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Not all nilpotent monoids are finitely related

Markus Steindl

Abstract. A finite semigroup is finitely related (has finite degree) if its
term functions are determined by a finite set of finitary relations. For
example, it is known that all nilpotent semigroups are finitely related.
A nilpotent monoid is a nilpotent semigroup with adjoined identity. We
show that every 4-nilpotent monoid is finitely related. We also give an
example of a 5-nilpotent monoid that is not finitely related. To our knowl-
edge, this is the first example of a finitely related semigroup where ad-
joining an identity yields a semigroup which is not finitely related. We
also provide examples of finitely related semigroups which have subsemi-
groups, homomorphic images, and in particular Rees quotients, that are
not finitely related.

Mathematics Subject Classification. 20M07, 08A40, 20MO05.

Keywords. Semigroup, Term functions, Clone, Finitely related, Finite de-
gree, Nilpotent.

1. Introduction

The study of finitely related algebraic structures is an area of crucial interest
in the field of universal algebra. Historically, finite relatedness has its roots
in the general theory of clones [17]. However, its significance became more
apparent in the study of the computational complexity of the constraint sat-
isfaction problem (CSP). In particular, the so-called algebraic approach [6]
associates with each finite relational constraint language a universal algebra,
and (up to term equivalence), the finitely related algebras are precisely the
class of algebras that arise in this way. The classification of finitely related
algebras generating congruence distributive varieties [3] and eventually, con-
gruence modular varieties [4], were landmark contributions in this regard. For
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semigroups, extensive characterizations of finite relatedness were presented in
[8,13,9]. We build upon these foundational contributions in the present paper.
A clone C' on aset A is a subset of {f: A" — A | n € N} which contains
all projections e}': (x1,...,x,) — x; for 1 <7 <n, and which is closed under
composition, i.e., for n-ary f € C' and k-ary g1,...,9, € C, the composition

flgr, - gn): A¥ = A, 2 f(g1(2),..., gn(2))

is also in C. For a set A and k € N, a subset R C A¥ is a k-ary relation on A.
We say f: A™ — A preserves R if f(r1,...,m,) € R whenever ry,...,7, €
R, where f is applied componentwise. A clone C' is finitely related if there
are finitely many relations Ry,..., R,, on A such that the elements of C' are
precisely the functions that preserve Ry, ..., R,,. Note that every clone on a
finite set A can be described by a (possibly infinite) set of finitary relations by
a standard result from clone theory. An algebraic structure (or just algebra)
A = (A F) is a nonempty set A together with a set F' of finitary functions
on A. For algebras and terms in general see [7]. In the case of semigroups, a
term t(x1,...,x,)is a word in the alphabet z1, ..., z,. For a fixed algebra A, a
term t(z1,...,2,) induces an n-ary term function t*: A™ — A by evaluation.
The set of all finitary term functions on A forms the clone of term functions of
A and is denoted by Clo A. An algebra A is finitely related if Clo A is finitely
related.

In [2], Aichinger showed that every finite algebra with few subpowers
is finitely related. An algebra A is said to have few subpowers if there is
a polynomial p such that A™ has at most 2P(™) subalgebras. This includes
all finite Mal’cev algebras such as finite groups and rings. Conversely, Barto
proved Valeriote’s conjecture [4]: Every finite, finitely related algebra which
generates a congruence modular variety has few subpowers. In [14] Moore
showed that the question whether a given finite algebra is finitely related is
undecidable. As a result, characterizations based on finite relatedness gain
greater significance. For further developments on finitely related algebras see
also [1,12,3,10,5,16].

The characterization of finitely related semigroups began in [8]. Davey et
al. showed that nilpotent semigroups and commutative semigroups are finitely
related. They also provided examples of finitely related algebras which have
homomorphic images, subalgebras, and direct products, respectively, that are
not finitely related. Mayr [13] proved that all Clifford semigroups, regular
bands (a variety of idempotent semigroups), 3-nilpotent monoids, and semi-
groups with a single idempotent element are finitely related. He also gave the
first known example of a semigroup that is not finitely related, the 6-element
Brandt monoid. In [9] Dolinka showed that all finite bands are finitely related.

In this paper, we address the following questions.

e Up to what n € N are all n-nilpotent monoids finitely related?

e Are all subsemigroups, homomorphic images, and direct products of a
finitely related semigroup also finitely related?

e If we adjoin an identity to a finitely related semigroup, is the resulting
monoid finitely related?
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2. Results

For aset A, n € N, and f: A" — A, we define new functions by identifying
arguments. For i,7 € {1,...,n} with i < j let

fije A" —= A, (x1,...,@0) — f(T1, 00, T, T, Tig 1, - - -5 T ).
The function f;; is called an identification minor of f. For an algebraic struc-
ture A we say f: A" — A has IMT if every identification minor f;; is a term
function of A.

The following lemma reduces the question whether a finite semigroup
is finitely related to a syntactic condition. Instead of explicitly listing the
relations describing the clone of term functions, it suffices to show that all
functions with IMT above a certain arity are term functions.

Lemma 2.1 [11,15]. For a finite algebra A the following are equivalent:
(1) A is finitely related.
(2) Ik eNVn > k: every f: A™ — A with IMT is a term function of A.

In [15] Rosenberg and Szendrei define the degree of A to be the least k
that satisfies condition (2) of Lemma 2.1. The degree is finite if and only if A
is finitely related.

For d € N a semigroup S is d-nilpotent if

T1xg=y1---yqg forallzy,....xq,y1,...,Yyq €S.

S is nilpotent if it is d-nilpotent for some d € N. Every nilpotent semigroup
has a unique zero element, denoted by 0. Every finite nilpotent semigroup S
is |:S|-nilpotent by [8, Theorem 3.3]. The following is a consequence of a result
by Willard [19, Lemma 1.2].

Theorem 2.2 [8, Theorem 3.4]. Every finite nilpotent semigroup S is finitely
related with degree at most |S| + 1.

A d-nilpotent monoid is a d-nilpotent semigroup with adjoined identity.
Mayr showed in [13] that every finite 3-nilpotent monoid S is finitely related
with degree at most max(|S| + 1,4). We strengthen his result as follows.

Theorem 2.3. Every finite 4-nilpotent monoid S is finitely related with degree
at most |S| + 1.

A subsemigroup I is an ideal of S if for all i € I and s € S, both si € T
and is € I. Every ideal I of S induces a congruence 6 = (I x I)U{(s,s) | s € S}
which identifies the elements in I. We refer to the quotient S / 6 as the Rees
quotient of S by I.

For a nonempty set A, the notation A™ denotes the free semigroup on A.
For d € N, we define the free d-nilpotent semigroup on A, denoted by FNy A,
as the Rees quotient of A1 with respect to the ideal

I ={ue€ A" | the length of uis at least d}.

If we adjoin an identity to a free nilpotent semigroup, then the resulting monoid
is also finitely related:
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Theorem 2.4. For a nonempty finite set A and d € N, S := (FNgA)! is
finitely related with degree at most |S|+ 1.

The following nilpotent monoid is not finitely related.

Theorem 2.5. Let S := (FNjs{a,b} / 0)', where 0 is the congruence whose
equivalence classes are {(ab)?, (ba)?}, {a?b?,b%a*}, and the rest singletons.
Then S is not finitely related.

We can now answer the questions from the introduction. The 5-nilpotent
semigroup FN5{a,b} / 0 is finitely related. Adjoining an identity yields a
5-nilpotent monoid that is not finitely related. In addition, (FN5{a,b})! is
finitely related by Theorem 2.4. Its homomorphic image (FNs{a,b} / 0)' is
not finitely related. To the best of our knowledge, these are the first examples
of such semigroups.

For a signature F and terms s(xi,...,z,) and t(x1,...,2,) over F an
identity is an expression of the form s ~ t. An algebra A over F satisfies the
identity s ~ t if s%(a1,...,a,) = t*(a1,...,a,) for all a,...,a, € A. A class

V of algebras over a signature F is called a variety if there is a set X of identities
over F such that V' contains precisely the algebras that satisfy all identities in
3. By Birkhoff’s HSP theorem a class of algebras is a variety if and only if it
is closed under homomorphic images, subalgebras, and direct products. For a
variety V', Va, denotes the class that contains all finite members of V.

Theorem 2.6. For a variety V' of semigroups, the following are equivalent:

(1) VS, T € Vin: if S x T is finitely related (f.r.), then S is f.r.

(2) VS € Van: if S is f.r., then every homomorphic image of S is f.r.
(3) VS € Van: if S is f.r., then every subsemigroup of S is f.r.

(4) VS € Vay: if S is f.r., then every Rees quotient of S is f.r.

The varieties V' that satisfy the conditions in Theorem 2.6 include those of
commutative semigroups, bands, and d-nilpotent semigroups for a given d €
N. Conversely, the variety generated by (FNs{a,b})! does not meet these
conditions by Theorem 2.5. As a consequence of Theorem 2.6, there exist
finitely related semigroups with subsemigroups and Rees quotients that are
not finitely related. See Lemma 3.14 for an example.

3. Proofs

Theorem 3.1 [8, Theorem 3.6]. Every finite commutative monoid S is finitely
related with degree at most max(]S|,3).

Note that the original result in [8] only claims that the degree is at most
max(|S],4), but the proof actually yields the slightly stronger version given
above.

A function f: A™ — A depends on its i-th arqgument if there are a,b € A™
such that a; = b; for all j # i and f(a) # f(b). For n € N we write [n] instead
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of {1,...,n}. Now let m <nin N and i; < -+ <ip,, in [n]. Let y1,...,ym be
elements of a monoid S. For a tuple z € S™ with

o UK if j = iy for some k € [m)],
/ 1 otherwise,

we also write

T = (ivylaiay%‘ . ',17yma 1)
i1

2 Tm
The arity of « will be clear from the context. For a term ¢(x1,...,x,),
t(iayla i7y27 CIEI) i7yma i)
71 12 Tm

denotes the term obtained when x;, is replaced by yj for k € [m] and the
remaining x; are removed.

Lemma 3.2 [13, Lemma 2.6]. Let A be a finite set, n > |A|+ 1, and f: A" —
A. If f depends on its ith argument for some i € [n], then there exist £ < m
in [n]\{i} such that fe,, depends on its ith argument.

Note that the bound |A|+1 cannot be reduced to |A| in Lemma 3.2. Here
is a simple counter example. Let A ={0,1}, n =3, and f: A™ — A such that
fi2 = fi3 = 3 and fo3 = x1. Verify that f exists by creating the value table.
Then f depends on zg since f(0,0,1) =1 # 0 = f(0,1,1). However, none of
the identification minors depends on .

Lemma 3.3. Let S be a finite monoid. Let n > |S|+1 and let f: S™ — S have
IMT and depend on its ith argument. Then there exists e; € N such that

z$tinduces f(1,x;,1).
i
We refer to the minimal such e; as the variable exponent of z; in f.

Proof. For S of size 1, the lemma holds trivially. Assume |S| > 2. By Lemma
3.2, there exist k < £ in [n]\{i} such that fx, depends on x;. Let ¢ be a term
that induces fis. Since tS depends on its ith argument, x; occurs e; € N times
in t(x1,...,2,). We obtain

f(i,l‘“i> = fk@(iwflfthi) = ts(iw/I’th i) = xfia
3 K3 1
which proves the Lemma. ]

Lemma 3.4. Let S be a finite nilpotent monoid and ¢ € N minimal such that
S\{1} satisfies ¢ ~ 0. Let n > |S|+ 1 and let f: S™ — S have IMT and
depend on all variables. Let eq,...,e, be the variable exponents of f. Then
each term t inducing an identification minor fi; has the following properties:

(1) z; does not occur in t,

(2) for k € [n)\{i,7}, xx occurs e times if e < ¢, and at least ¢ times
otherwise,

(3) xz; occurs e; + e; times if e; +e; < ¢, and at least ¢ times otherwise.
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Proof. Let f;; be an identification minor with ¢ < j in [n] induced by some
term t. Since every nilpotent monoid has at least two elements by definition,
we have n > |S| +2 > 4.

(1) Suppose z; occurs in ¢t. Then we obtain the contradiction
1= f(1,...,1) = £;;(1,0,1) = t5(1,0,1) = 0.
(2) Let k € [n)\{4,7}. Then
t(1, z, 1) induces f(1, 2, 1).
k k

Note that z,z2,...,2°"! are pairwise inequivalent terms in S, while
x¢, 2t .. are all equivalent. Thus, if e, < ¢, then x; occurs precisely
ex times in t. If e > ¢, then z occurs at least ¢ times in ¢.

(3) Let k < £in [n]\{7,7} and s be a term that induces fg,. Then
t(1,2;,1)and s(1, 2,1, 2;,1) both induce f(1,z;,1,z;,1).
J i J i J
Ife;+e; < ¢, then by (2) x; and z; occur e; and e; times in s, respectively.
Thus x; occurs e; + e; times in ¢. If e; + e; > ¢, then z; and x; occur at least
min(e;, ¢) and min(e;, c) times in s, respectively, again by (2) Thus x; occurs
at least ¢ times in t. O

Lemma 3.5. Let A be a finite algebra, n > 2, and let f: A™ — A have IMT.
If f does not depend on one of its variables, then f is a term function.

Proof. W.l.o.g. we can assume that f does not depend on z;. Then f = fio,
which is a term function. O

Lemma 3.6. Let d > 2, let A be a finite set with |A| > 2, and let S :=
(FNgy A)!. Let t(z1,...,2,) be a term with e; occurrences of x; fori € [n].
(1) If ey + --- + e, < d, then t is the unique term inducing t5.
(2) If n =2 and e; + e > d, then each permutation of t induces tS.

Proof. (1) Assume e; + -+ e, < d and let s be another term that induces
tS. Our aim is to show that ¢ = s. If t # s, then there exist terms u, v, w
and distinct indices 7, j € [n] such that

t=u(xy,...,xn) 2, 0(T1,...,Tpn)
s=u(x1,...,Tn) T w(T1,. .., Ty).

W.lo.g. assume i < j. Pick a # b from A. Then

S0 10T =08 (Lo, b ar(La 1b1)
7 J i J
#uS(1,a,1 bi)bws( a,1,b,1)
[ J i J
=55(1,a,1,b,1)
i

by the definition of (FIN4 A)' and since the left hand side of the inequality
is # 0. This contradicts the fact that s induces tS. Thus t = s.
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(2) Assume n =2 and e; + ey > d. Let s be a permutation of ¢t and u,v € S.
If both u and v are distinct from 1, then t5(u,v) = 0 = s5(u,v) by d-
nilpotence. If u = 1, then 5 (u, v) = v°2 = s5(u,v). If v = 1, the equation
follows similarly. O

Lemma 3.7. Let (V, E) be a finite, cycle-free digraph. Then there exists a linear
order on V that includes E.

Proof. First observe that the reflexive transitive closure S of E is a partial
order. By the Szpilrajn extension theorem [18], there exists a linear order that
includes S. O

Proof of Theorem 2.4. First assume d < 2 or |A| = 1. Then S is commutative.
By Theorem 3.1 S is finitely related with degree at most max(|.S|, 3). If |S| = 1,
then S is finitely related with degree 1. Thus the degree is at most |S| + 1.

Now assume d > 3 and |A| > 2. Let n > |S| 4+ 1 and let f: S™ — S have
IMT. Note that |S| > d + 1 and thus n > 6. By Lemma 3.5 we can assume
that f depends on all variables. Let eq,..., e, be the variable exponents of f
defined in Lemma 3.3. We will construct a term s(zy,...,2,) that induces f
with e; occurrences of x; for i € [n]. We enumerate the occurrences of z; by a
second index « € [e;]. To this end, let

X :=A{xio | i € [n], o € [&]}.

Let ¢ < j in [n] with e; + e; < d. By IMT and Lemma 3.6

there is a unique term h;; that induces f(1,z;, 1, 25, 1). (3.1)

? J
By Lemma 3.4 h;; has e; occurrences of x; and e; occurrences of z;. We define
a strict linear order <;; on the subset {zio | o € [e;]} U{z,5 | 0 € [e;]} of X.
For k,¢ € {i,7} let
Tha <ij TeB
if the ath occurrence of ), precedes the Sth occurrence of z; in h;;. Let < be
the relation on X such that
<= U{<Z-j |i<jin [n] and e; +e; < d}.

We claim that

(X, <) is cycle-free. (3.2)

Suppose there is a cycle ¢ = (Ziyaq s - - - » Tipy s Tigay ) Of minimal length m. We
show that

i1,...,4m are distinct. (3.3)

Suppose i,, = i, for u < v in [m]. If o, < @, then z;, 0., < Ti 0, and

('rhau s Liy o1 Ligayy -+ -+ 7ximam7$i1a1)

is a cycle shorter than c. If a, < v, then x;, 0, , < Ti,q, and

(xiuau7 RN ‘riv—lav—l7xiuau)
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is a cycle shorter than ¢. This proves (3.3). W.l.o.g. we can assume that i; =
1. 0, =m.

Let @& and © be addition and subtraction modulo m on the set [m],
respectively. By the definition of < we have

e+ eig1 < dfori € [m] (3.4)

Assume m < n — 2. Then f(z1,...,2Zm,1) = fo—1in(T1,...,Tm,1) is
induced by some term ¢. For all i < j in [m] we have
t(i,xi, i,.’lﬁj, i) = hij
i

J

by (3.1). But then the order of the variables in ¢(x1,...,zy,) prevents the
cycle c.

Now assume m > n — 1. Pick 4 such that e; = max(ey, ..., e,). By (3.4)
we have e;01 +¢; < d and e; +¢e;g1 < d. Thus e;01 +€;01 < 2d —2¢;. From the
maximality of e; we obtain e;51 + €;¢1 < 2¢;. Adding these inequalities yields
o1 + eip1 < d. Thus Tiol,a;o1 and Til,0qq AL related by <iol,idl- From
that and m > n—1 > 5 it follows that we can reduce ¢ to a shorter cycle. This
contradicts the minimality of m. We proved (3.2).

By Lemma 3.7 there is a linear order < on X that includes <. We order
the elements of X by < and drop the second index. Let t(z1,...,x,) be the
resulting term. We claim that

t induces f. (3.5)

Fix a € S™. Let ¢; < --- < i in [n] be the positions where a is # 1. First
assume e;, + -+ e;, > d. Then t5(a) = 0 by d-nilpotence. Since n > |S|,
there are i < j in [n] such that a; = a;. Thus f(a) = fi;(a). Note that d € N
is minimal such that S\{1} satisfies ¢ ~ 0. By Lemma 3.4 the product f;;(a)
has at least d factors # 1. Hence f(a) = f;j(a) = 0 = t5(a).

Now assume e;, +---+e¢;, < d. Note that k < d < |S| <n. Thusn—k > 2
arguments are 1. By IMT

f(,z;,, 1,2y, ...,1,2;,1) is induced by some term s(z;,,...,x;,).

11 i ik
We have s(1,z;,1,25,1) = hy; for all i < j in {i1,...,i}. This means the
v J
variables of s are ordered by <, := J{<;; | ¢ < jin {i1,...,9}}. Thus <
includes <g, and the latter is also a linear order. Therefore
1,z @iy, ooy Ly, 1) = s,
11 i2 ik

Hence t5(a) = s5(a) = f(a). This proves (3.5). By Lemma 2.1 S is finitely
related. U

Lemma 3.8. Let S be a d-nilpotent monoid. Letn > |S|+1 and let f: S™ — S
have IMT and depend on all variables. Let eq,. .., e, be the variable exponents
of f and assume that

€1,...,e, <d—2, e41,...,6, € {d—1,d} (3.6)
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for somer € {0,...,n}. Then for all a,...,a, € S,
flar,...,a,) = f(al,...,aT,T)ai:_+11 ceeagr. (3.7)

Proof. Fix a € S™. Let ¢ € N be minimal such that S\{1} satisfies z° = 0.
By the minimality of e;, as defined in Lemma 3.3, we have e; < ¢ for all 7. If
c<d-—2,then e; < d— 2 for all 7. Then » = n and there is nothing to prove.
Thus assume

ce{d—-1,d}. (3.8)

Let g(aq,...,a,) be the right hand side of (3.7). If ;41 = -+- = a,, = 1, then

f(a) = g(a). Assume ap # 1 for some k € {r+1,...,n}. If a; = 1 for all

¢ € [n)\{k}, then f(a) = af* = g(a). Assume a; # 1 for some ¢ € [n]\{k}.

Then g(a) = 0 since there are at least d factors # 1. Since n > |S|, there are

i < jin [n] such that a; = a;. Let ¢ be a term inducing f;;. Then f(a) = t5(a).
We show that

t5(a) = 0. (3.9)

For both k = i and k # i, the factor ay occurs at least ¢ > d — 1 times in

tS(a) by (3.8) and Lemma 3.4. Since a; # 1, there are at least d factors # 1
in t5(a), and (3.9) follows. Hence f(a) = g(a), and (3.7) is proved. O

Proof of Theorem 2.3. First assume S is commutative. By Theorem 3.1 S is
finitely related with degree at most max(|S|, 3). Since |\S| > 2, the degree is at
most |S| + 1.

Assume S is noncommutative. Let d € N be minimal such that S\{1}
is d-nilpotent. Let ¢ € N be minimal such that S\{1} satisfies ¢ ~ 0. Let
n>|S|+1andlet f: S™ — S have IMT. The minimality of ¢ and d and the
noncommutativity of S yield d < |S\{1}| and

de{3,4}, 2<c<d, d+3<n.

By Lemma 3.5 we can assume that f depends on all variables. Let eq,..., e,
be the variable exponents of f defined in Lemma 3.3. By reordering variables
we assume there are r < s in {0,...,n} such that

ep =--=¢e. =1, er+1:"':€s:27 es+17"'7€n23~

We claim the following.
Leta = (a1,...,as,1) € S™such thati; < --- < i, in[s] are the 510
positions whereais # 1, ande;, +---+¢;,, > d. Then f(a) = 0. (8.10)
Since n > |S| there are i < j in [n] with a; = a;. Assume a; = a; = 1 if
m < n—2and a; = a; # 1 otherwise. In both cases we obtain f(a) = fi;(a) =0
by Lemma 3.4 and d-nilpotence. This proves (3.10).

For r > 1, we construct a term that induces f(x1,...,2z,,1). If r = 1,
this term is z{'. For r > 2 and ¢ < j in [r], we can identify two 1’s in
f(i,xij,xj,i) (311)
; .

J

since n > 6. Thus (3.11) is a term function. By Lemma 3.4 z; and x; each
occur once in each term inducing (3.11). Since S is noncommutative, (3.11) is
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induced by either x;z; or xjz;. This motivates a relation < on {z1,...,2,}.
Let
x; <axj if f(1,24,1,25,1) is induced by z;x;,
g J
xr; <x; otherwise.

We show that < is transitive. Assume z; < x; and x; < x, for i, j, k € [r]. We
can identify two 1’s in the expression

F(L 2, 1wy, 1,25, 1). (3.12)

i j k
Thus (3.12) is a term function induced by some term ¢. By Lemma 3.4 x;, z;,
and xj, each occur once in t. We have t(x;, x;,1) = ;25 and t(1, x5, 1) = z;%.
Thus t = x;x;x, which implies z; < xp. Now < is a strict linear order on

Z1,...,T,. By reordering variables we can assume that r; < --- < x,.. Now we
claim that

x1 -+, induces f(xq,..., 2., 1). (3.13)
Fix a := (a1,...,a,,1) € S™. Let iy < --+ < i, in [r] be the positions where
ais # 1. If m > d, then f(a) = 0 = ay---a, by (3.10) and d-nilpotence. If
m < d, then we can identify two 1’s. By IMT there is a term t(z;,,..., ;)
such that

tinduces f(1,z;,,1,24,...,1,2;, ,1).
11 12 im

Since e; = -+ = e, = 1 and by Lemma 3.4, each of the variables z;,,...,z;,,
occurs exactly once in ¢. Now x;, < --- < x;,, implies t = z;, ---z;,,. Thus

fla) =a; ---a;, =a1---a,. This proves (3.13).
If d = 3, then Lemma 3.8 implies

f('rlw"vxn) :f(xla"-axrai)xi:rll "'372"7

which is a term function by (3.13).
For the rest of the proof assume d = 4. Lemma 3.8 implies

[, .. an) = fl@r,.. o ze, Dol - (3.14)
We claim that

flx1,...,xs,1)is a term function. (3.15)

If s <n—2, then (3.15) holds since we can identify two 1’s. Thus assume
s > n — 1 for the rest of the proof.

First assume r = 0. Let ¢ := 2% ---22 and a = (ay,...,as,1) € S™. We
claim that

t5(a) = f(a). (3.16)
Let 44 < -+ < iy, in [s] be the positions where a is # 1. If m > 2, then
f(a) = 0=1t5(a) by (3.10) and 4-nilpotence. If m = 1, then f(a) = a? = t5(a)
since e;, = 2. If m = 0, then f(a) = 1 = t5(a). This proves (3.16) and (3.15)
for r = 0.
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Next assume r > 0. For each i € [r] and m € {r +1,...,s} we pick a
term Wiy, (T, T, ) such that

Wi induces f(1,2;, 1, 2m, 1).
% m

By Lemma 3.4 x; occurs once and x,, twice in w;,,. Thus
2 2
Wi € {TiT2, T TiTpm, To X4 }e

Later in the proof, we will extend the term x; - - - x, by adding two occurrences
of z,, for each m € {r+1,...,s}.

Now we claim that for each m € {r 4+ 1,...,s} there exist & < f in
{0,...,7+ 1} such that

azlmzn if1<i<aq,
Wim = { TmTilm if o <i<p, (3.17)
:E%nxl ifg<i<r.

We consider two cases, one where S satisfies xy? ~ y?z and another where it
does not.

Case 1,
S does not satisfy zy? ~ y%z. (3.18)
Fori < jin [r] and m € {r +1,..., s} we claim that
if Wiy, ~ 22,7, thenw;, ~ 22,x;, (3.19)
ifwjy, ~ 22, thenw;, ~ v;x2,. (3.20)

To prove (3.19) assume that w;,, ~ x%lxz By IMT there is some term v(x;, z;,
Zm) such that
vinduces f(1, 2,1, 25,1, 2, 1).
i j m

By the definition of w;,, and (3.18) we have

(x4, 1, ) R Wiy, = T2 25 % 1522 (3.21)
Since z; < x; we have

v(xg, xj,1) = z33;. (3.22)

By Lemma 3.4 the variables z;, x; occur once and z,, twice in v. From (3.21)
and (3.22) it follows that

vE {xm:zrixjxm,a:mxixmxj,xfnxizj}. (3.23)
If v = xp @i j2y,, then

22 15 & Wi 2 0(Tiy 1, Tn) = T T
and thus S satisfies 22y ~ xyz. Then

Wim = U(1, 25, Tm) = Tm@jTm = xfn:cj.
On the other hand, if v is one of the last two terms in (3.23), we directly get

Wim = (1,25, Tp) = 70,2
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This proves (3.19). The proof of (3.20) follows from a symmetric argument.

To prove (3.17), let m € {r+1,...,s}. Let « € [r] be maximal such that
Wam = Tor?, and set a = 0 if no such o € [r] exists. Then w;,, ~ x;z2, for
all i < a by (3.20). Let 3 € [r] be minimal such that wg, ~ 22,z and set
B =17+ 1if no such 3 € [r] exists. Then w;,, ~ x2,z; for 3 <i <r by (3.19).
Since zy? % y%r in S, we have a < 8 and w;y, ~ Tx;T,y, for a < i < (. This
proves (3.17) for case 1.

Case 2,

S satisfies zy? ~ y*x. (3.24)
Fori<j<kin[rjandme {r+1,...,s} we claim that
ifwim = Tm@iTm a0d Wi R T LT, theD Wjn, & Tm&jTm.  (3.25)

Assume Wi X T T Ty and Wiy & Ty Tey,. Since n > 6 we can identify two
1’s in

f(Lz 1z, 1ok, 1, 2, 1). (3.26)
i j k m

By IMT there is a term v(z;, 2, Z, ) which induces (3.26). By Lemma 3.4

the variables z;,z;, ) occur once and z,, twice in v. Since z; < x; < xy, it

follows that x; occurs before x; and x; before xj, in v. Observe that

v(x, 5, g, 1) = 22528,
U(.Ti, 1,1, xm) N Wim = TmTiTm, (327)

v(1, 1, 2, T ) R Wi R T T T, -

If zyz % 2%y ~ yz? in S, then v = iz jTpT,. If zyz ~ 2%y ~ ya?,
then the x,, can be moved to any position in (3.27). Both scenarios yield
VR T LT j T Ty We obtain

Wim (1, 25,1, 2m) R Tm® T,

which proves (3.25).

To prove (3.17),let m € {r +1,...,s}. If wip, & zpma;2, for all i € [r],
set « = 0 and 8 = 1. Then (3.24) implies (3.17). If wj, =~ Tpz;x,, for some
i€r],let @ € {0,...,7 — 1} be minimal such that wo4+1,m ~ TmTat12m and
let 5 € {2,...,7+1} be maximal such that wg_1 » & TmTa—1Tm. Then (3.25)
yields w;, & Tmxix, for a <i < (. This and (3.24) yield (3.17).

Using (3.17) we construct a term ¢ that induces f(z1,...,xs,1). For each
m e {r+1,...,s}, we insert two occurrences of x,, into x1 - - -z, to get

Tl TalmTatl " LE-1TmTZ -+ Ty

We repeat this procedure for all such m and denote the final term by ¢. Note
that for different m the new variables can be inserted independently from
each other since all permutations of x2 PR 22 are equivalent terms in S by
4-nilpotence. For i € [r] and m € {r+1,...,s} we obtain

t(17$i717mm7i) X Wim (328)

3 m
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from (3.17). For a = (ay,...,as,1) € S™, we claim that

t5(a) = f(a). (3.29)
Let iy < --- <y in [s] be the positions where a is # 1. If e;, +- -+ ¢;, >4,
then f(a) = 0= t5(a) by (3.10) and 4-nilpotence. If a,; = --- = a5 = 1, then

fla)=ay...a, =t5(a) by (3.13). If ¢;, + -+ +¢;, < 4 and a,, # 1 for some
m € {r+1,...,s}, then a is of the form

a=(1,a;,1,a,,1) for somei € [r] and m € {r+1,...,s}.
4 m
Now (3.28) yields t5(a) = w$,(a;,am) = f(a). This proves (3.29) and (3.15).

By (3.14) f is a term function. By Lemma 2.1 S is finitely related with degree
at most |S| + 1. O

Proof of Theorem 2.5. The relation 6 is a congruence on FN5{a, b} since the
elements in the nontrivial equivalence classes have 4 factors and FNs{a, b} is
5-nilpotent. Furthermore,

S satisfies (2y)? ~ (yz)? and 2%y? ~ y*z?. (3.30)
For n > 4 we define f: S™ — S as follows. Let
f(x1,...,2,) :=0 if at least three x; are # 1,

and for i < j in [n] let

_ _ _ i 2 i i— 1 LY — (1
(L Ly 1) = %) i =it Tor (@) =(1n)
P xiwy otherwise.

First we show that

f has IMT. (3.31)

For i,j € [n] let £ := (j —¢ mod n)+ 1. We define a term g;; of length 2¢. Let
@ and © be addition and subtraction modulo n on the set [n], respectively.
Let

Gii ‘*— 1‘3
For 7 # j let gg) denote the variable in the k-th position of g;; and
n._ G ._ ..

i = G550 &= X
ggk) = ggk+3) =xigr for0<k<fl-—1,
(20=2) _ (20)  _
955 =G =Xy
Note that if ¢ < j, then g;; contains all variables in {z;,...,z;} exactly twice.
Conversely, if ¢ > j, then g;; contains all variables in {x;,...,zn, z1,...,2;}

exactly twice. For example, for n = 5 we have g4o = T4T5242125T22122.
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Now let ¢ < j in [n] and

92,n—1 if (’L,j) = (1,n),
h:= 4 gje1ie1 if j=i+1,
gi®1,io1 Jit1,j—1 otherwise,
ri= x?h.
We claim that
r induces f;;. (3.32)

Note that xj occurs twice in h for k € [n]\{%, j}, whereas z; and z; do not
occur. Fix ¢ < j in [n] and ¢ € S™.

Case, ¢; # 1 and ¢ = 1 for all & € [n]\{4,j}. Then h(c) = 1 and
r(c) = c? = fij(c).

Case, ¢; # 1 and ¢ # 1 for some k € [n]\{4,j}. Then h(c) # 1 and
r(c) = ¢} h(c) = 0 = fi;(c) by 5-nilpotence.

Case, ¢; = 1 and at least 3 positions of ¢ among [n]\{7,j} are # 1. Then
h(c) = 0 by 5-nilpotence. Thus r(c) = 0 = f;;(c).

Case, ¢c; = 1 and at most 2 positions of ¢ among [n]\{7,j} are # 1. Pick
k < ¢ in [n]\{7,j} such that all positions of ¢ among [n]\{%, J, k, ¢} are 1. Let
A={i+1,...,j—1tand B:={1,...,i—1,7+1,...,n}. If k,£ € A, then
h(c) = giy1,j—1(c). If k, € € B, then h(c) = gjp1,01(c). f k € Aand ¢ € B,
then gja1.i01(c) = ¢ and g;41j-1(c) = 3, and thus h(c) = cici. If k € B and
¢ € A, then similarly h(c) = cici. By the identities (3.30) we have

2 e —
’I’(C)—h(c)—{(CkCZ) ifl=kdlork=(D1,

3.33
cic otherwise. (3:33)

By definition,

flJ(C) = f(iv Ckk’ i? Cfa 1)
is also equal to (3.33). Thus f;;(c) = r(c). This proves (3.32). Thus every f;;
is a term function, and (3.31) follows.
Next we claim that

f is not a term function. (3.34)

Suppose f is induced by some term t. Recall that a € S. Every variable x;
occurs twice in ¢ since

t5(1,a,1) = f(1,a,1) = a® ¢ {a,a®,a*,0}.

By (3.30) and the definition of f, we have t5(xq,...,2,) = t5(22, ..., 2n, T1).
Thus we can assume that ¢ starts with z5. By the definition of f, the following
equivalences hold in S.

t(w1, w9, 1) = (2122)7,
t(17 xTo,T3, i) ~ (EQ.’Eg)Q,

t(1, 20,1, 25, 1) ~ 2222 forie {4,...,n}.
i
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Thus x7 and x3 each occur once between the two occurrences of x5 in ¢, whereas
Z4,...,T, do not occur between the two xs’s. So t starts either with xoxq 2322
or with xoxzx1xo. Hence

t(z1,1,23,1) € {(z123)?, (x321)%, 10321, 230303},

So t(z1,1,23,1) and x%x% cannot be equivalent. Since n > 4, this contradicts
the definition of f. We proved (3.34). By (3.31), (3.34), and Lemma 2.1, S is
not finitely related. O

The following was proved independently by the authors of [8] and Markovié
et al. [12].

Theorem 3.9 [8, Theorem 2.11], [12, Corollary 4.3]. Let A, B be finite algebras
that generate the same variety. Then A is finitely related if and only if B is.

Lemma 3.10. For a variety V', the following two conditions are equivalent:

(1) VA,B € Van: if A x B is finitely related (f.r.), then A is f.r.
(2) YA € Van: if A is for., then every homomorphic image of A is f.r.

These conditions imply the following:

(3) VA € Vin: if A is for., then every subalgebra of A is f.r.
Proof. Clearly (2) implies (1). Assume (1) holds. Let B be a homomorphic
image of A. Then A and A x B generate the same variety. By Theorem 3.9

A x B is also finitely related. By (1) B is finitely related. This proves (2). The
fact that (1) implies (3) is proved similarly. O

For a semigroup S let S U {0} denote the semigroup obtained when we
adjoin a (possibly additional) zero element, where we extend the multiplication
bys-0:=0-s:=0-0:=0forall se S.

Theorem 3.11 [13, Theorem 4.1]. A finite semigroup S is finitely related if and
only if SU {0} is finitely related.

Let S° denote the semigroup

Q0. Su {0} if Shas no zero element,
]S otherwise,

For two semigroups S and T with S°N7T° = {0}, we define the 0-direct union
SUT to be the semigroup with universe S° UT° and multiplication

Ty if v,y € S or 2,y € TO,
Ty =
4 0 otherwise.

The variety generated by an algebra A is denoted by Var A.

Lemma 3.12. For finite semigroups S and T we have Var(S x T)" = Var S¥ x
T =VarSUT.
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Proof. Since S and T are finite, both have an idempotent element. For the
first equality observe that both S° and T embed into (S x T)°. Conversely
(S x T)? is a subsemigroup of S° x TP.

We show the second equality. Both S° and T are subsemigroups of SUT.
Conversely S U T embeds into S° x T° via S — S x {0}, T — {0} x T, and
0+~ (0,0). O

Lemma 3.13. For finite semigroups S and T, S x T is finitely related if and
only if SUT is finitely related.

Proof. By Theorem 3.11 S x T is finitely related if and only if (S x T)? is
finitely related. Now the result is immediate from Theorem 3.9 and Lemma
3.12. O

Proof of Theorem 2.6. By Lemma 3.10 it suffices to show that (3) implies (1)
and that (4) implies (3). First assume (3) holds and S x T is finitely related.
Since T is finite, it contains an idempotent element e. Thus S = S x {e}
embeds into S x T. So S is finitely related.

Now assume (4) holds. Let T be a subsemigroup of a finitely related
semigroup S. Since S and S x T generate the same variety, S x T is also
finitely related by Theorem 3.9. By Lemma 3.13 SU T is finitely related. Now
S is an ideal of S U T. The corresponding Rees quotient is isomorphic to T?
and finitely related by (4). By Theorem 3.11 T is finitely related. O

Lemma 3.14. Let S := (FNs{a,b} / 0)! be as in Theorem 2.5 and T =
(FN5{a,b})! with S and T disjoint. Then

(1) SUT is finitely related.

(2) S is a subsemigroup and a Rees quotient of SUT but not finitely related.

Proof. By Lemma 3.12 T and S U T generate the same variety. Thus S U T
is finitely related by Theorem 2.4 and Theorem 3.9. Since T forms an ideal in
SUT we have S = (SUT) / T. By Theorem 2.5 S is not finitely related. [
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