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Affine complete varieties are congruence distributive

K. KAARLI! and R. McKENZIE?

Abstract. An algebra is affine complete iff its polynomial operations are the same as all the operations
over its universe that are compatible with all its congruences. A variety is affine complete iff all its
algebras are. We prove that every affine complete variety is congruence distributive, and give a useful
characterization of all arithmetical, affine complete varieties of countable type. We show that affine
complete varieties with finite residual bound have enough injectives. We also construct an example of an
affine complete variety without finite residual bound.

We prove several results concerning residually finite varieties whose finite algebras are congruence
distributive, while leaving open the question whether every such variety must be congruence distributive.

1. Introduction

In K. Kaarli, A. Pixley [5] it was announced that all locally finite affine
complete (AC) varieties are congruence distributive (CD). The proof of this
result, due to R. McKenzie, was never published, although it is an easy applica-
tion of tame congruence theory (see D. Hobby, R. McKenzie [2]). Since that
time, both of us have tried to remove or weaken the assumption of local finite-
ness in this result. Recently we were able to prove, using different methods, that
an AC variety is CD provided it has a finite residual bound. The first author
observed that a homomorphically closed class is CD iff all its members have no
skew congruences and then reached the result studying the action of unary
polynomials. The second author attacked a more general problem: Is a residually
finite variety necessarily CD if all of its finite members are CD? He was able to
prove this under the assumption that the variety has a finite residual bound.

This paper is the result of combining our two approaches. The main result —
every AC variety is CD - falls out rather easily. Later analysis allowed us to
prove more. It turns out that all we need to prove congruence distributivity of
an algebra A is that A and all of its homomorphic images are affine com-
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plete and residually finite. Our main result has several important consequences
because some basic results about AC varieties were proved earlier under the
assumption of congruence distributivity. Recall that by K. Kaarli, A. Pixley [5],
all AC varieties are residually finite and every subdirectly irreducible (SI) mem-
ber of an AC and CD variety has no subalgebras besides itself. Hence McKen-
zie’s result that finite algebras in AC varieties are CD already implied that any
SI algebra A of any AC variety ¥~ has no proper subalgebras. The latter
condition is equivalent to the existence of unary terms ¢, ..., ¢, in the language
of " such that 4= {t,(a),...,t,(a)} for all aeA - in other words, the set
T=1{t,...,t,} acts transitively on A. It is possible that some fixed finite set of
unary terms acts transitively on all SI’s of a variety #". In this case, we say that
7" satisfies condition (S).

We prove here that every AC variety of countable type satisfies condition
(S). This result sharpens Theorem 3.5 of [5] stating that every AC and CD
variety of countable type has a finite residual bound. A well-known result of A.
Pixley [7] implies that for an arithmetical variety, the condition (S) is sufficient
for affine completeness. Hence, an arithmetical variety of countable type is AC if
and only if it satisfies (S).

It has been shown in K. Kaarli [4] that all finitely generated AC varieties are
term equivalent to varieties of finite type. Obviously, a variety of finite type and
finite residual bound is finitely generated. Thus we see that an AC variety is
finitely generated iff it is term equivalent to a variety of finite type.

We prove that AC varieties with finite residual bound enjoy some nice cate-
gorical properties. They have enough injectives and consequently have the con-
gruence extension and amalgamation properties.

We present an example of an arithmetical AC variety that has a finite resid-
ual bound but does not satisfy (S). (Such a variety cannot be of countable type.)
A related construction gives an arithmetical AC variety that has no finite resid-
ual bound.

The last section of this paper deals with the problem whether a residually
finite variety all of whose finite members are CD must be CD. The problem
remains open. We present several partial results. In particular, a counter-example
cannot have a finite residual bound; and if there exists a counter-example, then
there exists one of countable type, all of whose proper subvarieties are CD.

2. Congruence distributivity

The meet and join of two elements a, b of a lattice L will be denoted by ab
and a + b respectively.
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Obviously, if we want to prove that a lattice L is distributive, it suffices to
construct for every pair p, g€ L with p < u a lattice homomorphism from L into a
distributive lattice D which separates p and u. If L =Con A for some algebra A
then it enjoys the special property that every element is a meet of completely
meet-irreducible elements p, i.e., congruences p such that the quotient algebra A/p
is subdirectly irreducible. This property simplifies checking of congruence distribu-
tivity. Namely, it is enough to find the separating homomorphisms L — D only for
pairs {p, u» where p is completely meet-irreducible and u is its unique cover.
Indeed, let @ < and choose p > a so that p # f and p is completely meet-irre-
ducible with unique cover u. Then it is easy to see that if a homomorphism f
separates p and g, it must also separate « and /.

Often we shall be dealing with a lattice L that is not assumed to be complete.
An element a in such a lattice will be termed completely meet-irreducible provided
there is an element b e L (the cover of a) such that b is the smallest element of L
strictly larger than a. Suppose now that p is a completely meet-irreducible element
of a lattice L, u is its cover and a lattice homomorphism f: L —» D separates p and
. 1If D is a distributive lattice then there exists also a homomorphism g: L —2 with
the same separating property. Elementary calculations show that there is only one
way to define this map: g(¢) =0 if and only if ¢ < p. For sake of easy reference we
state the above observations as a separate lemma.

LEMMA 2.1. Let L be a lattice such that every element of L is a meet of completely
meet-irreducible elements of L. The following conditions are equivalent:
(1) L is distributive;
(2) for every p, ue L where p is completely meet-irreducible and p covers p there
exists a lattice homomorphism ¢: L —2 which separates p and u;
(3) for every p, B, yeL where p is completely meet-irreducible, if fy < p then
either f <p or y<p.

Recall that if an algebra A is included in B x C as a subdirect product and the
congruence p € Con A cannot be represented as a restriction of ¢ x 7 for some
congruences o € Con B, 7€ Con C then p is said to be a skew congruence of A. Of
course the property to be a skew congruence depends on the given subdirect
decomposition. The following easy lemma (see [1]) gives a lattice-theoretic criterion
for a congruence to be nonskew.

LEMMA 2.2. Let A be a subdirect product of B and C and let f and y be the kernels
of projections A —B and A — C, respectively.
(1) A congruence p of A is nonskew with respect to this subdirect decomposition
if and only if (B + p)y+p)=p.
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(2) If A/p is SI then p is nonskew with respect to this subdirect decomposition if
and only if either f < p or y <p.

A pair of congruences {f, y)> of an algebra A is associated with a subdirect
decomposition of A as above iff fy =0 (the zero element of Con A). If fy =0, then
the nonskew congruences with respect to this decomposition are those congruences
p for which p=(f+ p)(y+ p). Note that if p is skew, then some completely
meet-irreducible congruence above p is skew. Indeed, choose a completely meet-
irreducible congruence p’'> p such that p' 2 (f+ p)(y+ p). Then p' > f would
imply p’>p + p, which is not the case. Likewise, p’'%* 7y, and then p’'<
(B+p)(y+p’') because p’ is meet-irreducible.

If A is a subdirect product of algebras A,;, iel, and % is a filter on [ then the
corresponding filter congruence of A will be denoted by 6. Recall that the elements
a, be A are congruent modulo 6 iff the set of those iel for which ¢ and b have
the same projections in A4; is a member of Z.

We wish to consider the relationships between several lattice-theoretic properties
of an algebra, and we now define them.

(1) A is CD; i.e., Con A is a distributive lattice.

(2) A has no skew congruence for subdirect decompositions into finitely many
factors; i.e., whenever {p,0,,...,0,} =<ConA and 6, ---0,=0 then
01+ p)O0,+p) (O +p)=p.

(3) A has no skew congruence for subdirect decompositions into two factors;
i.e., whenever {p, 0,, 0,} =Con A and 0, - 0, =0 then (0, + p)(0,+ p) =
p.

(4) If A/p is SI and fy=0 (with p, f,yeCon A) then p > ff or p > 7.

(J) If A is a subdirect product of algebras A;, iel, and p is a congruence of
A such that A/p is SI, then there exists an ultrafilter % on I such that
Ou<p.

(Jg1) This is (J) for subdirect products with subdirectly irreducible factors.

If ¢ is any class of algebras, and (P) is any property of algebras, then we say
that ¢ satisfies (P) iff all members of ¢ satisfy (P). Our basic observation below
will be that if ¢ is a class of algebras closed under the formation of homomorphic
images then all six properties above are equivalent for 2", in the sense that if ¢
satisfies one, it satisfies all. It is important to note however, as we shall, that for a
single algebra, there are actually three inequivalent properties among those defined
above.

B. Jonsson [3] proved the very important result that (1) implies (J) for any algebra.
Every SI algebra satisfies (2), (3) and (4) and hence these properties cannot imply
(1). Also, (3) does not imply (2), as the following example shows.

Let A be an algebra whose congruence lattice is the lattice pictured in Figure 1.
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(There exists such an algebra.) The completely meet-irreducible congruence p does
not dominate any of «;, a,, a5 yet o;o,03 = 0. Nevertheless, it can be checked that
whenever fy =0, in Con A and ¢ is any one of the four completely meet-irreducible
elements of Con A, then ¢ > f§ or ¢ >y. Thus A satisfies (3) and (4) but not (2).

LEMMA 2.3. For any algebra A we have
H =02 < O < ) = @ = @

Proof. The implications (1) = (2) = (3) = (4) should be obvious from the
preceding discussions, and (J) = (Jg) is trivial. The proof that (2) implies (J) is due
to B. Jonsson.

To prove that (Jg;) = (2), assume that (2) fails. Then A has, actually, a
congruence p such that A/p is SI and for some congruences 6,,. .., 0,, where
0, --0,=0, the inclusion 0; < p holds for no i. Each of the congruences 0, is the
meet of some completely meet-irreducible congruences, and in fact there must exist,
for some set T presented as a union of subsets 7;, ie{l,...,k}, completely
meet-irreducible congruences p,, t€ 7T, such that

0,= N\ »p for each ie {1,..., k}.

teT;
Setting A, = A/p,, we have that A is a subdirect product of the SI algebras A,. If %
is any ultrafilter on 7, then some one of the sets 7; belongs to %, implying that
0;,= A,GT,_ p, <0, and so 0, < p must be false. Thus we have shown that when (2)
fails then (Jg;) fails also. 0

LEMMA 24. Let A be a class of algebras closed with respect to homomorphic
images. If A" has any one of the properties (1), (2), (3), (4), (J), (Jg;) then it has all
of them.

Figure 1
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Proof. In view of Lemma 2.3, all that is required is a proof that if # satisfies
(4) then it satisfies (1). Let A € #" and assume that all quotient algebras of A satisfy
(4). We show that L = Con A satisfies condition (3) of Lemma 2.1, thus establishing
that Con A is distributive. Thus, assume that p, f, ye L, p is completely meet-irre-
ducible, and Sy < p.

Now in the algebra B = A/fy, the congruence p’' = p/fy is completely meet-irre-
ducible — i.e., B/p’ is SI — and f'y'=0,; where f'=f/fy and y'=y/fy. By
condition (4) for B, we have, say, f’ < p’. This is equivalent to f < p, which shows
that L satisfies condition (3) of Lemma 2.1 and hence is a distributive lattice. [

COROLLARY 2.1. If v is a locally finite variety and the finite members of ¥~
have no skew congruences then " is CD.

Now we prove a useful lemma showing how the existence of skew congruences
can in certain situations be ruled out by assumptions weaker than congruence
distributivity. We need to introduce the notion of Jonsson terms and the classical
result of B. Jonsson concerning such terms.

DEFINITION 2.1. A finite sequence ¢y(x, y, z), . . ., t,(x, y, z) of terms in three
variables in the language of a variety ¥ is called a sequence of Jonsson terms for
v~ provided that the equations #,(x, x, z)  x & t;(x, y, x) & t,(z, x, x) (for all i <n)
and the equations #,,(x, y, y) R t5,, 1(x, y,y) (for 0 <2j<n) and #y;, (x, x,y) ~
tyy2(x, x,p) (for 0 <2j<n—2) are laws of ¥". The first order sentence which
asserts that all of these equations are valid for all x, y, z is called a Jonsson sentence.
A sequence of Jonsson terms for an algebra A is just a sequence of terms in three
variables such that the corresponding Jonsson sentence holds in A (or equivalently,
the sequence is a Jonsson sequence for the variety generated by A).

LEMMA 2.5. (B. Jonsson [3]) A variety is congruence distributive iff it has a
sequence of Jonsson terms.

LEMMA 2.6. Let p, f, yeCon A where A is any algebra.
(1) If A/p generates a CD variety then (p + f)p+7y)=p+ f(p+ 7).
(2) If Al(pp) generates a CD variety then (p + f)p +y)=p + p7.

Proof. (1) Obviously (p+ f)e+7y)=p+f(p+7y). Assume that {a,b)e

(p + f)(p + 7), in particular there are ¢y, ¢, . . ., ¢,,€ A such that a = ¢,, ¢,, = b and
{¢;_1,ciyepuf foreveryi=1,...,m.
Let 1, t,...,t, be Jonsson terms for A/p and define the elements e;=

t(a,c;, b) where i=0,1,...,nand j=0,1,...,m. Now consider the sequence
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a, eOO; eOlﬂ e ey eOm’ elma el,mfla sty elOa e209 e ey enn‘la b (1)

Obviously ey, = to(a, a, b)pa, e,,=t,(a,b,b)pb and all pairs of the form
{e;j_1,e;) are in pu . As for the pairs of form {e¢; ,,, e;,» with i even and
{e;_ 10, €,y With i odd, they all are in p by the definition of Jonsson terms. On the
other hand, if 0 = Cg(a, b) then 0 <p +y and e; = 1,(a, ¢;, b)0t;(a, c¢;, a)pa which
implies {e;,ayep+y for every i and j. This means that all members of the
sequence (1) are contained in a single (p + y)-block. Now the adjacent members of
this sequence are congruent either modulo p(p + y) = p or modulo f(p + y). Hence
a,byep+ fp+7)

(2) In view of the first statement of the lemma it suffices to prove the inequality
B(p+ 7)< pBp—+ fy. This can be done in a fairly similar way as the proof of the
preceding statement. We take an arbitrary pair <a,b>e€ ff(p + ) and pick the
elements ¢y, ¢y, ..., c,€A such that a=c¢,, ¢,,=b and {c¢;,_,, c;»ep Uy for every
i=1,...,m. Then we take Jonsson terms ¢, ¢, ..., t, for A/(pf) and form again
the sequence (1). Now ey, = ty(a, a, b)ppfa, e,,, =t,(a, b, b)pfb and all pairs of the
form {e;; ,,e;» arein puy. As for the pairs of form e, ,,,, e,,» with i even and
{e;_ 10, €,y With i odd, they all are in pf by the definition of Jénsson terms. On the
other hand, if 0 = Cg(a,b) then 0 <p and e, =t,(a, ¢, b)0t,(a, c;, a)pfa which
implies {e;;, a) € f for every i and j. This means that all members of the sequence
(1) are contained in a single f-block. Now the adjacent members of this sequence
are congruent either modulo fp or modulo fy. Hence {a,b)> e fp + fy. O

COROLLARY 2.2. Let A be a subdirect product in B x C. If Var(A/p, B) is CD
Jor every p e Con A with SI A/p then A has no skew congruences with respect to the
given subdirect decomposition.

Proof. Let f and y be the kernels of the projections A—-B and A—C,
respectively. Then whenever A/p is SI we have that A/(pf) generates a CD variety
and by Lemma 2.6 (0 + f)p+y)=p+ fy=p, since fy=0,. Now if J is any
congruence of A then we have d = /\,., p; where all A/p, are SI. Thus

O+ +y)<(pi+p)pi+y)=p;, foralli
and consequently (6 + £)(0 + y) = J. O

3. The compatible function lifting property

By a compatible function on the algebra A we mean a finitary operation over the
universe of the algebra which respects all the congruences of the algebra. If A is any
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member of an AC variety and p € Con A then any compatible function g on A/p
has a compatible lift on A, i.e., a compatible function f'on A that induces g on A/p.
This is obvious from the fact that g is a polynomial function. We generalize this
property as follows. Let 4 be any set and L be a sublattice of Eqv 4. Thus L is a
lattice of equivalence relations on 4. Throughout this paper, sublattices of Eqv A4
are assumed to contain the least and largest members of Eqv 4. We attach to the
pair {4, L) the clone F of all L-compatible function on A. Given any p e L, we
have a pair {4/p, L, > where L, is the lattice of all equivalences of 4 /p that have
the form o /p where o€ L, p <¢. Letting F, denote the clone of all L, -compatible
functions for the pair {A4/p, L, >, there is a canonical mapping F'— F, that takes
any function f to the function it induces modulo p. In what follows, the members
of F, will be referred to as the compatible functions on 4/p.

DEFINITION 3.1. The pair <4, L) is said to satisfy the compatible function
lifting property (CFL) iff all the canonical mappings F—F,, p e L, are surjective.

It turns out that this property together with residual finiteness implies the
distributivity of the lattice L. In proving this, we first treat the finite case and use
for this a modification of the second author’s original argument for proving that
locally finite AC varieties are CD. The proof should be understandable for readers
not conversant with tame congruence theory.

We need the notion of induced algebra. Let A be any algebra and U be a subset
of its universe. Let P, denote the set of all polynomial operations of A under which
U is closed, and let P, |, denote the set of all restrictions to U of the operations in
Py. Then the algebra (U, P, > is the algebra induced on U by A. We shall need
the following elementary lemma that follows by applying the well-known lemma of
P. P. Palfy and P. Pudlak (see [2]) to the algebra induced by A = {4, e) on the
subset U=e(A).

LEMMA 3.1. Let A be a set and L a sublattice of Eqv A. If e is a unary
idempotent L-compatible function on A and U= e(A) then the restriction map is a
surjective lattice homomorphism from L to L, the sublattice of the lattice Eqv U
with universe L|, = {p|,|peL}.

Our proof is based on the next lemma.

LEMMA 3.2. Let A be a set and L a sublattice of Eqv A such that the pair
(A, L) satisfies (CFL). If e is a unary idempotent L-compatible function on A and
U=e(A) then the pair <U,L|,> also satisfies (CFL).
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Proof. Let peL and let g be an m-ary compatible function for the
pair  (U/p|y, (L|y),),>. Consider the function f:(4/p)"—A/p defined via
flaylp,...,a,lp)=gle(a)lp,...,e(a,)lp). Clearly fis a compatible function on

A/p. Hence, by (CFL) there exists a function /e F such that h(a,,...,a,)/p=
flay/p,...,a,lp) forall ay,...,a,€A. In particular, for u,, ..., u, € U we have
h(uy, ..., u,)p=g/p, ..., u,lp)=ul/p for some ue U. Thus, eh(u,,...,u,)/p
=e(u)/p =u/p and the function eh: U” — U is a compatible lift for g. O

THEOREM 3.1. Let A be a finite set and L a sublattice of Eqv A. If the pair
(A, L) satisfies (CFL) then the lattice L is distributive.

Proof. Our proof is by induction on the size of 4. The claim is obvious if
|4|=1. Assume that our claim is valid for all sets of size less than |4|. Denote by
@ the smallest congruence on L with L/@ distributive. We prove that {p, x> ¢ @ for
all p and u in L such that p is meet-irreducible and p is covered by x. Then Lemma
2.1 applies.

Let F be the clone of all L-compatible functions on A. First consider the case
with [4/p|>3. Let a,beA be such that {a,byeu—p. Choose an arbitrary
idempotent surjective function g: A/p —{a/p, b/p}. Obviously g€ F,, hence by the
property (CFL) it is induced by some function fe F; i.e., g(x/p)=f(x)/p for all
xeA. Since A4 is finite, an appropriate power of f is idempotent. Denote this
idempotent function by e and let U=e(A4). Obviously U/p = {a/p,b/p}, hence
U # A. Denote the restriction mapping L —L|, by n,. By Lemma 3.1, n, maps L
homomorphically onto L|, and separates p and u. Applying Lemma 3.2 and the
induction hypothesis, we have that the lattice L|, is distributive. Since @ < Ker 7,,,
we have {(p, u>¢ ®.

The assumption |4/p| >3 was needed in order to construct a unary idempotent
nonidentical function f'e F separating p and . Hence we must handle separately the
case with |A /p| = 2 and where the only unary idempotent function fe F separating
p and p (=A4 x A) is the identity function. We shall show that this is possible only
if A is a two-element set, which obviously yields that L is distributive. The
argument to show this comes from tame congruence theory.

Let f(x, y) € F be a binary function on 4 which induces a semilattice operation
on A/p. Any function on a two-element set is compatible, so by condition (CFL)
there exists such a function f{(x, y).

Let X and Y be the p-equivalence classes and assume that f(X, Y) < Y. Putting
g(x) =f(x, x), we have that ge F and an appropriate power g” is idempotent. Note
that g(X) = X and g(Y) = Y, hence g” separates p from u and by our assumption
is the identity function. Put A(x,y)=g""'(f(x,y)). Now h also induces the
semilattice operation and Ai(x, x) = x.
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Now put k(x,y)=h(x, h(x,...,h(x,y)) ")) where h occurs m! times with
m = |A4|. Then we have that k(x, k(x, y)) =k(x, y) for all x, ye A. Also, k induces
the semilattice operation on 4/p and k(x, x) = x. Moreover, for all » in X, z in 4
we have k(b, z) = z — this is because the map z > k(b, z) is idempotent and maps
X into X and Y into Y.

Now put p(x, y)=k(k(- - k((x,y),y) "), ») so that p(p(x, y), y) =p(x, y).
Then p induces the semilattice operation on A/p and p(b, x)=x=p(x, b) for
all be X and xe A. From these equations it follows that b, =p(b,, b,) = b, for
all b,b,eX, hence |X|=1. The equality |Y|=1 can be proved by similar
arguments. ]

COROLLARY 3.1. Let A be a finite set and L a sublattice of Eqv A. If the pair
{A, L) satisfies (CFL) then the following are true:

(1) the clone F of all L-compatible functions contains a near unanimity function;

(2) L=Con A where A ={A, F);

(3) A generates an affine complete variety.

Proof. Since L is distributive, by R. Quackenbush, B. Wolk [8] the congruence
lattice of the algebra A coincides with L. Hence A has all its quotient algebras affine
complete and by Theorem 3.2 from [4] F contains a near unanimity function. Then,
in particular, the variety 7~ generated by A is CD. Moreover, since F contains all
constants, the A has no proper subalgebras and so by Jonsson’s lemma every SI of
7" is a homomorphic image of A. If A/p,, ..., A/p, are all ST homomorphic images
of some Be7" then B belongs to a CD variety generated by A/p where p =
P p.. Now A/p and all its quotients are affine complete and B contains a
canonical isomorphic copy of A/p (since A has no proper subalgebras). Hence by
Theorem 4.1 from [4] the algebra B is affine complete. This proves that the variety
" is affine complete. O

Now we prove the infinite version of Theorem 3.1. We call a pair {4, L) where
L is a lattice of equivalence relations on A residually finite if every p e L is the
intersection of equivalence relations ¢ € L of finite index. The latter means that 4 /o
is a finite set.

LEMMA 3.3. Let A be a set, L be a sublattice of Eqv A, F be the clone of all
L-compatible functions and A = <A, F). Assume that the pair {A, L) is residually
finite and satisfies (CFL). Let f, p, u€ L be such that f < p, fp =0, p is completely
meet-irreducible in L and p is its cover in L. Then, given any two-element set U
contained in one p/p-block of A/p, there exists a unary function f€ F which induces
a bijective function on U and a constant function on A/p.
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Proof. Let a,,a,e A be such that <a,,a,)€ff — p. Since fp =0, we have the
canonical subdirect embedding 4 < A4/p x A/f. Hence we may write a;= {b;, ¢,
for some b;e A/p, ce A/f, i=1,2.

Since p is completely meet-irreducible and <A, L) is residually finite, p is of
finite index. Clearly, the induced pair {4/p,L,) satisfies (CFL), hence by
Corollary 3.1 the congruence lattice of the algebra A/p is exactly L,. In partic-
ular, u/p is the monolithic congruence of A/p. Let ¢ be an idempotent unary
member of F, such that e({b,, b,})= U. Denote e(b;)=u,, i=1,2. By condi-
tion (CFL), the function e is induced by some feF. Then f(a;) =<u; d) for
some de d/p, i=1,2.

Now consider the function h=ex g on A/p x A/ where g is a constant
function: g(A4/f) = {d}. Clearly h(4) < A. We prove that the restriction of % to
A belongs to F by showing that this function (which we also denote by #)
preserves all ceL of finite index. For any such o, the equivalence relation
poelL is of finite index, too. Hence there exists a near unanimity term for
A/pc and this algebra generates a CD variety. Hence by Lemma 2.6, the equiv-
alence ¢ cannot be skew with respect to the decomposition 4 < A/p x A/p.
However, the function / obviously preserves all non-skew equivalences e L. [

THEOREM 3.2. Let A be a set and L a sublattice of Eqv A. If the pair
(A, L) is residually finite and satisfies (CFL), then the lattice L is distributive.

Proof. Let F be the clone of all L-compatible functions on 4. Thus all
p € L are congruences of the algebra A =<4, F).

We are going to prove that the lattice L satisfies condition (3) from Lemma
2.1. (It is true that every member of L is the meet of completely meet-irre-
ducible elements, due to the fact that every member is the meet of elements of
finite index.) Thus, let p, f, ye L be such that p is completely meet-irreducible
and By <p.

Let u be the cover of p in L and U= {u;,u,} be a two-element set con-
tained in one wu/p-block of A/p. Assume that f < p, i.e., there exists a pair
{aj,a,y€f —p. Then by Lemma 3.3 there exists a function feF,; which in-
duces a bijection on U and a constant map on A/f. Similarly, if y £ p, then
there exists a function geF,, which induces a bijection on U and a constant
map on A/y. By condition (CFL), the functions f and g are induced by some
functions f;, g, € F, respectively. Now the composed function f,g, still induces a
bijection on U but a constant map on A/fy. Hence f,g, induces a constant on
A/p as well, since fy <p. Since U< A/p, this is a contradiction. O
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4. Affine complete varieties

An immediate corollary of Theorem 3.2 is that every algebra all of whose
homomorphic images are residually finite and affine complete, is congruence
distributive. For varieties, this yields the main result of our paper. We summa-
rize in the next theorem three important properties of affine complete varieties,
partly known earlier.

THEOREM 4.1. Every affine complete variety is congruence distributive and
residually finite, and its subdirectly irreducible members have no proper sub-alge-
bras.

Proof. The residual finiteness of AC varieties was proved in K. Kaarli and
A. Pixley [5]. Hence it follows from Theorem 3.2 that AC varieties are CD. In
[5] it was proved that an SI member of an AC and CD variety has no subalge-
bras other than itself. Since an SI in an AC variety is finite, it generates a
locally finite AC variety which was known to be CD due to the unpublished
result of the second author. Thus it was known, and mentioned in several
papers, that the SI members of any AC variety have no proper subalgebras. [J

That an algebra A has no proper subalgebras is equivalent to the condition
that the set of unary term functions acts transitively on A4, ie., for every
a,be A there exists a unary term ¢ such that 7(a)=5b. If A is finite, this condi-
tion takes the form A F &(T) where T={t,,...,t,} is some finite set of unary
terms and @(7T) is the sentence

(Vx, i) =y v vi,(x)=yj.

Now we introduce a condition which plays a significant role in the theory
of affine complete varieties.

DEFINITION 4.1. We say that a variety ¥~ satisfies condition (S) if there
exists a finite set 7' of unary terms such that all subdirectly irreducible members
of v~ satisfy the sentence @(T).

Obviously, condition (S) implies that all SI members of the variety have at
most n elements and no proper subalgebras. In the arithmetical case, this con-
dition is sufficient for affine completeness.
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THEOREM 4.2. Every arithmetical variety with property (S) is affine com-
plete.

Proof. Assume that the unary terms ¢, ..., t, witness (S) for ¥~ (so that ¥~
is residually <n). Let f be an m-ary compatible function for the algebra A in
7. We can assume that A is subdirect in IT{A;:iel} where the A, are SI. Let
ceA and put C={t,(c), ..., t,(c)}.

Because 7~ is arithmetical and C is finite, there is an m-ary polynomial g of
A which agrees with f on C. Because of condition (S), the set C projects onto
every A,. Then, since both g and f are compatible for A, it easily follows that
glxy, ..., x,)=f(x,...,x,) for all x,...,x,€e€A. O

Now it is natural to ask whether the condition (S) is satisfied in all AC
varieties. As we shall see later, this is not the case. However, in some impor-
tant classes of AC varieties, the condition does hold.

THEOREM 4.3. Suppose that V" is an affine complete variety whose class of
subdirectly irreducible members is first order definable. Then ¥~ has property (S).

Proof. Assume that ¥ is a first order sentence in the language of ¥~ so that
an algebra in ¥~ is SI iff it satisfies ¥. Let T,, iel, be the collection of all
finite sets of unary terms in the language of ¥~ and consider the set of first
order sentences

1d(7)U{P} U{~d(T))|iel}.

This set is inconsistent. Indeed, if it were not then it would have a model A,
which would be an SI algebra in 7~ that fails to satisfy any of the sentences
@(T;). This contradicts Theorem 4.1.

Hence by the logical compactness theorem there is a finite set {i,..., I}
such that the set

A7) i, ~o(T,), ..., ~d(T, )}
is inconsistent. This means that any SI algebra A e~ satisfies at least one of
the sentences @(7;) where 1 <j<k. Obviously then, every SI in 7" satisfies the

sentence (T, w---UT,). O

COROLLARY 4.1. A discriminator variety is affine complete if and only if it
has property (S).
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Proof. Recall that discriminator varieties are those having a term #(x, y, z) so
that an algebra in 7~ is subdirectly irreducible iff it satisfies the first order sentence

Vx, y, 2 {t(x, x,z) =z&(x #y > t(x, y,z) = X)}.

Now the necessity is immediate from Theorem 4.3. Since discriminator varieties are
known to be arithmetical, the sufficiency follows from Theorem 4.2. O

THEOREM 4.4. Every affine complete variety of countable type has property
S).

Proof. Let 7~ be an AC variety of countable type and ¢,, ne w, be a list of all
the unary terms in the language of ¥". First assume, to obtain a contradiction, that
for every n there is an SI algebra A, € 7" and an element a, €A, for which the set
{to(a,), ..., t,(a,)} does not intersect any of the nontrivial equivalence classes of
the monolithic congruence y, of A,,.

We choose b, ¢, in A, so that b, # ¢, and <b,, ¢, > € u,,. Let

P=][{A, xA, :new}

and a be the element {a,, ay, a,, a,,...» of P. A general element xe P will be
denoted as {(x(0), x(1), x(2), ... > so that for example a(2n)=a(2n+ 1) =a,, for
every ne w. We take D to be the subalgebra of P generated by a, which consists of
all the elements ¥ (a) for ne w. Then we take D’ to be the set of all elements of P
which for some x € D differ only at finitely many places from x. For every n, let f,
be the identity function on A4, and take g, to be the function that differs from £,
only at ¢, and has g,(c,) =b,. Both f, and g, are compatible functions of A,. Let

F=fox g X fixg X X[, xg ",

a function mapping D’ into P. Since for every x € D’ there is an n such that for all
sufficiently large k,

x(2k) = x(2k + 1) = 1,(a;) # ¢,

it follows that F(x) eventually agrees with x and so F(x)eD'.

The function F is a compatible function of D'. Indeed, let x, ye D’ and choose
m large enough so that F(x) agrees with x and F(y) agrees with y at 2m and at all
later places. Identifying D’ with a subdirect product of Agx Ay x - X A, _, X
A, _, and a certain subalgebra D,, of A,, x A,, x - - -, we have that
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X = <X0, e ’x2m7]7u>a F(X): <X0, gO(xl)ﬂ e 9gmfl(x2m71)au>a

y= <J’0, s Vom—1s U>, F()’)= <y09g0(yl)5 e :gmfl(y2m71): U>'

This subdirect decomposition of D’ into 2m + 1 factors has no skew congru-
ences (since the variety 7~ is CD). From this, together with the fact that each
of the coordinate functions f, gy, f1,&1>--->fm—_1>8&n—1 Of F is compatible, it
should be clear that F is a compatible function of D’. However, if G(x)=
t(x,d',...,d") is any polynomial function of D’ where ¢ is a term and
{d',...,d"}y = D’, and if we choose m large enough so that for k >m we have

d'\Qk), ..., d"Qk)> =<d'Ck+1),...,d"Qk+1)>

then the coordinate functions of G(x) at the 2k and 2k + 1 coordinates will be
equal when k> m. Since F(x) does not have this property, it follows that G(x)
cannot be identical with F(x) on D’. This contradicts the fact that the algebra
D’ is affine complete.

The contradiction establishes that there exists an integer M such that
whenever a belongs to an SI algebra A in ¥~ then among ¢,(a), ..., t;,(a) there
is an element which lies in a nontrivial class of the monolith of A. All that
remains is to show that there is an integer N so that whenever a lies in a
nontrivial monolith class for an SI algebra A in ¥~ then 4 = {t,(a), ..., ty(a)}
for then the terms 7,(z;(x)) (i< N, j<M) will satisfy the requirement of the
theorem.

Assume to the contrary that for all n there is an SI algebra A, in ¥~ and
distinct elements a,, b, congruent modulo the monolith of A, and an element
c,eAd,—{t,(a,),...,t,(a,)}. We form P, D and D’ just as before. Here we
take f, and g, to be the compatible functions of A, such that f,(x)=a, is
constant and g,(x)=a, for all x except x =c¢, where g,(c,)=>,. Exactly the
same argument as before reaches precisely the same contradiction. O

COROLLARY 4.2. Every affine complete variety of countable type has a
finite residual bound.

COROLLARY 4.3. For an affine complete variety " the following are equiv-
alent:

(1) 7 is finitely generated,

(2) v is locally finite;

(3) 7 is equivalent to a variety of finite type.
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Proof. In [4] it is proved that every locally finite affine complete variety has a
near unanimity term. It is known that a clone on a finite set is finitely generated
whenever it contains a near unanimity term. This yields the implication (1) = (3).
Now, if 7" is of finite type, then by Corollary 4.2 the sizes of SI’s of ¥~ have a finite
bound. However there are only finitely many different algebras of a given finite type
on a given set. Hence there are only finitely many SI’s in ¥~ implying that ¥~ is
finitely generated. This proves the implication (3) = (1).

Obviously (1) implies (2). Since the SI's of ¥~ have no proper subalgebras, they
all are homomorphic images of F,, the free algebra of ¥~ in one generator. If 7 is
locally finite then F, is finite and again there is only finitely many different SI’s.
Hence (2) implies (1). O

In view of Theorem 4.2 we also have the following corollary.

COROLLARY 4.4. The following are equivalent for an arithmetical variety V" of
countable type:
(1) v is affine complete;
(2) v~ has property (S);
(3) 7" has a finite set T of unary terms such that V" is generated by the algebras
A e on which the set of functions t*, te T, acts transitively.

Now we prove that all AC varieties with finite residual bound have some
important categorical properties. Actually, these properties follow already from
congruence distributivity and the absence of proper subalgebras in SI’s.

Recall that an algebra E in a variety 7~ is said to be injective in " if for every
A€, every homomorphism o: A—E can be extended to every Bey  that
contains A as a subalgebra. A variety ¥~ has enough injectives iff every A€ is a
subalgebra of some injective member of 7.

LEMMA 4.1. Let v be a congruence distributive variety whose subdirectly
irreducible algebras have no proper subalgebras. Assume that A, B and S are finite
algebras in V", that A <B, that S is subdirectly irreducible, and o: A —S is any
homomorphism. Then there exists a homomorphism [: B—S that extends o.

Proof. Let B be subdirect in S, x - - - x S, where all the S, are SI. Then A is also
subdirect in S; x - - - x S,,. Since S has no proper subalgebra, « is surjective. Let p
be the kernel of o and 0, be the kernel of the projection 7; of B to S,. Note that =,
is surjective and =], is likewise surjective, because S; has no proper subalgebras.
Because of congruence distributivity and the fact that p is meet-irreducible, there is
an i with 0;|, < p. This gives a homomorphism y: S,— S for which yx;(a) = «(a) for
all ae A. Thus yz;: B—S extends o. O
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THEOREM 4.5. Suppose that " is a congruence distributive variety with a
finite residual bound, and no subdirectly irreducible algebra in V" possesses a
proper subalgebra. Then V" has enough injectives; hence " has the congruence
extension property and the amalgamation property.

Proof. Tt is known that the congruence extension property and the amalga-
mation property are true in any variety with enough injectives (see [6]). Obvi-
ously, every algebra in 7~ can be embedded in a product of SI’s in ¥~, and it is
well-known (and easily verified) that the class of injective algebras in 7~ is closed
under direct products. Hence all parts of this theorem will follow if we can
prove that every SI algebra in 7" is injective in 7.

To prove this, let A<Be7 and let «: A—S where S is an SI algebra in 7.
We can assume that B is subdirect in IT,_; B, where each B, is SI. Then A is also
subdirect in II;_, B, We denote by p the kernel of o« and remark that o is
surjective, so that p is a completely meet-irreducible congruence of A.

By Lemma 2.4, we can choose an ultrafilter % on I such that 0,[, < p. Let
n:B-1Il,_, B;/0, be the natural map, whose kernel is 0,|s. Since 0,|,<p,
there is a homomorphism y: A; - S, where A; = 7(A), such that yn(a) = «(a) for
all ae 4. Now the algebra B, == (B) <TIl,., B,/0,, is finite, since the B; are of
bounded finite size. By Lemma 4.1, there is a homomorphism J: B; - S such
that 6(n(a)) = y(n(a)) = a(a) for all ae A. Thus Jn|s extends « to B, as de-
sired. O

We present now a characterization of affine complete varieties of countable
type. The result is not entirely satisfactory and we hope that it can be improved.

DEFINITION 4.2. A variety ¥~ will be said to have the polynomial restric-
tion property provided that whenever A <Be 7", fis a polynomial operation of B,
and A is closed under f, then f|, is a polynomial operation of A. If A is any
algebra, X< A" and f: X— A4 then f is said to be compatible for A if it respects
congruences of A restricted to X.

THEOREM 4.6. Let v~ be a variety of countable type. Then V" is affine
complete iff V" is a congruence distributive, has the polynomial restriction property,
and has condition (S) relative to some terms t,,...,t, such that the following is
true: whenever A€V, ae A, X={t,(a),...,t,(a)}" for some m<w, and f. X —
A is compatible for A, then there exists an algebra Be?” with A<B and a
polynomial g of B such that g(x)=f(x) for all xe X.
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Proof. Suppose first that 7~ is affine complete. By Theorems 4.1, 4.4 and 4.5,
¥" 1s congruence distributive, has (S), and has the congruence extension prop-
erty. That ¥~ has the polynomial restriction property is then easy to show: If
A <Be7 and fis a polynomial of B under which A4 is closed, we have that f],
is compatible for A since all congruences of A are restrictions of congruences of
B. Thus f|, is a polynomial of A.

Let #,(x),...,,(x) be terms witnessing that ¥~ has (S). Suppose that Ae ¥,
acAdA, X< A™ and f: X—> A are as in the statement of this theorem. We can
assume that A is subdirect in B=1I,_, B,, each B, a SI algebra in #". Since f is
compatible for A and {z,(a),...,t,(a)} projects onto each B,, there are m-ary,
fully-defined, operations g, on B,, compatible for B, such that where g=11, g,, g
agrees with f on X. If x is any congruence of B such that B/u is SI, and 6, is
an ultrafilter congruence on B with 0, < u, then g respects 0, (since it is defined
coordinatewise) and every member of B is 6,-equivalent to some member of
{t,(a), ..., t,(a)}. Moreover, g]X respects 6,|, and ,u]A. Putting these facts to-
gether gives the proof that g respects x. Then g must respect all congruences of
B. The compatible operation g is thus a polynomial. That completes our proof
of the necessity of the given conditions in order that ¥~ be affine complete.

To begin the proof of sufficiency, assume that the conditions hold. Let Ae ¥~
and let f be any m-ary operation over A4, compatible for A. Let ae A4 and
X< A™ be defined as above. Then we have an algebra Be7”’, A<B, and a
polynomial g of B such that g agrees with f on X. Obviously, we can assume
that B=1II,., B, as above with all B, SI. Now A4, even {#(a),...,t,(a)},
projects onto every B,, and so f is the restriction to 4 of a product II, f, where
each f, is a compatible m-ary operation of B,. Likewise, g =1I,g,. We have
fi=g, for all ¢ as determined by the fact that f and g agree on X. Thus f=g|,.
Now the polynomial restriction property supplies the desired conclusion, that f is
a polynomial of A. O

PROBLEM 1. Find a good internal characterization of affine complete vari-
eties.
5. Two counter-examples

We present here two examples showing that Theorem 4.4 and Corollary 4.2
cannot be extended to varieties of arbitrary type.

EXAMPLE 1. There exists an arithmetical, affine complete variety of un-
countable type which is residually <4 and fails to satisfy (S).



Vol. 38, 1997 Affine complete varieties are congruence distributive 347

As is well-known, there is an uncountable family % of infinite subsets of w
with the property that every two members of % have finite intersection. For
example we may construct such family as follows. For every real number r pick a
rational sequence <a; |iew) converging to r and put S,={{ay,...,q;} |iew}.
Then the set of all S, forms an uncountable family of subsets in the countable set
of all finite rational sequences and two distinct such sets can have only finitely
many members in common. We can assume that % is maximal, that is that every
infinite subset of @ has infinite intersection with some member of . Also, if
U,, ..., U, are finitely many members of &% then w — (U,u---uU,) is infinite,
because it contains all but finitely many of the elements in any set Ue % different
from U,, ..., U,.

We construct a certain variety which will be generated by SI algebras S,
newu{—1}. Operations of 7":

ternary operations p(x, y, z), t,(x, y, z) forn<w

constants: 0, 1, ¢,, d,, ey forn<w and Ue¥.

The universe of S_; is S_,={0,1} and its operation p(x, y,z} is the ternary
discriminator, i.e., p(x, y, z) is z if x =y and x if x #y. We put ¢,(x, y, z) = x and
¢,=d,=ey;=1inS_, and 0 and 1 are interpreted as themselves. The universe of
S,,n>0,is S, =S5,=1{0, 1} x {0, 1}. The reduct of S, to the language {p, 0, 1} is
the algebra S_; x S_,. For k <n we define 7, (x,y,z)=x and ¢, =d, =<1, 1) in
S, and for k>n we put ¢, equal to the discriminator operation on S, and put
¢, =<0,1> and d,=<1,0). For Ue ¥ we give the constant ¢, in S, the value
ey=<1,1>if n¢ U and e, =<0, 1) if ne U. This defines S,,.

Note that all the algebras S,, ne wu {—1}, are simple (actually quasiprimal)
and have no proper subalgebras.

Let v =Var{S,:newu{—1}}. Since p(x,y,y)=px,p,x)=p0O, ¥, X)=Xx
holds identically in all generating algebras of ¥, this variety is arithmetical. Notice
that 7~ does not satisfy (S): Let & be any finite subset of the operation symbols of
¥". Then choose ne w to be larger than all k such that ¢, or d, or ¢, occurs in F#
and to lie outside of every set Ue ¥ such that e, belongs to #. The algebra S,, |,
or S, reduced to &, is then term-equivalent to S_; x S_, and has no unary term
t satisfying #(<1, 1)) =<0, 1).

Our first task is to find all the SI algebras in #". Let S be any SI in #". Since
¥ 1s CD, we can write S as isomorphic to D/ where D <E =11,_, B;/0,,, each B,
is one of our generating SI’s, and % is an ultrafilter on I. For newu{—1} let I,
be the set of all ie I such that B,=S,,. If the ultrafilter % contains none of the sets
I, then E is isomorphic to an algebra which, except for the interpretations of the
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constants e, (which may be rather wild), is S_;xS_,. The class HS(E),
which includes S, has up to isomorphism at most two SI members, each of
which is isomorphic to an algebra which is S_; except for the interpretations
of the constants e,. On the other hand, if 7,e%, then E, D, S are all isomor-
phic to S,. Let 7", denote the class of all algebras in ¥~ whose reduct to the
language

{prtuft, newyuic, d, necw}

is equal to the reduct of S_,. This is a set of SI algebras containing at most
exp(exp(2)) (or “two raised to the power 2”’) algebras. Up to isomorphism, the SI
algebras in 7~ are the S,, n >0, and the members of 7"_,.

We have shown that our variety is arithmetical and residually <4, and every SI
algebra in 7 has no proper subalgebras. We now show that 7" is affine complete.
Let f be a compatible unary function on the algebra A € ¥". (The proof now to be
given can be easily extended to show that compatible n-ary operations are polyno-
mial.) We assume that A is subdirect in I1,_, B; where every B, belongs to ¥, or
is equal to some S, n € w. Again, let I, be the set of ie I where B,=S,,, and let /_,
be the set of i where B, 7"_,. Let f; denote the compatible function which f induces
on B; through the i-th coordinate projection.

First, suppose that there are infinitely many »n € w for which some f;, i€ [, is not
compatible for the algebra <{B,, p), i.e., does not preserve both kernels of the
projections of B; =S, onto S_,. Then, because of the maximality of .%, the set of
those #» must have an infinite intersection with some Ue.%. That is, there exists a
set Ue ¥ and an infinite subset V< U and for every ne V an i, € I, such that f; fails
to be compatible for {S,, p>. Consider the elements 0, 1, ¢, and k, = p(0, e, 1) in
A. At every i,, ne V, these project to the four elements <0, 03, <1, 1), <0, 1>, {1, 0>
of B, . Since f is compatible and 7~ is arithmetical, there is a polynomial g(x) =
t(x,a) of A, t a term, such that g agrees with f on the set {0, 1, ¢,, k,} = A. Pick
ne V larger than all the k such that ¢, occurs in ¢. Then there is a term ¢’ involving
only p and constants such that at i =1i,, " and g induce the same function. But this
implies that f'and ¢’ induce the same function at #,, contrary to the assumption that
Jf;, cannot be compatible for {S,, p>.

Thus we can assume that there is m € w such that where

I'=I1Lu---ul, and

"
I 2171U1m+1UIm+2U. T

we have that for all ieI”, f; is compatible for the algebra <B;, p>.
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Put

q"(x) =p(p(0, x, 1(0)), p(0, x, f(1)), £(1)),

so that we have ¢”(0)=/(0) and ¢"(1) =f(1). Since both f(x) and ¢”(x) induce
functions on every B,, iel”, that are products of functions on S_; at the two
coordinates, and since 0 and 1 project onto S_; through all these combined
projections, it follows that for all xe 4, ¢"(x)|; = f(x)|,.

Let ¢'(x) be a polynomial of A which agrees with f(x) on {0, 1, ¢,,, d,, }. Note
that 0, 1, ¢,, and d, project onto B, for all iel’. This implies, of course, that
q'(x)|, =f(x)|, for all xe A. We claim that where

q(x) = pp(c,, dy, 4" (X)), p(Cs dys ¢'(x)), ¢'(x)),

we have ¢g(x) = f(x) for all xe A. Notice that when ye 4, p(c,,, d,,, y) agrees with
¢,, at all iel’ and with y at all ieI”. Then the claim readily follows. O

EXAMPLE 2. There exists an arithmetical, affine complete variety which has
no finite residual bound.

This example is a modification of the previous one. Put S_; = {0, 1} and for
n<owput S,={0,1}"*2 We take P to be the set II,.,, S,. For the operations of
7" we take:

ternary operations p(x, y, z), t,(x, y, z) forn<w

constants: 0, 1, ¢, for ye P.

The operation p(x, y, z) is interpreted as the discriminator in S_; and is interpreted
in S, as the operation such that {S,, p> = <{0, 1}, p>"*2. The operation ¢,(x, y, z)
is interpreted as x in S_; and in S, for all kK > n and interpreted as the discriminator
on the universe in each S, with k <n. The constants 0 and 1 are interpreted as
themselves in S_, and as the tuples <0,0,...,0> and <1,1,...,1) in S,. Each
constant c,, y € P, is interpreted the same as 1 in S_, and in each S, gets the value
y(n).

We define v =Var{S,:ke{—1,0,1,2,...}}. The same proof used in the
previous example shows that every SI algebra in 7" is isomorphic either to some S,,,
n <o, or is isomorphic to an algebra whose universe and operations p, ¢,, 0, 1
(n < w) are the same as those of S_,. The collection of all two-element SI algebras
in 7~ sharing those components with S_, is denoted by 7" ,.
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The proof that 7" is affine complete is almost the same as in the last
example. Let / be a compatible unary function on the algebra Ae¥". We assume
that A is subdirect in IT,_, B, where every B, belongs to ¥, or is equal to some
S,. We use 1, to denote the set of iel where B,=S,, and I_, is I—|J,~,1,.
Let f; denote the compatible function which f induces on B, through the i-th
coordinate projection.

The proof now is essentially different from that in the last example only in
the argument that there cannot exist infinitely many new for which some f,
iel,, is not compatible for the algebra {B,, p>. Suppose that this fails. Choose
an infinite set V'S w and for every neV we choose i,el, and a(n), b(n)eB,
(=S,) so that f; (a(n)) and f; (b(n)) fail to agree at some one among their n + 2
coordinates where a(n) and b(n) agree. Choose y,ze P so that for every neV,
y(n)=a(n) and z(n) = b(n). Since f is compatible and 7" is arithmetical, there is
a polynomial g(x)=1t(x,¢) of A, ¢t a term, such that g(c,)=f(c,) and g(c.) =
f(c.). Pick ne V larger than all the k£ such that ¢, occurs in ¢z and let ¢’ be the
term involving only p and constants such that the polynomials g(x) and ¢'(x, ¢)
induce the same function at i=i,. This implies that f; (a(n)) =t'(a(n), ¢(i,)) and
fi, (b(n)) = t'(b(n), ¢(i,)). Of course, this is impossible because in the algebra B,
the polynomial #'(x, ¢(i,)) is a product of functions acting coordinatewise in the
n + 2 different coordinates.

The remainder of the proof that f is a polynomial on A can be found by
examining the proof in the prior example and making a small modification.  [J

6. Almost congruence distributive varieties

DEFINITION 6.1. A variety is said to be finitely congruence distributive
(FCD) if all its finite members are CD. A variety will be called almost congru-
ence distributive (ACD) if it is residually finite and finitely congruence distribu-
tive, but the variety itself is not CD.

Note that actually every finite member of an ACD variety generates a CD
subvariety. Indeed, this subvariety must be locally finite, hence its free algebra
on three generators is finite.

It is not known whether there exists any ACD variety. This section reports
the few results we obtained while attempting to prove or disprove the existence
of ACD varieties. Our first observation is that every ACD variety contains a
minimal ACD subvariety. In fact this is a special case of the following general
fact.
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LEMMA 6.1. Every non-CD variety contains a minimal non-CD subvariety.

Proof. Take a non-CD variety ¥". Consider the partially ordered set of non-CD
subvarieties of . We want to use Zorn’s lemma; hence we need to show that the
intersection of every chain of this ordered set is non-CD as well.

Let <#";|iel) be a chain of non-CD subvarieties of 7~ and let %" be the
intersection of all the varieties %, i€l

Suppose on the contrary that %" is CD. Then there exists a sequence of Jonsson
terms ¢, t,,...,t, for # and corresponding Jonsson sentence ¢ such that #  F e.
(Definition 2.1.) Hence then Id(#")u {—¢} is inconsistent. So, by the first order
compactness theorem of logic, some finite subset {c,, ..., g,,, "¢} is inconsistent as
well. But, by construction {o,,...,q,,} €Id(#;) for some iel and #;F¢ a
contradiction. Hence, #~ is not CD. O

LEMMA 6.2. An almost congruence distributive variety cannot be a join of
two congruence distributive subvarieties.

Proof. Let an ACD variety 7~ be the join of CD subvarieties ¥, and 75. First
assume that whenever A is a subdirect product of two algebras Be ¥ and Ce 75
then A has no skew congruences with respect to this decomposition. Under this
assumption, it follows that every algebra in ¥~ has a representation as a subdirect
product of an algebra in ¥ and an algebra in ¥5. Now let A€ ¥ and suppose that
A is a subdirect product in B x C where B and C are arbitrary algebras from 7.
Let p be any congruence of A. Each of B and C has a subdirect representation,
B <B, xB,, C<C, x C, where B;, C;e 7}, i=1, 2. Then obviously A is subdirect
in A; x A, where A, is the projection of A in B;x C;, i=1,2. Hence, by our
assumption, p = (p, x p,)|, for appropriate congruences p;e Con A;, i = 1, 2. How-
ever, A, are members of CD varieties. Hence p,=(o; x 1,)| 4, for appropriate
congruences g,€ Con B;, 7,6 Con C,, i =1, 2. Now it is easy to see that

p=((o, x 0'2)|B x (7; X T2)|c)|/1~

So we have seen that ¥~ has no skew congruences and thus must be CD
provided that subdirect products of an algebra from 7, with an algebra from
v, always have no skew congruences.

So now suppose that A is a subdirect product of two algebras Be 77 and C e 75.
We note that it follows from Corollary 2.2 that if either ¥ or 7, is finitely
generated then no completely meet-irreducible congruence of A is skew with respect
to this decomposition, and hence no congruence of A is skew with respect to the
decomposition. Thus if #] or 75 is finitely generated, then ¥~ must be CD. Finally,
assume that p is a completely meet-irreducible congruence of A. Then Var(A/p) is
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finitely generated; so it follows by what we just proved that Var(A/p)v Var(B) is
CD. But then it also follows from Corollary 2.2 that A has no skew congruences for
this decomposition. O

LEMMA 6.3. Let V" be a variety, N be a natural number, and let ¥ _ y denote the
class of all algebras in ¥~ whose cardinality does not exceed N. Suppose that every
member of ¥ _ y generates a congruence distributive variety. Then ¥ _  is contained in
the union of finitely many congruence distributive subvarieties V4, ..., ", of V.

Proof. Let {j; | iel} be all of the Jonsson sentences in the language of 7. Then
the set of first order sentences

) ol [ielb u{3x, - xy ¥y (=, v- vy =2xy)} ()

is inconsistent. Indeed, if it were not then there should exist Ae ¥ _, with all
Jonsson sentences failing in it. Hence the set (2) must contain a finite inconsistent

subset S. This means exactly that there are finitely many sentences j;, . .., /j;, such
that every member of ¥ _, satisfies one of them. Hence ¥_, is contained in the
union of the varieties 7 = Mod(Id(¥")u {j; }), 0 <k <n. O

COROLLARY 6.1. An ACD variety cannot have a finite residual bound.

Proof. This is a consequence of the last two lemmas. O

DEFINITION 6.2. Let L' < L where L is the set of operation symbols of a
variety 7". Then 77|, denotes the variety generated by all the reducts of algebras
in ¥~ obtained by removing the operations denoted by symbols in L — L’. Tt is

the variety of type L’ axiomatized by all the equations constructed from L’ that
hold in 7.

THEOREM 6.1. Every ACD variety ¥ has a reduct V|L/ which is an ACD
variety of countable type.

Let v~ be an ACD variety. By Lemma 6.2 and Lemma 6.3, there are Jonsson
sentences js, js, - - - »j,» - - . such that where 7, =7 nMod(},), we have ¥ _,< 7,
and 7, is CD. For each n, there is a finite conjunction ¢, of equations valid in 7~
such that every model of ¢, which has at most n elements satisfies j,. Let L, be the
set of all the operation symbols of ¥~ that occur in any of the sentences ¢, or j,,
2 <n<w. Then L, is a countable set of operation symbols.

Now if L’ is any countable subset of the operation symbols of 7, then there is

another countable subset L” =2 L’ such that every universal sentence defined in L’
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and valid in 7~ is implied by some finite subset of the valid equations of 77,..
Thus there must exist a sequence of countable sets of operation symbols, L, <
Lic---<L,=--- such that L, is the set constructed above and for every n,
every universal sentence defined in L, and valid in ¥~ is implied by some finite
subset of the valid equations of 77|, . Setting L'={),L,, and #" =7"|,., we
have that the valid universal sentences of the variety ¥~ are precisely the valid
universal sentences of ¥~ in which only operation symbols from L’ occur.

An equivalent condition to this last is that #" is equal to the class of
subalgebras of reducts to L’ of algebras in ¥". This implies that every SI algebra
in # is a subalgebra of a reduct to L’ of some SI algebra in ¥". Indeed, let
Ae# be SI and let A<A’ and A’ be a reduct of Be7" and let B be a
subdirect product in IT,_, B, where every algebra B, is SI. The projection homo-
morphisms B— B, map A homomorphically to subalgebras of the L’-reducts of
the algebras B,. One of these maps must be injective, due to the subdirect
irreducibility of A.

What was proved above implies that #" is residually finite, just as ¥~ is.
Obviously, no Jénsson sentence j can be valid in %7, since as a conjunction of
finitely many equations built from L’, it would have to be valid in ¥~ as well.
Thus # is not CD. Since #~ counts ¢,, (a conjunction of equations) among its
valid sentences, then all members of #_,, satisfy j,,. So #" is FCD and, finally,
ACD. O

THEOREM 6.2. Suppose that there exists an ACD variety. Then there exists
an ACD variety W~ with the following properties:
(1) 7 is of countable type;
(2) every proper subvariety of W is CD;
(3) #° has CD subvarieties W, = W5<- - <SW, < such that W_,<=W,; every
proper subvariety of W is contained in some W, ; and W, is defined for some
Jonsson sentence j, as all the algebras in W~ which satisfy j,.

Proof. By Lemma 6.1 and Theorem 6.1, there is an ACD variety #~ which is
of countable type and minimal. Property (3) is a consequence of (1) and (2).
Indeed, let {j,:n<w} be a list of all the Jonsson sentences in the language of
#". For any Jonsson sentence j, put #'(j) =% nMod(j). By Lemmas 6.2 and
6.3, we can find inductively, for each n a k, such that

W oW Gy W (G)yo W () oW (i, ) €W (i,)-

The varieties #,, = #(ji,) fulfill (3). O
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PROBLEM 2. Does there exist any ACD variety?
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