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The dualisability of a quasi-variety is independent
of the generating algebra

BRIAN A. DAVEY AND ROSS WILLARD

Abstract. We prove the claim made in the title of the paper.

Itis to be expected that different generating algeBrasdM for a quasi-variety will lead
to different natural dualities. Indeed, this is the case—see the examples in [2]. But it would
be most unfortunate if the very existence of a natural duality for a finitely generated quasi-
variety depended upon the choice of generator. Hence, the question below was posed in [2]
and again in [4]. A positive solution to this question means that we may unambiguously
refer to a finitely generated quasi-variedyas beinglualisable provided.A = ISP(D) for
some finite dualisable algebEa

e If D andM are finite algebras such thdSP(D) = ISP(M), and if D is dualisable,
does it follow thaM is dualisable?

THEOREM. Yes!

Proof. We refer the reader to Clark and Davey [1] for the necessary definitions and the
basic theory of natural dualities. We recall only tliats a finite algebra and is an
alter ego for D, that is, D is a topological structure whose universe is the univerde, of
whose relations (if any) are non-empty subuniverses of the appropriate finite povitars of
whose operations and partial operations (if any) are such that their graphs are non-empty
subuniverses of finite powers Bf, and whose topology is discrete.

Let A = ISP(D) = ISP(M). LetN = {vo,...,v_1} be a set of homomorphisms
from D to M which separate the points &f. For example, an inefficient choice would be
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N = AD,M). Letv :=vgn---Mv_1 : D — M* be the natural product map and let
D, :=v(D). ThusD, is ak-ary algebraic relation okl andv : D = D,, < MK, Note that
v = mi ov fori < k, wherer; : M¥ — M is theith projection.

Forn > 1 we construe**" as the set of all matrices withrows and: columns and
with elements fromM. If A < D", then we definey : A — M"X” byva(ao, ..., an-1) =
[v(ao), ..., v(a,—1)] Where eachv(a;) € D, is construed as a column vector, and we set
A, =va(A). Thusvy tA=A, < M**" andA, is a(k x n)-ary algebraic relation ol .

Similarly, choose homomorphismg, ..., w,—1 : M — D which separate the points of
M, letw := wor- - -Mawy—1 : M — D be the induced embedding and defidg := w (M)
so thatw : M = M,, < D'. Finally, definer : M = (M,,)), < M**‘ byt =y o w.
Thuso :=771: (M,), — M is a partial ¢ x £)-ary algebraic operation dv .

We can now state our theorem more precisely.

Duality Transfer Theorem Assume thaD andM are finite algebras which generate
the same quasi-variety and I& = (D; R, T) be an alter ego which dualisd3. Then
M :=(M;o,{r, | r € R}U{D,}, T) is an alter ego which dualisdd .

Our assumption theD is relational, that is, that it has no operations or partial operations
in its type, results in no loss of generality (see [1], Lemma 2.1.2). It should be cledf that
is an alter ego foM (modulo identification oM**" with M*"). GivenA e A we shall
useep to denote the canonical embedding relative to the categjorz IScP* (D) and the
functors A(—, D) and X (—, D), while we use § for the canonical embedding relative to
X’ :=IScPT (M) and the functorsd(—, M) and X’ (—, M).

To prove thatVl dualisedM, fix A € Aand an¥”’-morphisnmu : A(A, M) — M. Itmust
be shown that = ¢}, (a) for somea € A. Note thatifx € A(A, D) thenv; ox € A(A,M)

fori < k,and((vgox)(a), ..., (vki_10x)(a)) = (vox)(a) € D, foralla € A. SinceD, is
inthe type ofM andw is anX’-morphism, it follows thata (vgox), ..., @(vk—10x)) € D,.
Thus we can defing : A(A,D) — D bya(x) = v Y (a(vpox),...,a(v_10x)). For

each relatiorr in the type ofD, it can be easily checked thatpreserves-, using the
fact thata preserves,. Sincea is continuous, there exists a finite subSett A such
that if y1, y2 € AA,M) andy1], = y2],, thena(y1) = a(y2). It easily follows that if
x1, x2 € A(A, D) andx1 [, = x2[,, then&(x1) = &(x2), which proves that is continuous.
Hencex is anX’-morphism fromA(A, D) to D.

Since D dualisesD, by assumption, there exisise A such thatx = ea(a). We shall
show thatr = ¢}, (a). First observe that if € A(A, D) andi < k, then

a(iox) = m(W(@x))) = v;(@x)) = v;(x(a)) = ep(vi 0 x).

Now lety € A(A, M) be fixed, and consider thex £ matrix [v; o w; o y]xx¢ Of elements
from A(A, M). Note that each entry in this matrix is of the forpo x for somex € A(A, D)
and some < k, so the previous observation appliestoit. Secondly, note that foreach
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we have i (@; (y(©))]kxe = T(y(0)) € (My)y. ThusoAAM ([v; 0w 0 y]ixr) is defined
and equaly. Hence

a() = a@ MW ([ 0w 0 ylixe))
= o([a(viowj o y)]kxe) asa preserves
= o([vi(wj(y(@))]kxe) by an earlier observation

= y(a),
proving thate = ¢}, (a).

O

When applying the Duality Transfer Theorem, we typically start with a ‘minimal’ gene-
rator of a quasi-varietyl, sayD, and find an alter eg® for D which yields a duality om.

The Duality Transfer Theorem then provides an alter ego for any finite aldgé¢hbxdich
generatesd. Animportant special case occurs when we have an embeddiBg— M of
the ‘minimal’ generatob intoM. (This occurs, for example, B is subdirectly irreducible
and generates the same quasi-varietylgsin this case, we have= 1 in the construction
given above. To simplify the notation, we shall assume hét actually a subalgebra of
M so thatv is the inclusion map. Let be an algebraic relation dd. Sincer < D" and
D < M, the relatiorr, is simplyr regarded as an algebraic relationMn Following [2]
(see also Section 7.7 of [1]), we shall denote the relatjooy »p,. The homomorphisms
w; M — D < M, which separate the points &f, may now be viewed as endomorphisms
of M, the mapw := wp M- --Mawy—1: M — D’ < M%is an embedding a1 into M* and
o :=wt:wM)— M is ant-ary algebraic partial operation &. Thus, we have the
following corollary of the Duality Transfer Theorem.

Subalgebra Duality Transfer TheoremLetD andM be finite and assume thBtis a
subalgebra oM and thatM e ISP(D). If D = (D; R, 7) is an alter ego which dualises
D, thenM = (M; 0, {rp | r € R} U{D}, T) is an alter ego which dualised .

It is interesting to compare this with the corresponding result in Saramago [5] which
states that, under the same assumption® @mdM, a dualising alter ego fa¥l is given
byM’ := (M; {w;lj < €}, {rplr € RYU{D},T).

Recently, Davey and Haviar [3] have shown that the algebraic partial operation
o(M) — M plays a vital role in the transfer of a strong duality fr@io M. They prove
that, under the assumptions of the Subalgebra Duality Transfer Theorem, an alter ego which
strongly dualise® may be lifted to an alter ego which strongly dualis&by simply adding
the endomorphismesy, . . ., wy—1 along with partial operation.
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