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A note on nonnegative Bakry–Émery Ricci curvature
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Abstract. In this note, we show that if Mn is a nonnegatively

Bakry–Émery-Ricci curved manifold with bounded potential function,
any finitely generated subgroup of the fundamental group of M has poly-
nomial growth of degree less than or equal to n.
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1. Introduction. Let (M, g) be a complete Riemannian n-dimensional manifold
with a vector field X such that, for some real constant λ,

Ric + LXg ≥ λg, (1.1)

where Ric and LXg are the Ricci tensor and the Lie derivative of g with respect
to the vector field X, respectively.

This class of manifolds includes two well known subclasses. The first is the
class of complete manifolds satisfying Ric + LXg = λg, i.e., complete Ricci
solitons. Ricci solitons are of great importance in the study of Ricci flow [2].
The second is the class of smooth metric measure spaces with Bakry–Émery
tensor [1,6,8] bounded below by λ. This class consists of complete manifolds
satisfying (1.1) with X being the gradient vector field of some f ∈ C∞(M),
where f is called the potential function. In addition, if the equality holds, M
is a gradient Ricci soliton.

For positive λ, Fernández-López and Garćıa-Rió [3] and Zhang [11] showed
that compact manifolds satisfying (1.1) have a finite fundamental group, which
was first proved by Li [5]. Later, Wylie [10] proved the same result in the
noncompact case.
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In this note, we are interested in studying the second class of manifolds
stated above. Precisely, we study complete Riemannian manifold (M, g)
satisfying

Ric + Hess(f) ≥ 0, (1.2)

with potential function f ∈ C∞(M), i.e., manifolds with nonnegative Bakry–
Émery Ricci curvature.

Before stating our main result, we need the following definitions (see [4] or
[7]). Let H be a finitely generated subgroup of a group G, and {g1, g2, . . . , gl}
be a specified set of generators of H. Define the growth function φ of H with
respect to the specified generators for G as follows: for each positive integer s,
let φ(s) be the number of distinct group elements in G which can be expressed
as words of length ≤ s in the specified generators and their inverses. If for some
constant m, φ(s) ≤ constant · sm for all s ∈ Z

+, we say that H has polynomial
growth. The number inf{m : φ(s) ≤ constant · sm} is called the degree of the
polynomial growth.

In [4], Ho proved that for a complete manifold M satisfying (1.1) with some
vector field X and λ ≥ 0, any finitely generated subgroup of the fundamental
group of M has polynomial growth, under some technical assumption on the
universal covering of M (a little different from the original assumption in [4]).

Remark 1.1. In [4], the definition of M(r) might be replaced by M(r) =
max{|X̃(x)| : dist(x, p) = r} and hence the conclusion of the growth function
turns out to be φ(s) ≤ constant · sn+6C .

In [7], Milnor showed that if M is a nonnegatively Ricci curved manifold,
any finitely generated subgroup of the fundamental group of M has poly-
nomial growth of degree ≤ n. In [9], Wei and Wylie proved that if M is a
n-dimensional nonnegatively Bakry–Émery Ricci curved manifold with |f | ≤ k
for some constant k, any finitely generated subgroup of the fundamental group
of M has polynomial growth of degree ≤ n + 4k. In this note, we prove that
the degree of polynomial growth is less than or equal to n.

Theorem 1.2. Let Mn be a complete manifold with nonnegative Bakry–Émery
Ricci curvature, i.e., Ric + Hess(f) ≥ 0 for some f ∈ C∞(M). If |f | ≤ k for
some constant k, any finitely generated subgroup H of the fundamental group
of M has polynomial growth of degree ≤ n. More precisely, the growth function
of H satisfies φ(s) ≤ constant · sn.

The techniques used in the proof of Theorem 1.2 are based on [4,7].

2. Comparison theorem. Let M be a complete manifold satisfying (1.2) for
some f ∈ C∞(M). Fix p ∈ M as a base point and let r(∗) = dist(p, ∗), the
distance function. For any x ∈ M , let γ : [0, r] → M be a minimal normal
geodesic from p to x. Let {Ei(t)}n−1

i=1 be parallel orthonormal vector fields along
γ which are orthogonal to γ̇. Constructing vector fields {Xi(t) = t

r Ei(t)}n−1
i=1

along γ, then by the second variation formula, we have
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∆r(x) ≤
r∫

0

n−1∑
i=1

(|∇γ̇Xi|2 − 〈Xi,RXi,γ̇ γ̇〉)dt

=

r∫

0

(
n − 1

r2
− t2

r2
Ric(γ̇, γ̇)

)
dt

≤ n − 1
r

+

r∫

0

t2

r2
Hess(f)(γ̇, γ̇)dt

=
n − 1

r
+

1
r2

r∫

0

t2
d2

dt2
(f ◦ γ)dt

=
n − 1

r
+ 〈∇f, γ̇〉(x) − 2

r2

r∫

0

t
d

dt
(f ◦ γ)dt

=
n − 1

r
+ 〈∇f, γ̇〉(x) − 2

r
f(x) +

2
r2

r∫

0

(f ◦ γ)dt. (2.1)

Now, we start to derive the volume comparison theorem. Consider the polar
coordinate system (r, θ), by Gauss Lemma we have

ds2
M = dr2 + gαβdθαdθβ , α, β = 2, . . . , n.

Denote J(r, θ) =
√

det(gαβ) the area element of the geodesic sphere ∂B(p, r)
with radius r centered at p, then we have

∆ =
∂2

∂r2
+

∂

∂r
(lnJ(r, θ))

∂

∂r
+ ∆∂Bp(r).

Therefore,

∆r =
∂

∂r
(lnJ(r, θ)) (2.2)

on expp(Σ(p)) \ {p}.
Combining (2.1) and (2.2), we obtain

∂

∂r
(lnJ(r, θ)) ≤ n − 1

r
+ 〈∇f, γ̇〉 − 2

r
f +

2
r2

r∫

0

(f ◦ γ)dt.
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Integrating it from positive r1 to r2, together with |f | ≤ k, we have

ln
(

J(r2, θ)
J(r1, θ)

)
≤ ln

(
r2

r1

)n−1

+ f |r2
r1

+ 2

r2∫

r1

⎛
⎝ 1

r2

r∫

0

f(t)dt − 1
r
f(r)

⎞
⎠ dr

= ln
(

r2

r1

)n−1

+f |r2
r1

−
⎛
⎝2

r

r∫

0

fdt

⎞
⎠ |r2

r1
+ 2

r2∫

r1

1
r
fdr − 2

r2∫

r1

1
r
fdr

= ln
(

r2

r1

)n−1

+ f |r2
r1

−
⎛
⎝2

r

r∫

0

fdt

⎞
⎠ |r2

r1

≤ ln
(

r2

r1

)n−1

+ 6k,

Thus, we have proved the following

Lemma 2.1. Let M be a complete manifold satisfying (1.2) for some f ∈
C∞(M). Suppose |f | ≤ k, then for positive r1, r2,

J(r2, θ) ≤ e6k

(
r2

r1

)n−1

J(r1, θ). (2.3)

Let V (B(p, r)) be the volume of the geodesic ball B(p, r). We prove the
following volume comparison theorem:

Theorem 2.2. Let M be a complete manifold satisfying (1.2) for some f ∈
C∞(M). Suppose |f | ≤ k, then for 0 < R1 ≤ R2,

V (B(p,R2))
V (B(p,R1))

≤ e6k

(
R2

R1

)n

.

Proof. Integrating (2.3) over S
n−1 with respect to θ, we obtain

rn−1
1

∫

Sn−1

J(r2, θ)dθ ≤ e6krn−1
2

∫

Sn−1

J(r1, θ)dθ.

Integrating it from 0 to R1 with respect to r1, we obtain

Rn
1

n

∫

Sn−1

J(r2, θ)dθ ≤ e6krn−1
2 V (B(p,R1)).

Integrating it from 0 to R2 with respect to r2, we have

Rn
1

n
V (B(p,R2)) ≤

⎛
⎝

R2∫

0

e6krn−1
2 dr2

⎞
⎠ V (B(p,R1))

= e6k Rn
2

n
V (B(p,R1)).

This proves the theorem. �
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3. Proof of Theorem 1.2.

Proof of Theorem 1.2. Let M̃ be the universal covering of M with induced
metric by g. Then M̃ also satisfies (1.2) with potential function f̃ , the pull-
back of f . Fix a point p ∈ M̃ . We identify π1(M) with the group of all
deck transformations of M̃ over M . Let g̃i : M̃ → M̃ be the deck trans-
formation corresponding to the specified generator gi of H (i = 1, . . . , l). Set
µ = max

i
{dist(p, gi(p))}. Note that, for any s ∈ Z

+, B(p, µs) contains at least

φ(s) distinct points of the form g(p) with g ∈ π1(M).
Choose ε > 0 which is small enough such that the geodesic ball B(p, ε) is

disjoint from g(B(p, ε)) for any g ∈ π1(M) \ {1}. Then we have

φ(s)V (B(p, ε)) ≤ V (B(p, µs + ε)).

Applying Theorem 2.2 with R1 = ε and R2 = µs + ε, we obtain

φ(s) ≤ e6k

(
µs + ε

ε

)n

,

which implies that φ(s) ≤ constant · sn. �
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