af(pQ)gn{1+ 14 p}.

n

Hence, we have

1
Agp Z?p(Af(P2) —2|Vpl*)

n—2 n 4K p?
< +—|1+y—
2p 2p n

—1
I + vVnkKk.
p
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It follows that

£ (n)|[Vpl>  €r)Asp
Ao —
ie 2 TR
- _(n — 14+ VnKR)c; + ¢
- R2 .
For the Laplacian comparison theorem, we refer to [1].
For T > 0, let (z,s) be a point in Bag(p) x [0,T] at which F attains its
maximum value P, and we assume that P is positive (otherwise the proof is
trivial). At the point (z,s), we have

V(pF) =0, Ap(pF) <0, F, >0.

(2.5)

It follows that
OAGF + FApp —2Fp V|2 <0.
This inequality together with the inequalities (2.4) and (2.5) yields
A F < AF, (2.6)

where

(n—14+vVnKR)cy + ca + 2¢2
R? '
At (z, s), multiplying both sides of (2.1) by ¢, we have

A:

2 F\?
apAsz—ZprVF—i—s@{ fn ((ﬁ—l)Ile2—8>

N
F
—a(f — 1)|Vw|2} —aplF — %
) ’s e (2.7)
C1 1 2
> — —p2 _— — - —
> - 2t P +8<P{N+n (- Divup - 1)
pF

—a(f - 1)|Vw|2} —apF — —,

S
where the last inequality in (2.7) used
2, 1
—2pVwVF = 2FVwVp > —2F|Vuw||Vy| > —%¢§F|Vw|.

Combining (2.6) and (2.7), we obtain
2s F\?
e (CE

N+n
2c1 1 2 ol
< R FIVw| + AF + asp(8 — 1)|Vw|* + apF + -~
Following Davies [6] (see also Negrin [15]), we set

B |Vwl|?
=
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Then, we have

206((8 — 1)sp — 1)?

F2
(N +n)s
2c;1 1 13 oF
< EQP2M2F2 + AF + asp(B8 — 1)uF + apF + N (2.8)

Next, we consider two cases: (1) a <0; (2) a > 0.

(1) When @ < 0, multiplying both sides of the inequality (2.8) by s, we
have

26((6 = 1)sp —1)°
N+n

2
%s,u% (ch)% + AspF + as*(3 — 1) upF 4 as@?F + oF

(pF)?

IN

2
%Su%(ch)% + AspF + as*(3 — 1) upF + oF

266((3 — sy — 1)? (N +n) sy
= N+n 265((8 — Dysu— 2R27
+ AspF + as®(6 — 1) upF + ¢F,

IN

(pF)? +

where 0 < § < 1. That is,

P< 2(1 — 5)5(?7;—711)% 1)
g (%Bég = 17;552?)232 +As+as’(B—p+ 1) . (29)
Since
((B—1)sp—1)> > 2(1— B)sp+1,
one gets

1 ( (N +n)c3su
((B—1)sp — 1)2 \ 20B((8 — 1)sp — 1)2R2
(N s as
T 4p(1L-pBR* 27

+as*(6 — 1)#)

Hence, the inequality (2.9) yields

N+n ( (N +n)cis

as
< - — .
P_2(1—6)ﬂ +A8+1>

51— B)R2 2

Now, (1) of Theorem 1.2 follows easily from the inequality above.
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(2) When @ > 0, multiplying both sides of the inequality (2.8) by sy, we
have

sy —1)2

2c1
< %S,u (ch)% + AspF + as*(B3 — 1) upF + as@?F + oF

2
< %su ((pF)% + AspF + aspF + oF

_ 20— D=1
- N+n
+ AspF + aspF + @F.

(N + n)e3s?p

2
P 55— sn— PRE T

That is,

N+n (N +n)c2s?u
PS50 =98 - Dsu— 12 (m((g D) — 2R

Similarly, we obtain (2) of Theorem 1.2.

+As—|—as—|—1>.

Proof of Corollary 1.4. (1) Letting a = 0 in the inequality (1.6), one gets
Vul?  w N+n

p u? w — 2(1—0)3t

Then, the inequality (1) of Corollary 1.4 follows from letting § — 0 in
the inequality above.

(2) For any points (z1,t1) and (z2,ts) in M x (0, +00), we can take a curve
~(t) parameterized with (1) = x; and ~y(f2) = z2. One gets from (1.8)
that

log u(xa, to) — logu(xy,t1)
to

- /((logu)t + (Vlogu,)) dt

N
> / (fz_QKtIVlogM2 - 62“# - |V10gu||"7|> de

t1
to

> _/(462Kt|7|2+62KtN;t_n> dt

ty

to
N 1
2_/(462Kt|;y|2+ ;— (K ZKt t)) dt
t

1
to N+4n

t N
= /4€2Kt|"}/|2 dt + lOg (;) + %(621(152 o €2Kt1) 7

t1
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which means that

to N+4n

3 t 2 N
logm < /4€2Kt|’7|2dt +1log 2 + j(e2Kt2 _ 2Kn),
u(xQ)tQ) tl 9
ty
Therefore,
N4+n
2) * s(z1,ma,tta)+B
w(zi, t1) < ulwa,ts) o eP(@1,z2,t1,t2 ’
1
where
t N
P21, 22,11, t2) = inf/4e2Kt|q'/|2 dt, B= %(62&2 _ 2Khy,
¥
t1

(8) Under the assumption of limt*0(4ﬁt)wH($a x,t) > C, we obtain
H(z,y,t) > C(4nt)” 2 e ¢@w)=5B

from letting t; — 0 in (1.9). This completes the proof of Corollary 1.4. 0
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