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Statistical convergence of multiple sequences

By

FERENC MORICZ

Abstract. We extend the concept of and basic results on statistical convergence from ordinary
(single) sequences to multiple sequences of (real or complex) numbers. As an application to
Fourier analysis, we obtain the following Theorem 3: (i) If f € L(log+ L)d_](']I'd), where
T4 := [—7, 7)9 is the d-dimensional torus, then the Fourier series of f is statistically convergent
to f(t) at almost every t € ']I'd; ) If f e C(Td), then the Fourier series of f is statistically
convergent to f(t) uniformly on T4,

1. Introduction and Background. The concept of statistical convergence was intro-
duced by Fast [2] in 1951. A sequence (x : k =0, 1, 2, ...) of (real or complex) numbers
is said to be statistically convergent to some finite number &, in symbol: st —lim x; = &, if
foreach ¢ > 0,

1 < N —_ =
nllfgon+1|{k:n'|x" &l > &} =0,
where by k < n we mean that k = 0, 1,2, ..., n; and by |S| we mean the cardinality of

theset S S N:={0,1,2,...}.
Some basic properties of statistical convergence were proved by Schoenberg [9] in 1959.
The following concept is due to Fridy [3]. A sequence (xi) is said to be statistically
Cauchy if for each ¢ > 0 and £ = 0 there exists an integer m (= £) such that

lim
n—>oo n+ 1

Hk = n:|xe —xm| > €} =0.

Fridy [3] proved that a sequence (xy) is statistically convergent if and only if it is statis-
tically Cauchy.
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We recall (see, for example, [8, p. 290]) that the “natural (or asymptotic) density” of a
set S € N is defined by

1
d(S) = lim —— |k <n:keS)l

provided that the limit on the right-hand side exists. It is clear that a set S € N has natural
density 0 if and only if its complement S¢ := N\S has natural density 1.

Now, the concept of statistical convergence can be reformulated in terms of natural density
as follows. A sequence (xi) is statistically convergent to some number £ if and only if for
each ¢ > 0,

d{k e N:|xy — & > ¢}) =0.

2. New results on double sequences. Our goal is to extend a few results known in the
literature from ordinary (single) sequences to double ones. We begin with two definitions.
We say that a double sequence (x ¢ : j,k =0,1,2,...) of (real or complex) numbers is
statistically convergent to some number &, in symbol: st —lim x j; = &, if for each ¢ > 0,

1

(2.1) Iim ———
mn—oco (m+ 1)(n + 1)

{j Sm and k Sn:|xjx—&| > e} =0.
Here and in the sequel, m and n tend to infinity independently of one another.

It is plain that statistical convergence enjoys the property of additivity and homogene-
ity. Statistical convergence implies statistical boundedness, the latter being defined by the
requirement that there exists a constant K such that

1

i E—— <n:lx; -
m!%llgoo mE DO D {j £m and k S n:|xj| > K} =0.

It follows from (2.1) that in the capacity of K we may take any number greater than |£|.
Furthermore, usual convergence (in Pringsheim’s sense) implies statistical convergence to
the same limit; that is, if lim oo x jx = &, then (2.1) is satisfied for each ¢ > 0.

We say that (x i) is statistically Cauchy if for each ¢ > 0 and £ 2 O there exist integers
M (=2 £) and N (= £) such that

(2.2) {j <m and k = n:|xj; —xyn| > e} =0.

lim @—mM
mn—oo (m+ 1)(n+1)

We prove that statistical convergence is equivalent to the property of being statistically
Cauchy.

Theorem 1. A double sequence (xji) is statistically convergent if and only if (xji) is
statistically Cauchy.

Proof. Necessity. The proof that (x i) is statistically Cauchy if (x j¢) is statistically
convergent is trivial, as in the case of usual convergence.
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Sufficiency. Assume that (x ;) is statistically Cauchy. We shall prove that (x i)
is statistically convergent. To this effect, let (¢, : p = 1,2,...) be a strictly decreasing
sequence of numbers converging to 0. By (2.2), there exist two strictly increasing sequences
(M) and (N ) of positive integers such that

m}nigoo CESCES) 1)|{j <m and k =n:|xjx —xpm, n,| > ep}l =0,
(2.3) p=12,....

Clearly, for each pair (p, ¢g) of positive integers, p # g, we can selectapair (jpq, kpg) € N?
such that

1% kpg — XM,.N,| S €p and X, k,, —XM,.N,| = &g
It follows that
lxm, N, —xm,N,| S€p+Eg—>0 as p,g— o0,

that is, the ordinary (single) sequence (xp, N, : p = 1,2, ...) satisfies the Cauchy conver-
gence criterion. Thus, the sequence (xp,,,n,) is convergent in the usual sense to a finite limit
&, say. Consequently, given an arbitrary & > 0, there exists po € N such that ¢, < £/2
and

(2.4) N, — &l <€/2 it p = po.
Now, consider an arbitrary pair (j, k) € N>. By (2.4),
IXjk — &l = |xjk — XM, N, | +€/2,

whence, by (2.3),

1
————|{j<mand k <n:|xj—&|>¢
(m+1)(n+1)l{1 = Snlxjk—§l > el
1 .
< m“] Sm and k = n:lxje — Xy, N, | > €/2}]
1

<—{j<mand k <n:lxjp— e, M — 0
S mEInegn ¥ Em <72 Xk = Xty Ny | > Epo)]

as m,n — oo.

This completes the proof of Theorem 1.

3. Decomposition Theorem. We extend the decomposition theorem of Connor [1] from
ordinary (single) to double sequences as follows.
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Theorem 2. A double sequence (x j) is statistically convergent to some number & if and
only if there exist two sequences (u ji) and (vji) such that

(3.1) Xk =ujx + vk, J,k=0,1,2,...,
(3.2) lim wujy =&,
Jj.k—00
and
1
(3.3) m)lnlgoo I DOT D {j <m and k < n:vi # 0} =0.

Moreover, if (xj) is bounded, then (uj;) and (vjx) are also bounded.

Proof. Necessity. By (2.1), we can select a sequence (N, : p = 1,2,...) of
positive integers such that

(3.4) 2N, £ Npy1, p=1,2,...,

and
1

(m+D@E+1)
(3.5) if m,n 2 Np.

{j <m and k Sn:lxjp—&|>27P) <272

We shall define the sequence (uj;) in the following way: If min(j, k) < Ni, then we set
ujj = xj;; whileif N, £ j < Npypand Ny £ k < Ny for some positive integers p an
q, then we set

[ 0 e — 8] S 27,
(36) Ujk = {S if |xjk _ %—| > 2—m1n(p,q)'

Finally, we set vj; := x;; — u jx. Condition (3.1) is clearly satisfied.

The proof of (3.2) is almost trivial. Indeed, given any & > 0, we choose p so large that
27P0 < ¢. By (3.6),if (j, k) € N? is such that N, < min(j, k) < N1 forsome p 2 po,
then

W _E|={|xjk_€|§2_p<3 if |xjx—§l =277,
s E—&1=0 it e — &> 277,

In any case, we have
lujr — &l <e if  j, k 2 Np,.

So, the sequence (u ;) converges to & in Pringsheim’s sense.
It remains to prove (3.3). Since vj; = 0 if min(j, k) < Nj, we may assume that for
some p,q = 1,

(3.7) Ny, £m < Npy1 and Ny Sn < Ngygq.
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Let r := min(p, ¢). By definition (3.6), we have
{j £m and k Sn:vj #0}
={N<j<m and N, Sk <n:|xjp—§>27"}
r—1
UlJiNs £ €m and Ny Sk < Neyr s lxje — &> 27°)
s=1
U{Ns £j <Nyy1 and Ny Sk Sn:lxj—&>27",
whence, making use of (3.4) and (3.5), we obtain
1
m+1Hn+1)

r—1
N, N,
—2r s+1 425 s+1 525
<2 +;[n+12 + 2 }

i <m and k <n:ug #0)

m+1

r—1

N, N,
<2 oy 9—2s—(r—1-9)
- + |:n +1 + m+1 Z

s=1

<272 4271 50 as r:=min(p, q) — oo,
or equivalently, m, n — oo (cf. (3.7)). This proves (3.3).
Sufficiency. Itis immediate. By (3.3), we have
(3.8) st—limvj; =0.

Now, (2.1) follows from (3.2) and (3.8), via additivity. The proof of Theorem 2 is complete.

Theorem 2 makes it possible to characterize the concept of statistical convergence in a
more transparent form. To this end, we define the “natural (or asymptotic) density” of a set
S € N? as follows:

d(8) = {j =m and k = n:(j k) €S},

lim ——
m,n—o00 (m+ 1)(n + 1)
provided that this limit exists.

The following Proposition 1 is a reformulation of Theorem 2 if we set

S=1{(j, k) € N* :ujp = xy)
(to see Necessity); while uj = xj if (j,k) € S and uj = & if (j,k) ¢ S (to see
Sufficiency).
Proposition 1. A double sequence (x ji) is statistically convergent to some number & if

and only if there exists a set S € N? such that the natural density of S is 1 and

(3.9) lim Xji =E.
Jj,k—oo and (j,k)eS

By (3.9) we mean that for each € > 0 there exists an integer N such that

I —§l =€ if jk 2N and (j,k)€S.
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4. Multiple sequences and an application. The concepts and results of the preceding
two sections can be extended with ease to d-multiple sequences. Let N’ be the set of
d-tuples kK := (ky, k2, ..., kg) with nonnegative integers for coordinates &, where d is a
fixed positive integer. Two tuples k and n := (ny, na, ..., ng) are distinct if and only if
kj # nj for at least on j. N is partially ordered by agreeing that k < n if and only if
kj < nj foreach j.

We say that a d-multiple sequence (xi : k € N?) of (real or complex) numbers is
statistically convergent to some number & if for each ¢ > 0,

(4.1 Hk =m:fxx —§| > e} =0,

m
minn;—oco [N+ 1]

where

d
m+1:=] ], + D).
j=1

Furthermore, we say that (xk) is statistically Cauchy if for each ¢ > 0 and ¢ = 0 there
exists m := (my,my, ..., mg) € N¢ such that minm; 2 £ and

lim k <n: — e} =0.
min n j—00 |n+1||{ - i = xm| > €}

Both Theorem 1 and Theorem 2 are valid for d-multiple sequences. The “natural (or
asymptotic) density” of a set S C N can be defined as follows:

d(S) :=

k <n:ke S},
minn;—00 |n+1||{ - /|
provided that this limit exists. Proposition 1 remains true for d-multiple sequences, as well.
Before application, we recall the concept of strong Cesaro summability (see, for example,
[1] or [10, p. 180]). Let p be a positive real number. A d-multiple sequence (xi) is said to
be strongly p-Cesaro summable to some number & if

> Z...2|xk—5|p=0.

k1=0 kr=0 kq=0

1

lim
minn;—oco [N+ 1]

(4.2)

The following Proposition 2 is almost evident.

Proposition 2. (i) If (xx) is strongly p-Cesaro summable to & for some 0 < p < 00,
then (xg) is statistically convergent to &.

(1) If (xy) is statistically convergent to & and bounded, then (xx) is strongly p-Cesaro
summable to & for each 0 < p < oo.

Proof. (i) It follows from the Markov type inequality

ni ny nq
eflk Sm:luc—El>ell S ) D) bw—gln
kg=0

k1=0 k=0
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(i) Let B := K + |&|, where |xk| £ K forallk € N¢. Then by (4.1), we have

1 ny  np ng 1
_EP —
P I MNP BIESLIES =S IO DI
k1=0ky=0  kq=0 xk—=§l<e  [xk—&l>¢
P
§£p+|n+1||{k§n:|xk—$|>8}|<28”,

if minn; is large enough. This proves (4.2). O

Now, we present an application to Fourier analysis. Lett := (t1,f,...,%5) € Rd,
kt := kit; + kato + -+ - + kgt4, and f a periodic, Lebesgue integrable function over the
d-dimensional torus T¢ := [—, 7)?. We recall that the Fourier series of f is defined by

(4.3) fO~ > fae™,
keZ?
where Z¢ is the set of d-tuples k := (ky1, k2, ..., kg) with (positive, zero, or negative)

integer coordinates, and the Fourier coefficient f (k) is defined by

~ 1 .
k) = —— tye *at, k ezl
00 =5 [ roema ke
Td
The reader is referred to [10, Ch. 17] for more details.

The following facts are known in the literature. Gogoladze [4] proved that if f €
L(log™ L)4=1(T¢), then the d-multiple sequence of the rectangular partial sums

ny ng

sn(fot) := Xl: Yo o) foe™, menN

ki=—n1 kop=—ny kg=—ng

of the Fourier series (4.3) is strongly p-Cesaro summable to f(t) at almost every point
t e T¢ for any 0 < p < oo. Analogous results are valid for the so-called conjugate series

to (4.3). More precisely, if ji, j2, ..., jsarenaturalnumbers, 1 < j; < jo <... < j; £d,
and 1 <5 < d, then the series
(4.4) > (—isignkj,)(—isignky) - (—isignkjs) f (K)e™

kezd

is strongly p-Cesaro summable to the so-called conjugate function f UtoJ2:040J5) (t) at almost
every point t € T for any 0 < p < oo. (Altogether, there are 2¢ — 1 conjugate series to
Fourier series (4.3).)

We note that in case d = 1, these results were proved by Marcinkiewicz (p = 2) and
Zygmund (0 < p < 00). (See, for example, [10, p. 182].)

Leindler [5] (see also [6, pp. 12 and 20]) proved the following inequality to periodic
continuous functions.
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Proposition 3. For each 0 < p < oo, there exists a constant K ;, such that if f € C(T),
then

K n
flg[Ek(f)]” forall teT,

1 n
4.5 —_— D — f@OP <
(4.5) e DI ROl
k=0
where Ey(f) is the best approximation of f by trigonometric polynomials of degree at most
k in the “maximum” norm of the space C(T).

In the joint paper [7] with Xianliang Shi, the present author proved the two-dimensional
analogue of inequality (4.5), and the proving method there clearly indicates the straight-
forward way of the extension to the d-dimensional case, d = 3. From these it follows
immediately that if f € C (T%), then the rectangular partial sums sk ( f, t) of the Fourier
series (4.3) are strongly p-Cesaro summable to f (t) uniformly on T¢, forany 0 < p < oco.

Combining these results with Proposition 2 yields the following

Theorem 3. (i) If f € L(logt L)Y~ (T), then the Fourier series of f is statistically
convergent to f(t) at almost every point t € T¢. Furthermore, each of the conju-
gate series (4.4) is statistically convergent to the corresponding conjugate function
almost everywhere on T¢.

(i) If f € C(T?), then the Fourier series of f is statistically convergent to f(t)
uniformly on T,
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